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Abstract——Holomorphic embedding (HE) method has gained 
increasing attention in power system analysis because of its ro‐
bustness. This paper further extends the HE theories into the 
power flow calculation in hybrid AC/DC active distribution net‐
works (ADNs). A flexible holomorphic embedding solution 
(FHES) method is proposed for the power flow calculation in 
AC/DC ADNs in the grid-connected and islanded modes. This 
paper also develops the HE models of voltage source converters 
(VSCs) with active and reactive power control modes. The HE 
models of loads in AC/DC ADNs are also formulated by taking 
full account of static voltage and frequency characteristics. Fur‐
thermore, the HE models of the distributed generators (DGs) 
under various control modes are developed. A sequential itera‐
tive method is employed to solve the developed HE models of 
AC/DC ADNs in the grid-connected and islanded modes. The 
performance of the proposed FHES method is evaluated using 
the modified IEEE 33-node and IEEE 123-node AC/DC ADNs. 
Finally, the testing results validate the accuracy and robustness 
of the proposed FHES method.

Index Terms——Holomorphic embedding (HE), power flow cal‐
culation, active distribution network (ADN), distributed genera‐
tor, voltage source converter (VSC).

NOMENCLATURE

 A. Indices and Sets

c Index for voltage source converters (VSCs)

d, k Indices for DC nodes

DROOPAC Set of AC droop control nodes

DROOPDC Set of DC droop control nodes

i, j Indices for AC nodes

n Order of power series

PDC Set of constant active power injection nodes

PQAC Set of PQ nodes

PVAC Set of PV nodes
REF Set of phase reference nodes
SL Set of slack nodes
UDC Set of constant voltage nodes
* Conjugate operation

 B. Parameters and Constants

φc Power factor angle of VSC c

api, bpi, cpi Percentages in terms of active power of con‐
stant impedance load, constant current load, 
and constant power load at AC node i

aqi, bqi, cqi Percentages in terms of reactive power of 
constant impedance load, constant current 
load, and constant power load at AC node i

apd, bpd, cpd Percentages in terms of active power of con‐
stant impedance load, constant current load, 
and constant power load at DC node d

f0 Rated frequency

fmax, fmin Upper and lower limits of system frequency

Gdcdk Conductance of branch between DC nodes d 
and k

kd Droop gain for active power of DC node d
kpi, kqi Static voltage and frequency characteristic 

parameters of loads at AC node i
mi, ni Droop gains for active and reactive power of 

AC node i
M, N Numbers of DC and AC nodes
Mc, ηc Modulation ratio and efficiency coefficient 

of VSC c
P (0)

acLi, Q
(0)
acLi Active and reactive power of load at node i 

under nominal voltage and frequency
P(0)

dcLd Active power of load at DC node d under 
nominal voltage

Psp
vsci, Q

sp
vsci Active and reactive power injected into AC 

node i connected to AC side of VSC
pol Number of poles in DC network
Uaci0 Initial voltage of AC node i 
U (0)

aci Nominal voltage magnitude of AC node i
U (0)

dcd Nominal voltage magnitude of DC node d
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Udcmax, Udcmin Upper and lower limits of voltage on DC 
side

U sp
aci Reference voltage magnitude of AC node i

U̇ sp
aci Reference voltage phasor of AC node i

Usp
dcd Known voltage of DC node d

Yacij Admittance of branch between AC nodes i 
and j

Y sh
aci Parallel admittance connected to AC node i

Y tr
acij Series admittance between AC nodes i and j

 C. Variables

Df Deviation between actual frequency and rat‐
ed frequency

Pacc, Qacc Active and reactive power of AC side of 
VSC c

PacGi, QacGi Active and reactive power of generation at 
AC node i

PacLi, QacLi Active and reactive power of load at AC  
node i

Paci, Qaci Active and reactive power of AC node i

PdcGd, PdcLd Active power of generation and load at DC 
node d

Pdcd Active power of DC node d
Qvsci Reactive power injected into AC node i by 

VSC
s, α Embedded variables of AC and DC networks
DS Imbalance complex power in power flow cal‐

culation
S̃acGi Complex power generation of AC node i
S̃acLi Complex power load of AC node i
Uacc Voltage magnitude of AC side of VSC c
Uaci Voltage magnitude of AC node i

U̇aci Voltage phasor of AC node i
Udcd Voltage of DC node d
Waci, Wdcd Reciprocal for voltages of AC node i and 

DC node d

I. INTRODUCTION 

WITH the fast growth in load-side re-electrification, 
the increasing penetration of renewable energy, and 

the global energy transition, the power grid is evolving to‐
wards zero emission. Toward this trend, the renewable dis‐
tributed generators (DGs), e.g., photovoltaic (PV) panels and 
wind turbines (WTs), have been widely deployed in the dis‐
tribution networks. However, integrating these resources into 
traditional AC distribution networks requires multiple power 
conversion stages. Therefore, the DC distribution network, 
as an alternative to existing AC distribution network, could 
largely reduce the power losses in electric power conversion 
and improve the energy efficiency. However, given that the 
AC distribution network has dominated the power system 
over a century and is expected to remain prevalent in the 
coming decades, the hybrid AC/DC active distribution net‐
works (ADNs) have emerged as an attractive option for up‐

grading existing AC distribution networks. AC/DC ADNs 
consist of both AC and DC distribution networks, along with 
converters that interconnect these networks and regulate the 
power flow between them [1], [2]. This hybrid architecture 
introduces new challenges in power flow analysis compared 
with traditional AC distribution networks.

