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Abstract—Real-time state estimation underpins advanced ap-
plications in distribution networks by revealing system operat-
ing conditions with high fidelity. Intelligent measurement termi-
nals increasingly combine heterogeneous measurements, includ-
ing micro-phasor measurement units (WPMUs), remote terminal
units (RTUs), and data transmission units (DTUs). Their com-
plementary strengths can overcome traditional limits in time
resolution and accuracy. However, heterogeneous formats, asyn-
chronous updates, and complex temporal dynamics challenge
conventional estimators. This paper proposes a unified real-
time forecasting-aided state estimation (FASE) framework for
distribution networks with multi-source measurement data fu-
sion that fuses pPMU, RTU, and DTU data. A long short-term
memory (LSTM)-based data imputation method is designed to
effectively align delayed RTU and DTU updates with pPMU
sampling, markedly reducing imputation errors versus linear
and historical-average baselines. Unified measurement equa-
tions are formulated for all devices. An improved cubature Kal-
man filter (CKF) with adaptive robust weighting is adopted to
enhance numerical stability and outlier resilience. To capture
multimodal operating regimes driven by variable distributed en-
ergy resources, a Gaussian mixture model (GMM) -based ap-
proach is integrated into the distribution network state transi-
tion. Validated on the IEEE 33-bus and 118-bus systems, the
proposed FASE framework achieves higher estimation accuracy
and computational efficiency than extended Kalman filter
(EKF), unscented Kalman filter (UKF), and traditional CKF
while meeting real-time constraints.

Index Terms—Distribution network, state estimation, long
short-term memory (LSTM), Gaussian mixture model, cubature
Kalman filter (CKF), multi-source measurement data fusion.

1. INTRODUCTION

ITH the increasing complexity of modern power sys-
tems, accurate state estimation has become crucial
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for efficient energy management and system reliability in dis-
tribution networks [1], [2]. The growing penetration of dis-
tributed energy resources creates new operational challenges.
Similarly, the dynamic nature of electricity demands further
complicates system operation. These evolving conditions ne-
cessitate advanced monitoring and control strategies.

Accordingly, state estimation provides essential situational
awareness for distribution network operation and control,
state estimation enables essential supporting functions such
as line parameter identification [3], system performance mon-
itoring [4], and efficient power flow management [5]. These
capabilities form the foundation for advanced distribution
network applications.

Traditional state estimation approaches, while effective in
transmission networks, face unique limitations in distribution
networks. State estimation techniques using micro-phasor
measurement units (WPMUSs) and supervisory control and da-
ta acquisition (SCADA) systems are well-established in
transmission networks [6]. However, distribution networks
present distinct challenges, including radial structures, short-
er line segments, and frequent topology changes that compli-
cate conventional state estimation approaches [7].

Current measurement infrastructure in distribution net-
works requires significant enhancement to meet modern oper-
ational demands. Existing measurement systems include
RTUs, which collect real-time operational data [8], and
DTUs, which facilitate communication between field devices
and control systems [9]. However, these devices often pro-
vide insufficient temporal resolution for accurate state esti-
mation. This limitation has driven the development of
uPMUs, which measure voltage and current phasors at mi-
crosecond timescales [10], [11]. These devices provide high-
precision data more cost-effectively than traditional PMUs.

Achieving accurate distribution network state estimation
requires integrating multiple measurement technologies. Re-
lying on single data source poses several limitations. RTUs
and DTUs provide low temporal resolution. nPMUs alone
cannot capture all necessary system information. Additional-
ly, the asynchronous nature and heterogeneous update inter-
vals of these devices complicate real-time estimation. This
situation necessitates advanced data fusion techniques that
can handle measurement heterogeneity effectively.

Traditional data imputation methods such as linear interpo-
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lation (LI) [12], historical average (HA) [13], and optimally
weighted averaging (OWA) provide baseline solutions but
cannot accurately track fast system changes or nonlinear
power flow behavior. More expressive sequence models, es-
pecially long short-term memory (LSTM) networks, have
therefore been introduced to learn temporal correlations in
smart grid measurements [14]-[17]. On the dynamic side, the
state transition equation must represent multimodal operating
regimes caused by intermittent renewable injections and
time-varying loads [18]-[21]. Simple linear or quasi-linear
models [22], [23] are insufficient for this purpose, whereas
Gaussian mixture models (GMMs) [24] offer a compact way
to represent multiple probabilistic modes within a unified
framework.

These modeling choices require a numerically stable non-
linear filter. Extended Kalman filters (EKFs) and unscented
Kalman filters (UKFs) [25]-[28] either rely on Jacobian lin-
earization or incur high computational cost in large-scale sys-
tems. The cubature Kalman filter (CKF) [29] avoids explicit
Jacobians and exhibits better numerical stability, and its inte-
gration with forecasting-aided state estimation (FASE) [30],
[31] further strengthens predictive capability by exploiting
historical and real-time measurements. Under the above con-
dition, this paper presents a unified real-time FASE frame-
work for distribution networks using an improved CKF, inte-
grating multi-source data from DTU, RTU, and pPMU. To
handle asynchronous measurements, we comprehensively
evaluate multiple imputation methods, including LI, HA,
OWA, and LSTM-based method. Our extensive comparative
analysis demonstrates that LSTM-based method is particular-
ly effective in handling delays and capturing nonlinear dy-
namics in distribution network measurements. This paper al-
so introduces the GMM to enhance the accuracy and robust-
ness of state transition models.

The main contributions of this paper are as follows.

1) We develop a unified real-time FASE framework for
distribution networks that integrates heterogeneous pPMU,
RTU, and DTU measurements through a hybrid multi-source
measurement model. By combining forecasting information
with multi-rate data fusion, the framework enables real-time
state estimation under asynchronous and noisy measurements.

2) We design an LSTM-based data imputation method to
effectively align various types of measurement data, result-
ing in improved accuracy and reliability in state estimation.