The Newton-Raphson (NR) method has been widely used 
for solving the power flow of different systems including hy‐
brid AC/DC transmission networks [3], [4]. Research on NR-
based power flow calculation for hybrid AC/DC systems can 
be divided into unified iterative methods [5] and sequential 
iterative methods [6]. Compared with transmission networks, 
AC/DC ADNs usually have higher R/X ratios and radial net‐
work topologies such that the Jacobian matrices generated 
by the NR method are prone to be singular [7], causing the 
early termination of power flow calculation [8]. To enhance 
the performance of NR method in power flow calculation, 
various improved NR methods have been developed [9] -
[12]. In [9], an optimal multiplier method was proposed to 
calculate the power flow of ill-conditioned systems, which 
develops an adaptive step-size multiplier to prevent over‐
shooting of the optimal point, but the computational process‐
ing is complex. In [10], a damped Newton method was ad‐
opted by using a damping factor to limit the iteration step 
size, avoiding the need for solving the optimal multiplier in 
each iteration, but it cannot guarantee a strictly optimal up‐
date at every step. In [11], the Levenberg-Marquardt method 
was applied with curvature and gradient steps to improve the 
robustness in ill-conditioned systems, while its applicability 
is limited in large-scale systems. In [12], the Newton-trust re‐
gion method was proposed to confine the correction updates 
within a trust radius, which yields strong global conver‐
gence. Although these methods enhance the convergence and 
computational efficiency compared with the conventional 
NR method, several limitations remain: ① they are highly 
dependent on initial values, and inappropriate values may 
lead to the divergence; ② when the divergence occurs, it is 
often unclear whether the method fails or there is no feasible 
power flow solution; and ③ even when the convergence is 
achieved, the obtained solution is not always the desired 
high-voltage solution.

Another power flow calculation method, the holomorphic 
embedding load-flow method (HELM), was developed based 
on the complex analysis theory [13]. The advantages of 
HELM are as follows: ① it does not need initial values to 
start computation, thus avoiding the issue of initial value se‐
lection; ② it guarantees to find the solution if there exists 
one [14], while giving a clear signal if a solution does not 
exist [15]; and ③ the potential issues of a singular Jacobian 
matrix are avoided since the Jacobian matrix is not needed 
in this method. Hence, the HELM has been extensively dis‐
cussed and applied in hybrid AC/DC power systems. In [16], 
the holomorphic embedding method (HEM) was used to 
solve the power flow of a hybrid AC/DC transmission sys‐
tem with a line-commutated converter (LCC), and the holo‐
morphic embedding (HE) models of LCCs with different 
control modes were constructed. In [17], a unified HE formu‐
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lation was proposed for a high-voltage direct current 
(HVDC) network with LCCs, enabling the efficient deriva‐
tion of germ solutions under various control modes. In [18], 
a power flow model for an HVDC transmission system with 
LCCs and modular multilevel converters (MMCs) was con‐
structed based on HE, which accommodates various control 
modes of the converter stations. In [19], the HELM was ap‐
plied to a hybrid AC/DC transmission system with a voltage 
source converter (VSC). Reference [20] further proposed a 
power flow calculation method based on the fast and flexi‐
ble holomorphic embedding (FFHE), which considers the 
smooth switching mechanism of VSC-HVDC control modes, 
and significantly improved the calculation efficiency by flexi‐
bly selecting the initial point. In [21], the HEM was em‐
ployed to solve the power flow of AC/DC ADNs in the is‐
landed mode, which considers the droop control of DGs and 
the frequency variation of the system. In [22], the influence 
of frequency variation on the admittance matrix and load in 
the islanded microgrid was further considered. Reference 
[23] proposed a three-phase unbalanced power flow calcula‐
tion method for AC/DC ADNs based on multi-dimensional 
holomorphic embedding method (MDHEM). This power 
flow calculation method fully exploits the analytical advan‐
tages of MDHEM and enhances the speed of online compu‐
tation. However, there are no general HE models that can 
calculate the power flow of AC/DC ADNs in both the grid-
connected and islanded modes.

In the grid-connected mode, the frequency is generally as‐
sumed to be constant. While in the islanded mode, the fre‐
quency fluctuates, since it is coupled with the power flow. 
The methods in [24] and [25] are only applicable to AC/DC 
ADNs in the grid-connected mode rather than the islanded 
mode. References [26] and [27] examined the power flow of 
a hybrid AC/DC microgrid in the islanded mode. However, 
as these methods are based on the traditional NR method, 
they still suffer from the singularity issue. Other works in 
[28]-[30] utilized non-iterative methods. In [28], four extend‐
ed matrices were constructed based on the network topology, 
enabling the power flow calculation of AC/DC ADNs in the 
grid-connected mode through simple matrix operations. Ref‐
erence [29] and [30] used the unified method to solve the 
power flow of AC/DC ADNs in both the grid-connected and 
islanded modes, but the power flow was solved using uncon‐
strained optimization [29] or graph theory [30] with limited 
solution efficiency.

To bridge the above gaps of HELM in AC/DC ADNs, this 
paper proposes a flexible holomorphic embedding solution 
(FHES) method for power flow calculation in AC/DC ADNs 
in the grid-connected and islanded modes. Supplementary 
Material A Table SAI compares the characteristics of this pa‐
per with the existing references through the following as‐
pects: ① dependence on initial values; ② whether to consid‐
er the droop-controlled DGs; ③ the ZIP model of loads; ④ 
the system frequency; ⑤ the applicability in the grid-con‐
nected and islanded modes; and ⑥ the control modes of con‐
verters. As shown in Table SAI, this paper provides the de‐

tailed modeling of AC/DC ADNs and flexibly calculates the 
power flow of AC/DC ADNs in both the grid-connected and 
islanded modes without initial values. The performance of 
the proposed FHES method is further evaluated by the modi‐
fied IEEE 33-node and IEEE 123-node AC/DC ADNs. The 
main contributions of this paper are as follows.

1) An FHES method is developed to solve the power flow 
of AC/DC ADNs in the grid-connected and islanded modes, 
which has a great advantage in flexibility over the existing 
HELM.

2) The HE models of AC/DC ADNs are developed to ac‐
count for various control modes and the characteristics of 
voltage and frequency in different operation modes of AC/
DC ADNs.

3) The proposed FHES method has the significant advan‐
tage of computational efficiency and robustness over the NR 
method, particularly in addressing the challenges related to 
the initial value selection and Jacobian matrix singularity.

In the rest of this paper, Section II presents the fundamen‐
tal models of AC/DC ADNs. Section III formulates the HE 
models and power flow calculation of AC/DC ADNs. The 
case studies are conducted in Section IV, and the conclu‐
sions are drawn in Section V.