3) We propose a GMM-based approach for distribution
network state transition. This model provides a more accu-
rate and robust representation of network operational states
by capturing complex system dynamics, and it estimates an
auxiliary state vector that aggregates voltages and currents at
both measured and unmeasured nodes.

4) We improve the CKF by incorporating adaptive robust
functions within the proposed FASE framework. This im-
proved algorithm enables faster state estimation while pre-
venting error accumulation, leading to more reliable network
monitoring.

The remainder of this paper is organized as follows. Sec-
tion II introduces the asynchronous data processing mecha-
nism and the LSTM-based imputation method. Section III es-
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tablishes the measurement equations and the GMM-based
state transition model. Section IV details the improved CKF
with adaptive robust functions. Section V integrates these
components into the unified FASE framework and presents
the overall implementation steps. Section VI validates the
proposed framework and compares the performance of differ-
ent imputation methods and estimation algorithms through
case studies on IEEE 33-bus and 118-bus systems. Finally,
Section VII concludes this paper.

II. ASYNCHRONOUS DATA PROCESSING MECHANISM AND
LSTM-BASED IMPUTATION METHOD

The deployment of heterogeneous measurement devices in
the distribution network leads to data asynchrony, which af-
fects the accuracy and real-time performance of state estima-
tion. This section discusses the multi-source data synchroni-
zation method, introduces the state estimation technique
based on multi-source data fusion, and analyzes the advan-
tages and disadvantages of traditional imputation methods
and LSTM-based methods.

A. Multi-source Data Fusion and Synchronization

In modern distribution networks, multi-source measure-
ments with different time scales and accuracies inevitably
lead to data asynchrony that must be resolved before state es-
timation, as illustrated in Fig. 1. In the proposed FASE
framework, multi-source measurement data fusion first syn-
chronizes the data by imputing delayed RTU and DTU mea-
surements to match pPMU sampling rates, and then ensures
consistent data quality by accounting for device accuracy
and potential measurement errors across all sources.

B. Data Imputation Methods

Traditional data imputation methods have limitations in
dealing with complex dynamics of modern distribution net-
works. To comprehensively evaluate the performance of
LSTM-based data imputation method, we compare it against
three well-established traditional data imputation methods
based on the approach proposed in [32]-[35].

LI estimates missing values by connecting adjacent known
data points with straight lines. For a missing value at time ¢
between known values at time ¢, and ¢,, the interpolated val-
ue is calculated as:

. (x, =X, Nt—1,)
x}1:x]1+ q h i h
t,~1,

(M
where ' is the linear interpolation estimate at time i; x, is
the nearest known measurement before the missing value; x,
is the nearest known RTU measurement following the miss-
ing value; ¢, is the missing measurement moment; and ¢, and
t, are two adjacent valid sampling points surrounding the
missing-measurement moment.

While computationally efficient, LI assumes linear rela-
tionship and fails to capture nonlinear patterns in power sys-
tem dynamics.

HA replaces missing values with the average of historical
authentic samples from nearby measurement devices as fol-
lows.
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Fig. 1. State estimation architecture in a multi-source measurements data fusion environment.
pua_ L 2 x @) ing RTU and DTU data); b, is the bias term; and o is the sig-
i q . . . i
N, ger moid activation function.
where %' is the historical average estimate at time i; N, is

the number of historical samples used for averaging calcula-
tions; R denotes the historical sample collection; and x, is
the ¢" measurement value in the historical sample collection.

HA works well for regular patterns but fails under abnor-
mal conditions or rapid system changes.

OWA combines LI and HA methods through weighted av-
eraging, providing good performance for both short and long
periods:

FOVA = g Gy (1 -7 YA

i A3)
where X%V is the optimally weighted averaging estimate at
time i; a is a positive weight parameter; and g, is the dis-
tance from the estimated value to the nearest available sam-
ple. For small g, OWA relies mainly on LI values; for large
g, it depends more on HA values.

The LSTM network effectively captures long-term depen-
dencies in long sequence data by introducing memory units,
and is able to model more complex nonlinear time dependen-
cies, showing the potential for improving accuracy in distri-
bution network state estimation applications. The architec-
ture of the LSTM network for multi-source measurement da-
ta imputation, as shown in Fig. 2, together with its imputa-
tion process, is described as follows.

1) Forget gate

The forget gate is used to control how much information
from the previous moment is retained in the current mo-
ment. The formula is given as:

.ft:U(Wf[ht—l’xt]J'_bf) 4
where ¢ is the time step; f, is the output of the forget gate;

W, is the weight matrix; h,_, is the hidden state at the last
moment; x, is the input data at the current moment (includ-
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Fig. 2. Architecture of LSTM network for multi-source measurement data
imputation.

2) Input gate
The input gate determines how much new information is
written into the memory cell as:



ZHANG et al.: FORECASTING-AIDED STATE ESTIMATION FRAMEWORK FOR DISTRIBUTION NETWORKS WITH MULTI-SOURCE...

it:a(Wi[ht—l’x/]+bi) Q)

Crztanh(Wc[ht—l’xt]"'bc) (6)

where i, is the output vector of the input gate; C , is the can-
didate memory cellstate; W, and W, are the weight matrices;
and b, and b, are the bias terms.

Next, the state of memory cell is updated, where the cur-
rent state of the memory cell is determined by the state at
the previous moment and the new candidate state as:

C,=fC,_,+iC, 7

where C,_, is the state of the memory cell at the previous
moment.

3) Output gate

The output gate determines the effect of the memory cell
state on the hidden state. The specific calculation is given as:

o,=0cW,h,_.x]+b,) (®)

where o, is the output vector of the output gate, which con-
trols the information passed to the hidden state; W, is the
weight matrix associated with the input vector; and b, is the
bias term corresponding to the output gate.

The hidden state at the current moment /4, is given as:

h,=o0,tanh(C,) 9)

4) Data imputation

The LSTM model learns time dependencies in RTU and
DTU data. It takes historical RTU and DTU sequences as in-
put and generates imputed values as outputs to synchronize
them with uPMU data.