II. FUNDAMENTAL MODELS OF AC/DC ADNS 

An AC/DC ADN is composed of converters as well as AC 
and DC networks. The AC and DC networks are connected 
through VSCs, as shown in Fig. 1, where PCC is short for 
point of common coupling. The DGs connect to either AC 
or DC network. This section introduces the power flow mod‐
els of the VSC, AC and DC networks, and DGs.

A. VSC

In the AC/DC ADN, the VSC serves as a critical link to 
exchange the power between the AC and DC networks, and 
the power flow in the AC/DC ADN is determined by the 
control modes of VSC. Supplementary Material A Table 
SAII lists the typical control modes of VSC, which can be 
divided into two categories: active power control modes and 
reactive power control modes. The active power control 
modes contain ① DC power control, ② DC voltage control, 
and ③ DC voltage droop control. The reactive power con‐
trol modes include ① reactive power control and ② AC 
voltage control.

If the AC/DC ADN operates in the grid-connected mode, 
the voltage and power relationships between the AC and DC 
sides of VSC are [29] expressed as:

Udc,d, Pdc,d
Pac,c,
Qac,cZc

i c d DC
network

AC
network

VSC

Pac,i,
Qac,i Uac,i

.
Uac,c
.

(PCC)

Fig. 1.　Structure of an AC/DC ADN.
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Uacc =
Mc

2
Udcd

Pacc =
Pdcd

ηc

Qacc =Pacc tan φc

(1)

If the AC/DC ADN operates in the islanded mode, the 
VSC can automatically control the power flow between the 
AC and DC networks. In this scenario, the AC frequency f 
and Udcd serve as the loading indicators for the AC and DC 
networks, respectively. The normalized indicators f ̂ and Ûdcd 
are [29] expressed as:

ì

í

î

ï
ïï
ï

ï
ïï
ï

f ̂=
f - 0.5( fmax - fmin )

0.5( fmax + fmin )

Ûdcd =
Udcd - 0.5(Udcmax -Udcmin )

0.5(Udcmax +Udcmin )

(2)

B. AC Network

The power flow model of AC network in the AC/DC 
ADN can be expressed as:

∑
j = 1

N

YacijU̇acj = ( )S͂acGi - S͂acLi

U̇aci

*

(3)

For a traditional AC network, there are two types of 
nodes: slack and PQ nodes. Their models are expressed as:
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ï

U̇aci =U sp
aciÐ0°    iÎ SL

∑
j = 1

N

YacijU̇acj = ( )-S͂acLi

U̇aci

*

= ( )-PacLi - jQacLi

U̇aci

*

    iÎPQAC

   (4)

Regarding the influence of voltage and frequency on the 
load, the following load model is used to represent the static 
load characteristics of AC node i [31].
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PacLi =P (0)
acLi
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ê ù
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ú
api( )Uaci

U (0)
aci

2

+ bpi

Uaci

U (0)
aci

+ cpi (1 + kpiDf )

QacLi =Q(0)
acLi

é

ë

ê

ê
êê
ê

ê ù

û

ú
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ú

ú
aqi( )Uaci

U (0)
aci

2

+ bqi

Uaci

U (0)
aci

+ cqi (1 + kqiDf )

    (5)

It should be noted that, if the AC/DC ADN operates in 
the grid-connected mode, Df = 0 and the impact of the fre‐
quency on the load will not be included; otherwise, Df ¹ 0 
and the influence of frequency should be considered.

C. DC Network

The power flow model of DC network in the AC/DC 
ADN can be expressed as:

∑
k = 1

M

GdcdkUdck =
PdcGd -PdcLd

pol ×Udcd
(6)

There are two types of nodes in traditional DC networks: 
constant voltage nodes and constant active power injection 
nodes. Their models can be expressed as:

Udcd =U sp
dcd    dÎUDC (7a)

∑
k = 1

M

GdcdkUdck =
-PdcLd

pol ×Udcd
    dÎPDC (7b)

Regarding the impact of voltage on load, the load model 
is [32]:

PdcLd =P (0)
dcLd

é

ë

ê

ê
êê
ê

ê ù

û

ú

ú
úú
ú

ú
apd( )Udcd

U (0)
dcd

2

+ bpd

Udcd

U (0)
dcd

+ cpd     dÎPDC (8)

D. DG

In the AC/DC ADN, the DGs can operate in both AC and 
DC networks, their models can be developed as follows.
1)　DG Models in AC Network

In the AC network, the DG can operate in ① constant ac‐
tive and reactive power mode, ② constant active power and 
voltage mode, or ③ AC droop control mode.

1) The DG model in the constant active power and reac‐
tive power mode is:

∑
j = 1

N

YacijU̇acj = ( S͂acGi

U̇aci ) * = ( PacGi + jQacGi

U̇aci ) *    iÎPQAC    (9)

2) The DG model in the constant active power and volt‐
age mode is:

ì

í

î

ïïïï

ïïïï

PacGi =Re ( )U̇aci∑
j = 1

N

Y *
acijU̇

*
acj

Uaci =U sp
aci

    iÎPVAC (10)

3) The DG model in the AC droop control mode, which 
could share the demand when the AC network operates in 
the islanded mode, is:

ì

í

î

ï
ïï
ï

ï
ïï
ï

PacGi =
1
mi

( f0 - f )

QacGi =
1
ni

(U (0)
aci -Uaci )

    iÎDROOPAC (11)

2)　DG Models in DC Network
In the DC network, the DG can operate in ① constant 

voltage mode, ② constant active power mode, or ③ con‐
stant DC droop control mode [33].

1) The DG model in the constant voltage mode is the 
same as (7a).

2) The DG model in the constant active power mode is:

∑
k = 1

M

GdcdkUdck =
PdcGd -PdcLd

pol ×Udcd
    dÎPDC (12)

3) The DG model in the constant DC droop control mode 
is:

ì

í
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ï

ï
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ï

∑
k = 1

M

GdcdkUdck =
PdcGd -PdcLd

pol ×Udcd

PdcGd =
1
kd

(U (0)
dcd -Udcd )

    dÎDROOPDC     (13)

III. HE MODELS AND POWER FLOW CALCULATION OF 
AC/DC ADNS 

This section develops the HE models of AC/DC ADNs 
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and the FHES method to calculate the power flow of AC/
DC ADNs in the grid-connected and islanded modes.