Assuming N time steps of data, the input sequence is de-
fined as:

Xl:[xl—N+l7x1—N+29 . "yxl]

(10)
where x, is the feature vector at time step ¢ containing all rel-
evant measurements.

The LSTM-based training dataset combines historical
RTU and DTU measurements from practical distribution net-
works and simulated data from IEEE test feeders. The mea-
surements over a one-year period, including voltages, active/
reactive power and currents at representative nodes, are
cleaned by outlier removal and normalization, and then con-
verted into sliding-window sequences of length N=24 (6
hours at 15-min intervals). For each measurement type, ap-
proximately 50000 sequences are obtained. Seventy percent-
age of the sequences are for training, 15% for validation,
and 15% for testing, enabling the LSTM model to learn both
short-term fluctuations and longer-term temporal dependen-
cies in RTU and DTU data.

After training, the LSTM model can be used for RTU and
DTU data imputation. The specific process is as follows: his-
torical RTU and DTU are input data into the trained LSTM
model, and the model will output the predicted value of the
next time step.

j}t+ 1= ht (1 1)
where y,,, is the actual measured value of the next time step

predicted by the LSTM model. This predicted value will be
used as an imputed value to fill in the missing parts in the
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RTU and DTU data to synchronize them with the pPMU da-
ta.

In addition, in order to measure the difference between
the predicted value and the true value of the LSTM model,
mean squared error (MSE) is used as the loss function, ex-
pressed as:

113G,
MSE= 2> (5=, (12)
t=1
where T is the time series sample length used in the statis-
tics; y, is the predicted value of LSTM model; and y, is the

actual measured value.

III. MEASUREMENT EQUATIONS AND GMM-BASED STATE
TRANSITION MODEL

For distribution network state estimation, this section con-
structs a unified state transition model to integrate uPMU,
RTU, and DTU data with the objective of estimating the aux-
iliary state defined above. The quasi-steady-state characteris-
tics of the distribution network are used to simplify the sys-
tem dynamics, and a GMM is introduced to improve the ro-
bustness and accuracy of auxiliary state estimation. In this
study, we define the auxiliary state as the complete set of
system state variables that characterize the electrical condi-
tion of the distribution network at any given time instant.
The auxiliary state serves as the primary target variable that
the proposed FASE framework seeks to determine from
available multi-source measurements.

A. uPMU, RTU, and DTU Measurement Equations

For nodes equipped with pPMU, the measurement data
are initially provided in polar coordinates. These data must
be converted into rectangular coordinates using appropriate
coordinate transformation formula, as illustrated in (13).

Veos(0,)+jVsin(@,)=V, +jV,

o o (13)
Icos(0,)+jlsin(0,)=1;+]jl,

where V' is the magnitude of the voltage at the node
equipped with pPMU; [ is the magnitude of the current in-
jected into the node equipped with uPMU; r denotes the real
part of the branch current; x denotes the imaginary part of
the branch current; 6, is the voltage phase angle of the node
equipped with uPMU; V" and V; are the real and imaginary
parts of the voltage at the node equipped with pPMU, re-
spectively; and /; and /; are the real and imaginary parts of
the current injected into the node equipped with uPMU, re-
spectively.

The coordinate transformation from polar to rectangular
coordinates introduces correlation in the measurement errors.
When pPMU measurements are originally obtained in polar
form with independent errors in magnitude and phase, the
transformation to rectangular coordinates results in correlat-
ed errors between the real and imaginary components.

For a voltage measurement with magnitude and phase, as-
suming independent Gaussian errors, the covariance matrix
in rectangular coordinates is expressed as:
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R=J'RJ (14)
oV, ov;
ov 0,

J= (15)
vy oy
ov a0,

R’ =diag(o}.0; )

(16)
where J is the Jacobian matrix of the transformation; and R
is the diagonal covariance matrix in polar coordinates; o7 is
the variance of voltage magnitude measurement error; and
5.92,, is variance of voltage angle measurement error.

For the three-phase power from RTU and DTU, the active
power P,, P, and reactive power Q,, O, measured by RTU
and DTU can be expressed as:

Pp=Vylycos(dr)
Or=Vylpsin(gy)
Pp=VpI,cos(y)
Op=Vplpsin(g,)
where V, and V, are the voltage amplitudes measured by
RTU and DTU, respectively; and /, and [, are the current
amplitudes measured by RTU and DTU, respectively.

The real and imaginary parts of the equivalent injected
current of RTU and DTU are 1,;“”, ;0 and I/, Ii“9, re-
spectively:

)

re I [ . .
1= cos(@p "+ Jfsin(@ V!
R R

» I N

]R( 7= 7RCOS(¢R W'+ 7RSIH(¢R wr
Vi Vi
' ; (18)

[0 = 22 cos(b, W'+ ~Lsin(p, W'
vV, Vp

i(e 1 i I . .
Iy = -cos(@y '+ J-sin@,
D D

where V" and V' are the real and imaginary parts of voltage,
respectively; and @, and @, are the phase angles measured
by RTU and DTU, respectively.

B. Hybrid Measurement Equation of Equivalent Transforma-
tion

All measured values are transformed in accordance with
(19) and (20) to obtain a hybrid measurement equation as:

E, <[V I IT (19)

Ve |: Vﬂr ng‘(eq) V];(eq):|
2 (eq) (eq)
ViV v

(20)
]Ig(eq)
[£‘(eq)
]Lr)(c’q)
Ig(eq)
where E,, is the hybrid measurement vector; V is the node
voltage matrix; I is the branch current vector; and I' is the

JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 14, NO. 5, September 2026

injected current vector.

C. GMM-based State Transition Model
In this subsection, the state variable is represented as:

x=[I;, Ij] (21)

where x is an n-dimensional state variable; ij is the branch
from node i to node j; and [ is the phase (Phase A, B or C)
of the distribution network.