A. HE Models of VSC

This subsection develops the HE models of VSC in vari‐
ous control modes.
1)　Active Power Control Mode

Regarding the active power control mode of VSC, the HE 
models for the DC power control, DC voltage control, and 
DC voltage droop control are given as follows.

1)　DC power control
The active power injected into constant active power injec‐

tion node d connected to the DC side of VSC Psp
vscd is given. 

The HE model is:

∑
k = 1

M

GdcdkUdck (α) =
αP sp

vscd

pol ×Udcd (α)
    dÎPDC (14)

2)　DC voltage control
The voltage of constant voltage node d connected to DC 

side of VSC U sp
dcd is given, and the type of DC node d be‐

longs to UDC. The HE model is:

Udcd (α)= 1 + α(U sp
dcd - 1)    dÎUDC (15)

3)　DC voltage droop control
The voltage and power of DC droop control node d con‐

nected to the DC side of VSC satisfy the given droop rela‐
tionship. The HE model is:

∑
k = 1

M

GdcdkUdck (α) =
1

pol × kd ( )U (0)
dcd

Udcd (α)
- 1     dÎDROOPDC

  (16)

2)　Reactive Power Control Mode
Similarly, the HE models of VSC in the reactive power 

control mode are expressed as follows.
1)　Reactive power control
The reactive power injected into AC node i connected to 

the AC side of VSC Qsp
vsci is given, and AC node i is a PQ 

node. The HE model is:

∑
j = 1

N

Y tr
acijU̇acj (s) =

s(P sp
vsci - jQsp

vsci )

U̇ *
aci (s

* )
- sY sh

aciU̇aci (s)    iÎPQAC

   (17)

2)　AC voltage control
The voltage magnitude of AC node i connected to the AC 

side of VSC Usp
aci is given, and AC node i is a PV node. The 

HE model is:
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ïïïï
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∑
j = 1

N

Y tr
acijU̇acj (s) =

sP sp
vsci - jQvsci (s)

U̇ *
aci (s

* )
- sY sh

aciU̇aci (s)

U̇aci (s)U̇
*
aci (s

* )=Uaci0 + s((U sp
aci )

2 -Uaci0 )

    iÎPVAC

 (18)

B. HE Models of AC Network

Taking into account the voltage and frequency characteris‐
tics of the load and the node types, the HE models of loads, 
slack node, PQ node, PV node, and AC droop control node 
in the AC network are developed as follows.

1) Loads. The HE model of loads considering the static 

voltage and frequency characteristics is:

ì
í
î

ïï
ïï

PacLi =P (0)
acLi APi (s)[1 + kpi ( f (s)- f0 )]

QacLi =Q(0)
acLi AQi (s)[1 + kqi ( f (s)- f0 )]

(19)

where the expressions of APi (s) and AQi (s) can be found in 
Supplementary Material A (SA1).

2) Slack node. The HE model of a slack node is:

U̇aci (s)= 1 + s(U̇ sp
aci - 1)    iÎ SL (20)

3) PQ node. The HE model of a PQ node is:

∑
j = 1

N

Y tr
acijU̇acj (s)={-APi (s)[sP (0)

acLi +P (0)
acLikpi ( f (s)- f0 )]+

jAQi (s)[sQ(0)
acLi +Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )-

sY sh
aciU̇aci (s)+ s(S͂ *

acGi +P sp
vsci - jQsp

vsci )W
*

aci (s
* )

                                                iÎPQAC   (21)

4) PV node. The HE model of a PV node is:
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∑
j = 1

N

Y tr
acijU̇acj (s)= (sPacGi + sP sp

vsci - jQacGi (s))W
*

aci (s
* )-

        sY sh
aciU̇aci (s)+{-APi (s)[sP (0)

acLi +P (0)
acLikpi ( f (s)- f0 )]+

        jAQi (s)[sQ(0)
acLi +Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )

U̇aci (s)U̇
*
aci (s

* )=Uaci0 + s((U sp
aci )

2 -Uaci0 )

                                                                                      iÎPVAC

  (22)

5) AC droop control node. The HE model of an AC droop 
control node is:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïïï
ï

ï

ï

∑
j = 1

N

Y tr
acijU̇acj (s) =

1
mi

( f0 - f (s))W *
aci (s

* )- sY sh
aciU̇aci (s)+

j
1
ni

(Uaci (s)-U (0)
aci )W

*
aci (s

* )+{-APi (s)[sP (0)
acLi +

P (0)
acLikpi ( f (s)- f0 )]+ jAQi (s)[sQ(0)

acLi +
Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )

Uaci (s)Uaci (s)= U̇aci (s)U̇
*
aci (s

* )

                                                                   iÎDROOPAC

(23)

According to the Taylor series, f (s), U̇aci (s), Uaci (s), and 
Waci (s) in (19)-(23) can be further expressed as:

f (s)=∑
n = 0

¥

f [n]sn = f [0]+ f [1]s + + f [n]sn + (24)

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

U̇aci (s)=∑
n = 0

¥

U̇aci [n]sn =U̇aci [0]+ U̇aci [1]s + + U̇aci [n]sn +

Uaci (s)=∑
n = 0

¥

Uaci [n]sn =Uaci [0]+Uaci [1]s + +Uaci [n]sn +

Uaci (s)Uaci (s)= U̇aci (s)U̇
*
aci (s

* )

  (25)

Waci (s)=
1

U̇aci (s)
=∑

n = 0

¥

Waci [n]sn =Waci [0]+Waci [1]s + +

Waci [n]sn + (26)

Comparing the coefficients of the same power series in 
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and the FHES method to calculate the power flow of AC/
DC ADNs in the grid-connected and islanded modes.

A. HE Models of VSC

This subsection develops the HE models of VSC in vari‐
ous control modes.
1)　Active Power Control Mode

Regarding the active power control mode of VSC, the HE 
models for the DC power control, DC voltage control, and 
DC voltage droop control are given as follows.

1)　DC power control
The active power injected into constant active power injec‐

tion node d connected to the DC side of VSC Psp
vscd is given. 

The HE model is:

∑
k = 1

M

GdcdkUdck (α) =
αP sp

vscd

pol ×Udcd (α)
    dÎPDC (14)

2)　DC voltage control
The voltage of constant voltage node d connected to DC 

side of VSC U sp
dcd is given, and the type of DC node d be‐

longs to UDC. The HE model is:

Udcd (α)= 1 + α(U sp
dcd - 1)    dÎUDC (15)

3)　DC voltage droop control
The voltage and power of DC droop control node d con‐

nected to the DC side of VSC satisfy the given droop rela‐
tionship. The HE model is:

∑
k = 1

M

GdcdkUdck (α) =
1

pol × kd ( )U (0)
dcd

Udcd (α)
- 1     dÎDROOPDC

  (16)

2)　Reactive Power Control Mode
Similarly, the HE models of VSC in the reactive power 

control mode are expressed as follows.
1)　Reactive power control
The reactive power injected into AC node i connected to 

the AC side of VSC Qsp
vsci is given, and AC node i is a PQ 

node. The HE model is:

∑
j = 1

N

Y tr
acijU̇acj (s) =

s(P sp
vsci - jQsp

vsci )

U̇ *
aci (s

* )
- sY sh

aciU̇aci (s)    iÎPQAC

   (17)

2)　AC voltage control
The voltage magnitude of AC node i connected to the AC 

side of VSC Usp
aci is given, and AC node i is a PV node. The 

HE model is:

ì

í

î

ïïïï

ï
ïï
ï

∑
j = 1

N

Y tr
acijU̇acj (s) =

sP sp
vsci - jQvsci (s)

U̇ *
aci (s

* )
- sY sh

aciU̇aci (s)

U̇aci (s)U̇
*
aci (s

* )=Uaci0 + s((U sp
aci )

2 -Uaci0 )

    iÎPVAC

 (18)

B. HE Models of AC Network

Taking into account the voltage and frequency characteris‐
tics of the load and the node types, the HE models of loads, 
slack node, PQ node, PV node, and AC droop control node 
in the AC network are developed as follows.

1) Loads. The HE model of loads considering the static 

voltage and frequency characteristics is:

ì
í
î

ïï
ïï

PacLi =P (0)
acLi APi (s)[1 + kpi ( f (s)- f0 )]

QacLi =Q(0)
acLi AQi (s)[1 + kqi ( f (s)- f0 )]

(19)

where the expressions of APi (s) and AQi (s) can be found in 
Supplementary Material A (SA1).

2) Slack node. The HE model of a slack node is:

U̇aci (s)= 1 + s(U̇ sp
aci - 1)    iÎ SL (20)

3) PQ node. The HE model of a PQ node is:

∑
j = 1

N

Y tr
acijU̇acj (s)={-APi (s)[sP (0)

acLi +P (0)
acLikpi ( f (s)- f0 )]+

jAQi (s)[sQ(0)
acLi +Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )-

sY sh
aciU̇aci (s)+ s(S͂ *

acGi +P sp
vsci - jQsp

vsci )W
*

aci (s
* )

                                                iÎPQAC   (21)

4) PV node. The HE model of a PV node is:

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

∑
j = 1

N

Y tr
acijU̇acj (s)= (sPacGi + sP sp

vsci - jQacGi (s))W
*

aci (s
* )-

        sY sh
aciU̇aci (s)+{-APi (s)[sP (0)

acLi +P (0)
acLikpi ( f (s)- f0 )]+

        jAQi (s)[sQ(0)
acLi +Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )

U̇aci (s)U̇
*
aci (s

* )=Uaci0 + s((U sp
aci )

2 -Uaci0 )

                                                                                      iÎPVAC

  (22)

5) AC droop control node. The HE model of an AC droop 
control node is:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïïï
ï

ï

ï

∑
j = 1

N

Y tr
acijU̇acj (s) =

1
mi

( f0 - f (s))W *
aci (s

* )- sY sh
aciU̇aci (s)+

j
1
ni

(Uaci (s)-U (0)
aci )W

*
aci (s

* )+{-APi (s)[sP (0)
acLi +

P (0)
acLikpi ( f (s)- f0 )]+ jAQi (s)[sQ(0)

acLi +
Q(0)

acLikqi ( f (s)- f0 )]}W *
aci (s

* )

Uaci (s)Uaci (s)= U̇aci (s)U̇
*
aci (s

* )

                                                                   iÎDROOPAC

(23)

According to the Taylor series, f (s), U̇aci (s), Uaci (s), and 
Waci (s) in (19)-(23) can be further expressed as:

f (s)=∑
n = 0

¥

f [n]sn = f [0]+ f [1]s + + f [n]sn + (24)

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

U̇aci (s)=∑
n = 0

¥

U̇aci [n]sn =U̇aci [0]+ U̇aci [1]s + + U̇aci [n]sn +

Uaci (s)=∑
n = 0

¥

Uaci [n]sn =Uaci [0]+Uaci [1]s + +Uaci [n]sn +

Uaci (s)Uaci (s)= U̇aci (s)U̇
*
aci (s

* )

  (25)

Waci (s)=
1

U̇aci (s)
=∑

n = 0

¥

Waci [n]sn =Waci [0]+Waci [1]s + +

Waci [n]sn + (26)

Comparing the coefficients of the same power series in 

(25) and (26), the recurrence relationship of Uaci [n] and 
Waci [n] is:

Uaci [n]=Re(U̇aci [n])+
1

2Uaci
∑
r = 1

n - 1

U̇aci [r]U̇ *
aci [n - r]-

1
2Uaci

∑
r = 1

n - 1

Uaci [r]Uaci [n - r] (27)

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

Waci [0]U̇aci [0]= 1    n = 0

Waci [1]U̇aci [0]+Waci [0]U̇aci [1]= 0    n = 1

Waci [n]U̇aci [0]+Waci [0]U̇aci [n]=-∑
r = 1

n - 1

Waci [r]U̇aci [n - r]     n > 1

  (28)

If s = 0, (19) - (23) are hereby linear equations. Hence, 
U̇aci (s), Uaci (s), Waci (s), QacGi (s), and f (s) in (19) - (23) are 
all solved and their values are named the germ solution. Dif‐
ferent from the upper grid, which balances the power and 
the constant frequency of the AC/DC ADN in the grid-con‐
nected mode, the DGs will operate in the droop control 
mode to balance the power, and the frequency will vary for 
the AC/DC ADN in the islanded mode. Therefore, the germ 
solution for the AC/DC ADN in the grid-connected and is‐
landed modes is different.