GMM is a powerful probabilistic model that can effective-
ly capture the multimodal characteristics of complex systems
[36]-[37]. By introducing GMM, the transition process of
the system state can be modeled more flexibly, thereby im-
proving the accuracy and robustness of state estimation.

The auxiliary state serves as the fundamental variable in
our GMM-based state transition model. The transition pro-
cess models how the auxiliary state evolves over time under
different operational modes, enabling the proposed FASE
framework to capture complex system dynamics including
normal operation, renewable energy fluctuations, and vary-
ing load conditions. GMM assumes that the transition of sys-
tem state is composed of a weighted combination of multi-
ple Gaussian distributions, each corresponding to a potential
mode of system state. The probability density function of
GMM can be expressed as:

g
Pl x)= D M| A4x,+ b, X) (22)
i=1
where x, is the state vector of the system at time step &; A,
and b, are the linear transformation matrix and bias term of
the i"™ Gaussian distribution, respectively, describing the lin-
ear transition of the state from x, to x,,,; 2, is the covari-
ance matrix of the /™ Gaussian distribution, which describes
the randomness of state transition; =z, is the mixing coeffi-

g
cient of the i"™ Gaussian distribution, satisfying 27@: 1, and
i=1
indicates the weight of each mode; A() is the Gaussian dis-
tribution function; and g is the number of mixed Gaussian
distributions.

The GMM parameters are updated in real time to adapt to
changing network conditions. This dynamic updating mecha-
nism is crucial for maintaining accurate state estimation as
the distribution network experiences varying operational
modes.

The parameters {z,,4,,b,2,} are updated using a modi-
fied online expectation-maximization (EM) algorithm as fol-
lows:

1) Expectation step: at each time step &, the responsibility
of each Gaussian component is calculated to determine how
much each component contributes to explaining the current
state transition, expressed as:

)= nitk—lN(karl A Xt b 2 )
k=
zﬂj,k—lN(xl(
J

where y,, is the responsibility of the /" Gaussian component
for the current observation x;,.

2) Maximization step: the mixing coefficients are updated
using an exponential moving average:

(23)

A X b2 )
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= A+ =Ayis (24)

where 1 is the forgetting factor, which controls the balance
between historical information and current observations. This
formulation allows the model to adapt to changing operation-
al conditions while maintaining stability.

The entries of the transition matrix A4, are estimated by
solving a weighted least squares problem as:

k
Ai,k:minzrkityi,ruxwl_Aixr_biH2 (25)

t=1
where 7 is the temporal decay weight; b, is the bias vector.
The objective function minimizes the weighted prediction er-
rors across all historical data points, with weights deter-
mined by both temporal decay factor and component respon-
sibility.

The GMM enables multimodal representation where differ-
ent components capture distinct operational behaviors such
as normal operation, renewable energy fluctuations, and load
variations. The real-time adaptation occurs as new measure-
ment data arrive, with responsibility values continuously cal-
culated and mixing coefficients updated accordingly, thus en-
abling automatic switching between operational modes as
network conditions evolve.

IV. IMPROVED CKF WITH ADAPTIVE ROBUST FUNCTIONS

CKF is applied to address challenges in distribution net-
work state estimation by effectively handling nonlinear sys-
tems with better numerical stability and accuracy than EKF
and UKF. To counter measurement noise and outliers, an
adaptive robust function is integrated, which dynamically ad-
justs data point weights to reduce outlier influence. The pro-
cess involves generating cubature points, propagating them
through nonlinear state transitions with adaptive weighting,
making measurement predictions, and applying the Kalman
gain to update state and covariance. This approach signifi-
cantly improves estimation accuracy and robustness under
nonlinear and uncertain conditions in distribution networks.

A. CKF

In state estimation for nonlinear systems, traditional Kal-
man filters and their extensions like EKF and UKF often
struggle with accuracy and complexity challenges. CKF of-
fers an effective alternative by employing numerical integra-
tion techniques. The core innovation of CKF is using third-
order spherical-radial cubature integration rules to calculate
nonlinear integrals during prediction and update phases.
Rather than relying on Taylor expansion linearization like
the EKF, CKF directly utilizes cubature sample points to esti-
mate nonlinear function integrals, resulting in superior filter-
ing accuracy.

Core steps of CKF consist of two key procedures: state
predicting and state updating, where the core operation of
state updating is to update the state estimates and their cova-
riance matrix.

1) State Predicting

The state predicting is one of the core links of the CKF.
This process requires transferring the state information of
the previous moment to the current moment while consider-
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ing the nonlinear characteristics of the system.
Zj.kﬂ\k:f(é:j,k’ u) (26)

where y is the sample point that forms a new sample

jok+1|k
point after propagation through the state transfer function;
¢ is the J™ cubic sampling point; u, is the control input vec-
tor, representing the external influence or control action ap-
plied to the system at time step k; and f() is the GMM state
transition function.

Finally, we need to calculate the predicted state value of
the system at the current time step & based on the propagat-
ed sampling points and its uncertainty in the form of a cova-
riance matrix.
2N 1

A

X 1p= Zﬁlﬁmuk (27)
J=

v
1 N N
Pk+1\k: ZZN (X,;kﬂ\k_xkn\k)(lj,kﬂ\k_xkn\k)T+Qk (28)
=

where X, is the state prediction matrix for the next time
step k+1; Py, is the prediction covariance; Q, is the pro-
cess noise covariance matrix at time step k; and N is the
number of state variables in the system.
2) State Updating

The state updating step is crucial for incorporating new
measurement information to refine our state estimates.

First, the filter propagates each sample point through the
measurement function to get predicted measurement value,
expressed as:

éf/’,k:h(ljtlwl\k) (29)

This transforms state estimates into the measurement
space, allowing us to compare predictions with actual mea-
surements.

These individual predictions are then combined to calcu-
late the overall predicted measurement value as:

R N
zk+l:;ﬁé‘j,k

Next, we need to assess the uncertainty in our predictions
by computing the measurement prediction covariance matrix
as:

(30)

W
1 . .
Sio= 22]\](é},/c_zk+l)(é}.k_zk+1)T+Rk 31
Jj=1

R,=diag(R,.R,.R,) (32)

where R, is the measurement noise covariance matrix. R,
and R, remain diagonal as their measurements are directly
obtained in rectangular form. This covariance matrix ac-
counts for both the spread in our predictions and the mea-
surement noise.

To understand how state changes relate to measurement
changes, we calculate the cross-covariance matrix and the
Kalman gain, which determines how much we should trust
our new measurements versus our predictions:

N
1 N R
Ci\= zzN(Xj_k+1\k_xk+1\k)(€/,k_zk+1)T (33)
=

Kk+I:Ck+ls1:+1-l (34)
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where C,,, is the cross-covariance matrix between states and
measurements; and K, , is the Kalman gain.

Finally, after the cross-covariance matrix and Kalman gain
are obtained, the state estimates and covariance matrix are
updated as:

£k+1\k+l :-’zk+1\k+Kk+1 (Zre1—2k01) (35)
Pk+l\k+1:Pk+1\k_Kk+lsk+1Kl;r+l (36)
where X, ., is the result of updating the state estimate us-

ing the measurement value; and Py, ., is the updated pre-
diction covariance matrix.

B. Detailed Implementation of Improved CKF

The improved CKF enhances traditional CKF through sys-
tematic integration of adaptive robust functions in both pre-
diction and correction steps. Unlike traditional CKF that
treats all sample points and measurements equally, the im-
proved CKF assigns dynamic weights based on their statisti-
cal reliability.

The improved CKF maintains the traditional CKF struc-
ture while introducing adaptive weighting mechanisms. For
each cubature point y,, it calculates a reliability measure
based on its distance from the predicted state as:

d,= = %P (37)
_b4
- (38)

where d; is the square of the Euclidean distance between the
J™ cubature point x; and the current state estimate X,; @, is
the dynamic weight coefficient assigned to the ;™ cubature
point; § is the adaptation parameter; and ¢* is the state un-
certainty.

The specific improved CKF is shown in Algorithm 1,
where o, ; is the robust weight for the /" residual; r; is the
residual vector; and R is a scalar normalization factor. The
parameters S and y are updated online using:

Bro=aB,+(1-a)p, (39)

Vi1 =07+ =)y, (40)
where o is the forgetting factor; f, is the adaptive parame-
ters in the state prediction step; y, is the adaptive adjustment
parameter for measurement residuals; and f, and 7, are esti-
mated from measurement statistics.

C. Adaptive Robust Function

We propose an adaptive robust function that enhances the
ability of CKF to handle abnormal data and noise by inte-
grating it into both prediction and correction steps. The im-
proved CKF offers better resistance to outliers and non-
Gaussian noise, dynamically adjusts sample point and mea-
surement weights for greater stability, and optimizes compu-
tational efficiency for high-dimensional state estimation tasks.

In the state predicting step, the adaptive robust function is
used to adjust the weights of the sample points so that the
sample points far away from the current estimated value have
less influence on the prediction results. Specifically, an adap-
tive weight function w(¢;) can be introduced, expressed as:

WE )= !

1 &%l

(41)
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Algorithm 1: improved CKF

Initialization: set f#=1.0 and initialize covariance scaling factor a=1.0

1.forj=1ton
2. Generate cubature points: x, , =X, ,+ m

3. Calculate adaptive weights based on (27) and (28)

@,

4. Normalize weights: &;=

;

j
5. Propagate through GMM based on (16)
6. Predict state: fr/._’k‘kfl: zd)/]hk‘k?l
J

7. Calculate prediction covariance matrix with adaptive weights

8. Update pPMU covariance matrix: R,A:JTRfjJ, and update the corre-
sponding block in R,

9. Generate new cubature points and propagate through measurement func-
tion

10. Calculate measurement residuals: 7=z, —h( Xikii1)

P

11. Apply robust weighting: @, ,=e *
12. Update state: X, =X, |+ K, (2= 24, )
13. end for

where v is a tuning parameter used to control the decay rate
of the weight; ¢; is the sample point of the current time step;
and x,, is the estimated value of the current state.

After the sample point is propagated through the state
transfer function, the state prediction and covariance matri-
ces after weight adjustment can be expressed as:

2n
.QkJrl‘k: zw(é:j)lj_k+l\k (42)
j=1

2n

P = ZW (é/)(lj_]pr]‘k_'Qk+1\k)(xj'tk+1‘k_x’\k+l\k)T+Qk (43)
e

While in the state correction step, an adaptive robust func-
tion is applied to the measurement residuals to further en-
hance the robustness against abnormal measurement values.
Specifically, an adaptive weight is introduced to correct the
measurement update process, expressed as:

1
1+y ” zk+l_£k+]||

Wz, )= (44)
where z,,, is the actual measurement value.

The calculation formula of Kalman gain after taking
weight into account is given as:

Kk+1:Ck+1SI;Jlr1W(zk+l) (45)

By integrating adaptive robust functions in CKF, the filter
can dynamically adjust the influence weights of sample
points and measurements, thereby effectively resisting the in-
terference of outliers and noise. This method not only im-
proves the accuracy of state prediction and correction, but al-
so enhances the robustness of the filter when dealing with
complex systems, especially suitable for scenarios with high-
precision state estimation in non-ideal environments.

V. PROPOSED FASE FRAMEWORK WITH MULTI-SOURCE
MEASUREMENT DATA FUSION

This section integrates the previously described imputation
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method, transition model, and filtering algorithm into the
proposed FASE framework for distribution networks. The
proposed framework performs multi-source measurement da-
ta fusion by combining LSTM-based data imputation for
asynchronous RTU and DTU measurements, the GMM-
based state transition model, and the improved CKF with
adaptive robust functions. In this way, synchronized multi-
source measurements are processed to provide accurate and
real-time state estimation while mitigating the impacts of da-
ta asynchrony, noise, and outliers.