In the grid-connected mode, the germ solution is:

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

U̇aci [0]= 1    iÎ SLPQACPVAC

Waci [0]= 1    iÎ SLPQACPVAC

QacGi [0]= 0    iÎPVAC

f [0]= f0

(29)

In the islanded mode, the germ solution is:

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

U̇aci [0]=U (0)
aci    iÎPQACDROOPAC

Waci [0]=
1

U (0)
aci

    iÎPQACDROOPAC

Uaci [0]=U (0)
aci    iÎPQACDROOPAC

QacGi [0]= 0    iÎDROOPAC

f [0]= f0

(30)

If the germ solution of the AC network is achieved from 
(29) or (30), the recursive relationship between the coeffi‐
cients of the power series for the nodes of the AC/DC ADN 
in the grid-connected and islanded modes can be obtained 
by comparing the homogeneous items on both sides of 
(20)-(23).

In the grid-connected mode, there are slack nodes, PQ 
nodes, and PV nodes in the AC network, and their recursive 
relationship between the coefficients of power series is given 
as (31)-(33), respetively.

U̇aci [n]= δ(n)(U sp
aci - U̇aci [0])    iÎ SL (31a)

δ(n)= {1 n = 1
0 n > 1

(31b)

∑
j = 1

N

Y tr
acijU̇acj [n]=-Y sh

aciU̇aci [n - 1]+ (S͂ *
acGi +P sp

aci -

jQsp
vsci )W

*
aci [n - 1]+ γi    iÎPQAC (32)

ì

í

î

ï

ï

ï

ï
ïïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

∑
j = 1

N

Y tr
acijU̇acj [n] + jW *

aci [0]QacGi [n]= γi - Y sh
aciU̇aci [n - 1]+

   (P sp
acGi +P sp

vsci )W
*

aci [n - 1]- j∑
r = 1

n - 1

QacGi [r]W *
aci [n - 1]

Re(U̇aci [0])Re(U̇aci [n])+ Im(U̇aci [0])Im(U̇aci [n])=

    β(n) ( )-
1
2∑r = 1

n - 1

U̇aci [r]U̇ *
aci [n - r] +

1
2
δ(n)((U sp

aci )
2 -Uaci0 )

                                                                                                iÎPVAC

(33a)

δ(n)= {1 n = 1
0 n > 1

(33b)

where the expression of γi can be found in Supplementary 
Material A (SA2).

Unlike the slack node of the AC network in the grid-con‐
nected mode, the reference node, whose voltage angle is set 
to be 0° , is required in the islanded mode. Moreover, DGs 
will switch to the AC droop control mode to collectively 
meet the demand and the demand is significantly impacted 
by the voltage and frequency in the islanded mode [34]. 
Hence, in the islanded mode, the recursive relationship be‐
tween the coefficients of power series for the reference 
node, PQ node, and AC droop control node is derived as 
(34)-(36), respectively.

Im(U̇aci [n])= 0    n ³ 1iÎREF (34)

∑
j = 1

N

Y tr
acijU̇acj [n]+Fi f [n]=-Y sh

aciU̇aci [n - 1]+

(S͂ *
acGi +P sp

vsci - jQsp
vsci )W

*
aci [n - 1]+ χi    iÎPQAC (35)

ì

í

î

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

∑
j = 1

N

Y tr
acijU̇acj [n] +

1
mi

f [n]W *
aci [0]- j

1
ni

Uaci [n]W *
aci [0]+

Fi f [n]=-
1
mi
∑
r = 1

n - 1

f [r]W *
aci [n - r] +

j
1
ni
∑
r = 1

n - 1

Uaci [r]W *
aci [n - r] + χi - Y sh

aciU̇aci [n - 1]

Uaci [n]-Re(U̇aci [n])=
1

2U (0)
aci
∑
r = 1

n - 1

(U̇aci [r]U̇ *
aci [n - r]-

Uaci [r]Uaci [n - r])

                                                                           iÎDROOPAC

(36)

where the expressions of Fi and χi can be found in Supple‐
mentary Material A (SA3) and (SA4), respectively.

According to the germ solutions in (29) and (30) and the 
recursive relationships in (27) and (31) - (36), the procedure 
for solving the coefficients of power series U̇aci [n], Uaci [n], 
QacGi [n], Waci [n], and f [n] is presented in Supplementary Ma‐
terial A Fig. SA1. Through the recursive relationships in 
(31)-(36), the coefficients of any desired r th order in the pow‐
er series can be obtained for the grid-connected and the is‐
landed modes.

It is obvious that, if the embedded complex variable s 
equals 1, the HE equations (19) - (23) are completely trans‐
ferred to the original equations, U̇aci(1) and f (1) are hence the 
solutions of the voltage and frequency, respectively. Howev‐
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er, using the power series expansion in (24) - (26) to solve 
U̇aci (s), Uaci (s), Qaci (s), Waci (s), and f (s) may encounter 
slow convergence or even divergence issues. To accelerate 
the convergence and enlarge the convergence region, the 
Padé approximation is used to solve these holomorphic func‐
tions [13]. The Padé approximation employed in this study 
is based on the Epsilon algorithm, with the detailed proce‐
dure provided in Supplementary Material B.

C. HE Models of DC Network

Considering the voltage characteristic of the loads and the 
node types, the HE models of loads, constant voltage nodes, 
constant active power injection nodes, and DC droop control 
nodes are represented as (37)-(40), respectively.

PdcLd (α)=P (0)
dcLd

é

ë

ê

ê
êê
ê

ê ù

û

ú

ú
úú
ú

ú
apd( )Udcd (α)

U (0)
dcd

2

+ bpd

Udcd (α)

U (0)
dcd

+ cpd (37)

Udcd (α)=U (0)
dcd + α(U sp

dcd -U (0)
dcd )    dÎUDC (38)

∑
k = 1

M

GdcdkUdck (α) =
α(P sp

vscd +PdcGd )
pol ×Udcd (α)

-
αDdcLd (α)

pol ×Udcd (α)

dÎPDC (39)

∑
k = 1

M

GdcdkUdck (α) =
1

pol × kd ( )U (0)
dcd

Udcd (α)
- 1 -

αDdcLd (α)
pol ×Udcd (α)

dÎDROOPDC (40)

Similar to the HE models of AC network, the HE models 
of DC network in (38)-(40) can be reformulated as (41) and 
(42) via Taylor series.

Udcd (α)=∑
n = 0

¥

Udcd [n]αn =Udcd [0]+Udcd [1]α + +

Udcd [n]αn +    (41)

Wdcd (α)=
1

Udcd (α)
=∑

n = 0

¥

Wdcd [n]αn =Wdcd [0]+

Wdcd [1]α + +Wdcd [n]αn + (42)

Likewise, the recursive relationship between Udcd [n] and 
Wdcd [n] can be further derived from (41) and (42), respec‐
tively. Similar to the AC network, set α = 0 in (37) - (40) to 
derive the germ solution for the DC network.
1)　Grid-connected Mode

In the grid-connected mode, there are constant voltage 
nodes, constant active power injection nodes, and DC droop 
control nodes in the DC network. The germ solution in the 
grid-connected mode is:

ì

í

î

ïïïï

ïïïï

Udcd [0]=U (0)
dcd

Wdcd [0]=
1

U (0)
dcd

    dÎUDCPDCDROOPDC (43)

For n = 1, by comparing the homogeneous items on both 
sides of (38)-(40), the recursive relationship between the co‐
efficients of power series for constant voltage nodes, con‐
stant active power injection nodes, and DC droop control 
nodes are expressed as (44)-(46), respectively.

Udcd [1]=U sp
dcd -Udcd [0]    dÎUDC (44)

∑
k = 1

M

GdcdkUdck [1]=
P sp

vscd +PdcGd

pol
Wdcd [0]- ζd    dÎPDC   (45)

∑
k = 1

M

GdcdkUdck [1]-
U (0)

dcd

pol × kd

Wdcd [1]=-ζd    dÎDROOPDC   (46)

ζd =
P (0)

dcLd

pol ( )apl

Udcd [0]

U (0)
dcd

+
bpd

U (0)
dcd

+ cpdWdcd [0] (47)

Further, for n > 1, the recursive relationships between the 
coefficients of power series for constant voltage nodes, con‐
stant active power injection nodes, and droop control nodes 
are given in (48)-(50), respectively.

Udcd [n]= 0    dÎUDC (48)

∑
k = 1

M

GdcdkUdck [n]=
P sp

vscd +PdcGd

pol
Wdcd [n - 1]- ξd    dÎPDC  (49)

∑
k = 1

M

GdcdkUdck [n]-
U (0)

dcd

pol × kd

Wdcd [n]=-ξd    dÎDROOPDC  (50)

ξd =
P (0)

dcLd

pol ( )apd

Udcd [n - 1]

U (0)
dcd

+ cpdWdcd [n - 1] (51)

2)　Islanded Mode
In the islanded mode, there are only constant active power 

injection nodes and DC droop control nodes in the DC net‐
work. The germ solution is:

ì

í

î

ïïïï

ïïïï

Udcd [0]=U (0)
dcd

Wdcd [0]=
1

U (0)
dcd

    dÎPDCDROOPDC (52)

For n = 1, by comparing the homogeneous items on both 
sides of (39) and (40), the recursive relationships between 
the coefficients of power series for constant active power in‐
jection nodes and DC droop control nodes are represented as 
(53) and (54), respectively.

∑
k = 1

M

GdcdkUdck [1]=-ζd    dÎPDC (53)

∑
k = 1

M

GdcdkUdck [1]-
U (0)

dcd

pol × kd

Wdcd [1]=-ζd    dÎDROOPDC    (54)

Further, for n > 1, the recursive relationships between the 
coefficients of power series for constant active power injec‐
tion nodes and DC droop control nodes are given as:

∑
k = 1

M

GdcdkUdck [n]=-ξd    dÎPDC (55)

∑
k = 1

M

GdcdkUdck [n]-
U (0)

dcd

pol × kd

Wdcd [n]=-ξd    dÎDROOPDC  (56)

For the coefficients of power series Udcd [n] and Wdcd [n], 
the solution is similar to that in AC network proposed in 
Section III-B.

D. Power Flow Calculation Process of AC/DC ADNs

The flowchart of the proposed FHES method for power 
flow calculation of AC/DC ADNs in the grid-connected and 
islanded modes can be found in Supplementary Material A 
Fig. SA2.
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IV. NUMERICAL EXAMPLES 

In this section, the performance of the proposed FHES 
method for AC/DC ADNs is evaluated by two modified hy‐
brid AC/DC test systems, i. e., the modified IEEE 33-node 
and IEEE 123-node AC/DC ADNs. The NR method is em‐
ployed as a baseline to evaluate the performance of the pro‐
posed FHES method. Both the proposed FHES method and 
NR method are based on the sequential iterative method. In 
the power flow calculations for both AC and DC networks, 
a permissible convergence error for power is set to be e = 1 ´
10−8. The convergence criteria in the grid-connected and is‐
landed modes are set to be e1 = 1 ´ 10−8 and e2 = 0.05, respec‐

tively. Detailed discussions on the selection of e1 and e2 can 
be found in Supplementary Material C.