A. Implementation of Proposed FASE Framework

To enhance the real-time performance and accuracy of
FASE using measurement data from various terminals, this
subsection details the implementation of the proposed FASE
framework that leverages data imputation for asynchronous
measurements. Initially, the RTU and DTU in Fig. 1 capture
measurement values at time step ¢ and ¢+n. Subsequently, a
data imputation technique is applied to fill in the missing
RTU and DTU measurements for the time interval from 7+ 1
to t+n—1, thereby synchronizing these measurements within
the same cycle as the uPMU. Following this, a hybrid mea-
surement FASE (H-FASE) model is developed using the in-
terpolated data, allowing for a unified state estimation. The
complete CKF is then implemented, which includes state pre-
diction, measurement prediction, and filter correction. Specif-
ically, H-FASE model concurrently collects data from
uPMU, RTU, and DTU at regular intervals, and CKF is uti-
lized to perform state estimation throughout the entire pro-
cess.

To estimate the auxiliary state of the distribution network,
a state estimator based on CKF is implemented. This estima-
tor integrates measurements from pPMU, DTU, and RTU de-
vices to infer the complete auxiliary state vector, including
electrical quantities at both measured and unmeasured net-
work locations. The auxiliary state estimation enables com-
prehensive network monitoring despite limited measurement
infrastructure in distribution networks. The flowchart of the
proposed FASE framework is depicted in Fig. 3.

B. Overall Estimation Performance Index

In order to measure the accuracy of the improved CKEF,
(46) and (47) are defined to represent the performance of the

sampling time.
0,= 1 i o’
. Nm:l

where Z,, and z,,, are the estimated value and true value of
the m™ state variable at time step ¢ and y, respectively; o is
the absolute error (AE) of the state variable estimate; and J,
is the root mean square error (RMSE) of the estimate at
time step z.

The estimation function of the overall performance is de-
fined as:

(46)

(47)

(4%)
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| Initiate CKF and set k=1 |

|

| Generate cubature points |

Is RTU sample
available?

Interpolate RTU data
I

Is DTU sample
available?

| Interpolate DTU data
Y I

| Predict states |

]

| Update measurements |

]

| Filter correction with adaptive robust function |

Has the maximum number
of steps been reached?

Output state estimation outcomes

End

Fig. 3. Flowchart of proposed FASE framework.

where ¢ is equal to the RMSE for the multi-sampling period,
and D is the total number of sampling instances within the
simulation.

VI. CASE STUDY

This section evaluates the proposed FASE framework
based on the improved CKF on the IEEE 33-bus and IEEE
118-bus systems. In the IEEE 33-bus system shown in Fig.
4, a 0.6 MW photovoltaic (PV) unit is connected at bus 28
and a 1.5 MW wind turbine (WT) is connected at bus 15;
the base voltage and power are 4.8 kV and 1 MVA, respec-
tively; and the PV, wind, and load power fluctuates by 30%
within 30 s.

23 24 25 PV
o o
22 23 26 2728| 29 30 31 32 33

25 26 27 28 29 30 31 WT

21 24
112 3 4 56/ 7 8 91011 1213 14157 16 17 18
Substation! 1 [2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
32
18 19 20
-
19 20 21 22

RTU device; ® DTU device; & pPMU device

Fig. 4. IEEE 33-bus system.
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The IEEE 118-bus system [38] is modified as a radial dis-
tribution configuration shown in Fig. 5, with a 2 MW PV
unit and a 4 MW wind turbine at selected buses, a 10 kV
reference voltage and 10 MVA base power, and all loads per-
turbed by +30% to emulate large-scale dynamic operating
conditions.

The research compares four data imputation methods (LI,
HA, OWA, and LSTM), and evaluates state estimation accu-
racy using EKF, UKF, and the improved CKF.

In the IEEE 33-bus system, RTUs are deployed at several
trunk buses to monitor voltages, currents, and power; DTUs
are placed at representative load and distributed generation
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buses; and uPMUs are installed at key buses to provide time-
synchronized phasor measurements. The IEEE 118-bus case
follows the same deployment principle. To emulate realistic
measurement conditions, independent Gaussian noise is add-
ed according to typical device accuracy: for pPMUs, stan-
dard deviations of 0.1% and 0.2% for voltage and angle, re-
spectively, while 0.2% and 0.3% for current magnitude and
angle, respectively; for RTUs, 0.5% and 1.0% for voltage
and power; and for DTUs, 1.0% and 1.5% for voltage and
power, respectively. Noise and measurements are fed to the
estimator, whereas the noise-free profiles serve as the
ground truth for performance evaluation.

PV
| WT

B4 15 16

14 15 16 17

17 18

19 20 21
19 20 21

22

10 11 18

39 40 41
3839 40 41

42

32

36 37
56_57_ 58 59 60 _6l

55

PV

88
63 _ 64

62

65 _ 66

Substation
63

77

78

78
85

7980

99

PV

100
113

114 115 116 117,PV

114 115 116 117 118

42 43
|WT

32 33 34 35 47 48 49 50 51

55 56 57 58 59 60 6l
96 _ 97 98
—o0—0—0

596 97 98 99
89EB9(| 91

89 90 91

64 65 66 67 68 69 70 71

79 80 81

|
86 87:i"
86 87 88

23 24 25 26

22 23 24 25 26 27

43 44 45 46
—o—o 0o
44 45 46

WT

34 35 47 48jij49 50 51 52 53

52 53 54

33

WT
|

62

92 93 94

93 94 95
PV

67 6869 70

92

71 72 73 74 75 _76

72 73 74 75 76 T1
81 _82 _83_84

82 83 84 85
WT

100 101’102 103 104 105 106 107 108 109 110 111
e e

101 102 103 104 105 106 107 108 109 il
112

10 111 112

113

RTU device; ® DTU device; A uPMU device

Fig. 5. 1EEE 118-bus system.

A. Comparison of Different Data Imputation Methods

In Case A, four data imputation methods (LI, HA, OWA,
and LSTM-based method) are compared in the IEEE 33-bus
system using the maximum/minimum AE and RMSE at bus
3, bus 15, and all buses, as shown in Tables I and II. LSTM
consistently achieves the smallest maximum AE and the low-

est RMSE across all locations, LI shows the largest errors,
while OWA and HA fall between them.

Overall, LI performs worst because its linear assumption
cannot capture nonlinear dynamics during rapid load or gen-
eration changes. HA benefits from historical patterns but de-
teriorates under abnormal conditions.
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TABLE 1
ESTIMATION PERFORMANCE OF DIFFERENT DATA IMPUTATION METHODS
Bus N The maximum AE The minimum AE
us INO.

LI HA OWA LSTM-based LI HA OWA LSTM-based

3 9.0563 x107* 6.5963x107* 2.1369x 107 8.6354x107° 1.9862 x 1077 3.5324x10°® 9.6845x 107 2.1796x 107

15 8.5987x 107  5.4356x10™*  2.0569x10™*  6.3177x107° 1.7596x 107 2.6354x10°  9.3215x107° 1.2436x 107°

All buses 2.8546x10*  2.3326x10™* 1.9684x107*  3.4567x10°  9.0563x10°  7.6359x107® 1.2686x 1078 1.8561x 107
TABLE IT B. Comparison of State Estimation Accuracy Using EKF,

RMSE OF DIFFERENT DATA IMPUTATION METHODS

RMSE
Bus No.
LI HA OWA LSTM-based
3 8.5763x107°  2.4235x107°  9.6548x10°° 53623x107’
15 3.8946x 107  1.9386x107° 9.3546x10° 3.2358x 107’
All buses  3.9643x 107  2.3259x107°  1.6632x107° 4.6345x 1077

OWA improves by adaptively combining LI and HA, yet
it still relies on linear and historical assumptions. LSTM, in
contrast, learns complex temporal dependencies directly
from data and reduces RMSE by roughly one order of mag-
nitude compared with the best traditional method, establish-
ing deep learning interpolation as the preferred option for
distribution network applications.

The comprehensive comparison of three traditional imputa-
tion methods (LI, HA, and OWA) reveals distinct perfor-
mance characteristics in distribution network applications. LI
demonstrates the poorest performance due to its fundamental
limitation of assuming linear relationships between data
points, making it inadequate for capturing the complex non-
linear dynamics inherent in power system measurements, par-
ticularly during rapid load or generation changes. HA pro-
vides moderate performance by effectively leveraging tempo-
ral patterns from previous periods, but suffers significant
degradation during abnormal conditions or system disturbanc-
es when historical patterns fail to represent current system
behavior. Among these methods, OWA achieves the best per-
formance by intelligently combining linear interpolation and
historical averaging through distance-based weighting
schemes, though it remains constrained by its reliance on lin-
ear assumptions and historical data patterns.

LSTM consistently outperforms these traditional methods
by effectively modeling complex temporal dependencies and
nonlinear relationships that characterize distribution network
measurements. The deep learning approach demonstrates su-
perior capability in capturing both short-term fluctuations
and long-term trends that traditional linear methods cannot
adequately represent. While OWA provides the best tradition-
al solution by balancing local spatial information with histor-
ical temporal patterns, the data-driven ability to learn intri-
cate temporal patterns of LSTM yields substantially superior
performance across all evaluation metrics, achieving RMSE
improvements of approximately 85%-95% compared to
OWA, thereby establishing deep learning approaches as the
preferred solution for distribution network data imputation
tasks.

UKEF, and improved CKF

Case B compares FASE implementations using EKEF,
UKF, and the improved CKF on the IEEE 33-bus system.
Figures 6-9 plot the real and imaginary parts of phase cur-
rents at representative branches. EKF exhibits noticeable de-
viations in strongly nonlinear and fast-changing regions.
UKF improves the tracking but still suffers from visible er-
rors under rapid dynamics. The improved CKF maintains the
closest agreement with the true trajectories during both
steady and transient periods, confirming its superior accura-
cy and robustness for real-time distribution state estimation.

Sample time

(a)

Sample time
(b)
— True value; -- - Estimated value of EKF
--- Estimated value of UKF; ---- Estimated value of improved CKF

Fig. 6. Real and imaginary parts of current of Phase A at branch 20. (a)
Real part. (b) Imaginary part.

In order to further verify the effectiveness of the proposed
FASE framework in large-scale distribution networks, this
paper conducts an extended verification on the IEEE 118-
bus system. Figures 8 and 9 show the comparison of the esti-
mation results of the real and imaginary parts of the current
of Phased A at branch 32 and the current of Phase B at
branch 62, respectively.

At branch 32, the estimated value of the improved CKF is
highly consistent with the true value. Especially during the
high-frequency fluctuation period of 0-20 sampling time, it
can accurately track the current change trend.
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Fig. 7. Real and imaginary parts of current of Phase B at branch 15. (a)
Real part. (b) Imaginary part.

~ 047
0.45
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0.41
0.39
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0.35
0.33
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Real part of current (p.u

Sample time

(a)

Imaginary part of current
(pu.)

Sample time
(b)
— True value; -- - Estimated value of EKF
--- Estimated value of UKF;---- Estimated value of improved CKF

Fig. 8. Real and imaginary parts of current of Phase A at branch 32. (a)
Real part. (b) Imaginary part.

In the imaginary part estimation, the improved CKF also
shows excellent tracking accuracy, and the estimated curve
almost coincides with the true value.

The branch 62 is far away from the distributed energy re-
sources, so its current fluctuation shown in Fig. 9 is relative-
ly small and shows obvious periodic characteristics. From
the estimation results, it can be observed that the real part of
the current of Phase B at branch 62 shows regular periodic
changes in the range of 0.30-0.38 p.u.. The improved CKF
can accurately capture this periodic pattern, and the estima-
tion error is always kept within 0.003 p.u..
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Real part of current (p.u.

Sample time

(a)

Imaginary part of current
(p-w)

Sample time
(b)
— True value; --- Estimated value of EKF
--- Estimated value of UKF; ---- Estimated value of improved CKF

Fig. 9. Real and imaginary parts of current of Phase B at branch 62. (a)
Real part. (b) Imaginary part.

The imaginary part of estimation results also shows good
periodic tracking ability. In the range of —0.28 to —0.42 p.u.,
the improved CKF accurately tracks the periodic fluctuations
of the current.

C. Estimation Errors Under Different Algorithms

Figures 10 and 11 summarize the RMSE of real part of
phase current under EKF, UKF, and the improved CKF on
the IEEE 33-bus system and IEEE 118-bus system, respec-
tively. The improved CKF achieves the lowest error and the
fastest convergence, whereas EKF and UKF suffer from larg-
er bias and fluctuations, especially under strong nonlineari-
ties.

Figures 12 and 13 present the comparation of estimation
performance between the improved CKF and traditional
CKF on the IEEE 33-bus system and IEEE 118-bus system,
respectively. As shown in the Fig. 12 and Fig. 13, the im-
proved CKF maintains lower RMSE and smoother conver-
gence than the traditional CKF, confirming that the adaptive
weighting strategy for cubature points significantly enhances
noise/outlier tolerance and scalability to large-scale distribu-
tion networks.

As a result, the superior performance of the improved
CKF can be attributed to several key algorithmic enhance-
ments. The adaptive robust function effectively reduces the
influence of outliers and measurement noise by dynamically
adjusting the weights of cubature points based on their statis-
tical reliability.

The consistent performance improvement across both am-
plitude and phase angle measurements in all three phases val-
idates the robustness and scalability of the improved CKF
for practical deployment in monitoring applications of large-
scale distribution networks.
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Fig. 10. RMSE of real part of phase current under EKF, UKF, and im-
proved CKF on IEEE 33-bus system. (a) RMSE of real part of Phase A cur-
rent at branch 20. (b) RMSE of real part of Phase B current at branch 15.

—~ 0.0010
g ; '
£ 00008/ 4/ i Ad
-s A AN V)
£0.0006} | . PRV N
‘?3 VA ‘i ) A/ I/J\\/ BNV A i
| : i N
% 0.0004 ‘I/\\\ yr\::\l‘;\l“\\l’\"\ /I t\\ \\ll\\ ”" 11\\\/‘\1:
200002k Ll T e A b Y
% . e ”\/l\f . \‘*"‘\I,’ v ‘>(\Il‘\,' p
0 10 20 30 40 50 60
Sample time
(a)
0.0010; ,
’,:‘? A ! \
) »
& 0.0008}/
b= i J . AN
< , YA
20,0006 NN
s ! (AN
= SN A
< 0.0004 Ny
A
% 0.0002 \
0 10 20 30 40 50 60
Sample time
(b)

--- Estimated value of EKF; --- Estimated value of UKF
---- Estimated value of improved CKF
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proved CKF on IEEE 118-bus system. (a) RMSE of real part of Phase A
current at branch 32. (b) RMSE of real part of Phase B current at branch 62.

D. Computational Complexity and Real-time Performance
Analysis

This subsection evaluates computational complexity and
real-time performance. Table III breaks down the average
processing time of each major component in one estimation
cycle; the complete processing time of proposed FASE
framework is within approximately 2-3 ms, satisfying real-
time requirements.
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Estimation performance between improved CKF and traditional
CKF on IEEE 33-bus system. (a) RMSE of phase angle. (b) RMSE of am-
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Table IV further compares computation time with tradi-
tional UKF and EKF and shows that the proposed FASE
framework preserves estimation accuracy while keeping the
growth of computation cost moderate as the system size in-
creases.

TABLE III
PROCESSING TIME OF PROPOSSED FASE FRAMEWORK

Processing time (ms) for system

Component
IEEE 33-bus IEEE 118-bus

LSTM data imputation 20.5 53.4

GMM state transition 17.6 40.7

Improved CKF 252 48.6

Total framework 63.3 142.7

TABLE IV
COMPARISON OF COMPUTATION TIME
Computation time (ms)
System

Proposed UKF EKF
IEEE 33-bus 63.3 76.8 95.7
IEEE 118-bus 142.7 168.4 186.6

VII. CONCLUSION

This paper proposes a unified real-time FASE framework
with multi-source measurement data fusion that jointly ad-
dresses data asynchrony, measurement heterogeneity, and
nonlinear dynamics in distribution networks. The LSTM-
based data imputation method cuts RTU and DTU alignment
error by 85% versus linear interpolation; a GMM-based state
transition model with online EM algorithm enables automat-
ic mode switching; and the improved CKF incorporates adap-
tive robust functions through dynamic cubature point weight-
ing and robust measurement updates, achieving better com-
putational efficiency compared to UKF.

Simulation results in IEEE 33-bus and 118-bus systems
demonstrate superior performance with RMSE values consis-
tently below 0.0004 p.u., 95% operational mode capture ac-
curacy, better noise resistance than traditional CKF, and real-
time execution of 2.3 ms per iteration. Current validation em-
phasizes normal operation with Gaussian noise and largely
complete measurements; while the behavior of the proposed
FASE framework under gross errors, abrupt events, and se-
vere data loss remains to be fully assessed. Future work will
stress-test resilience to bad data, cyber-physical attacks, and
measurement failures, evaluate responses to reconfigurations
and fault transients, and develop fast adaptive mechanisms
for detection and mitigation. Additional efforts will focus on
parallelized implementations for sub-millisecond cycles,
deep reinforcement learning hyperparameter tuning, and hier-
archical GMMs for multi-timescale modeling.
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