A. Modified IEEE 33-node AC/DC ADN

The modified IEEE 33-node AC/DC ADN is shown in 
Fig. 2 and the corresponding parameters are available in 
[29]. The area enclosed by the dotted line in Fig. 2 repre‐
sents the DC network, which is connected to the AC net‐
work through VSC 1-VSC 5. The parameters of DGs and 
the control parameters of VSCs are listed in Supplementary 
Material D Table SDI and Table SDII, respectively. The ini‐
tial parameters correspond to the output of generators in the 
grid-connected mode.

1)　Grid-connected Mode
Using the sequential iterative method to solve the power 

flow of AC/DC ADNs requires solving the power flow of 
the AC network. The HE models of the AC network in Sec‐
tion III-B are used to solve the power flow. According to 
(29), the germ solution is obtained and the 1st-order coeffi‐
cient of voltage power series U̇ac [1] of each AC node can be 
obtained via the germ solution and the recursive relation‐
ships in (31)-(33). The 0th-order and 1st-order coefficients of 
the voltage power series of each node are analytically contin‐
ued using Padé approximation at s = 1, then the approximat‐
ed voltage of each node in the AC network can be obtained. 
Since the maximum power imbalance of AC network |DSmax| =
0.0050  p.u. is greater than the threshold 1  ́10−8  p.u., a high‐
er order of voltage power series is required. Supplementary 
Material D Fig. SD1 shows the relationship between the or‐
der of power series and the power imbalance.

As illustrated in Supplementary Material D Fig. SD1, the 
power imbalance decreases as the order of power series in‐
creases. In this case, the power series cannot meet the con‐
vergence threshold until the 8th order is reached. The power 
flow calculation of the AC network is hence completed.

After calculating the power flow of the AC network, the 
power flow information on the PCC needs to be transmitted 
to the DC network. The HE models of the DC network in 
Section III-C are used to solve its power flow, which is simi‐
lar to the process of AC network. The 1st-order coefficient of 
the voltage power series Udc [1] of each DC node is obtained 
via the germ solution (43) and the recursive relationship 

(44)-(46). Then, the voltage of each DC node is obtained via 
Padé approximation at α = 1. Since the maximum power im‐
balance of DC network |DPmax| = 0.0001 p. u. is greater than 
the threshold 1 ´ 10−8 p.u., the higher order of voltage power 
series is required. The error is satisfied when the order of 
power series increases to 3.

The PCC power of the AC network is updated according 
to the power flow calculation results of DC network. Since 
the maximum power imbalance of the PCC |DSmax| = 0.0388 
p. u. is greater than the threshold 1 ´ 10−8 p. u., the next se‐
quential process needs to be calculated. The sequential pro‐
cess alternates only 4 times and makes the power imbalance 
meet the convergence threshold. The sequential process is il‐
lustrated in Supplementary Material D Table SDIII. Hence, 
the power flow calculation of the proposed FHES method 
for the modified IEEE 33-node AC/DC ADN is completed.

1)　Verification of accuracy
In Supplementary Material D Table SDIV, the results of 

the proposed FHES method are compared with those of the 
NR method. The power flow results of NR method and the 
proposed FHES method are almost identical, and the maxi‐
mum relative error of the proposed FHES method is less 
than 1 ´ 10-7. This result demonstrates the accuracy of the 
proposed FHES method in calculating the power flow of AC/
DC ADNs.

Figure 3 compares the active power and relative errors of 
the top 8 branches with the largest errors calculated by the 
proposed FHES method and NR method, and Fig. 4 shows 
the corresponding reactive power results. It is clear that the 
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Fig. 2.　Modified IEEE 33-node AC/DC ADN.
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results obtained by the proposed FHES method still closely 
match those of NR method, which confirms the accuracy of 
the proposed FHES method in solving the power flow of the 
AC/DC ADNs in the grid-connected mode.

2)　Verification of efficiency and robustness
The proposed FHES method does not require initial val‐

ues because initial values are uniquely determined by the for‐
mulated HE equations. In contrast, the NR method requires 
predefined initial values. Figure 5 compares the computation‐
al efficiency of the NR method under different initial voltag‐
es. When the initial voltages are set below 0.74 p.u., the NR 
method diverges. This demonstrates the deficiency of the 
NR method in the initial value selection.

The efficiency and robustness of the proposed FHES meth‐
od are also evaluated by increasing the load levels in the 
modified IEEE 33-node AC/DC ADN, and the results are 
listed in Supplementary Material D Table SDV. Supplementa‐
ry Material D Table SDV shows that the calculated power 
flow results of the proposed FHES method are identical to 
those of the NR method until the load increases to 2.71 
times the baseline. However, as the load continues to in‐
crease, the NR method fails to converge due to its dependen‐
cy on proper initial values, whereas the proposed FHES 
method successfully solves the power flow. In addition, com‐
pared with the NR method, the proposed FHES method 

achieves higher computational efficiency while maintaining 
calculation accuracy. This comparison demonstrates the accu‐
racy, efficiency, and robustness of the proposed FHES meth‐
od in the power flow calculation.

Figure 6 compares the calculation results of the NR meth‐
od and the proposed FHES method with the load at node 6 
increasing to 3 times its original value. It is obvious from 
Fig. 6 that the voltage magnitudes of the modified IEEE 33-
node AC/DC ADN calculated by the NR method are mostly 
below 0.95 p.u., which may mislead operators to make incor‐
rect control decision. In contrast, the voltage solutions ob‐
tained by the proposed FHES method remain within the se‐
cure operating range. The comparative results demonstrate 
the robustness of the proposed FHES method while the NR 
method fails in this scenario.

3)　VSC control mode switching
During the normal operation, the VSC should adjust its 

control mode to maintain the nodal voltage within the secure 
operating range. The upper and lower limits for the nodal 
voltage magnitude of VSC are 1.05 p. u. and 0.95 p. u., re‐
spectively. When the reactive loads at AC nodes 15 and 33 
increase to 5 times their nominal values, the reactive support 
capacity at these nodes becomes insufficient. The nodal volt‐
ages of VSC 4 and VSC 5 are 0.9364 p.u. and 0.9226 p.u., 
respectively, both below the lower voltage limit. To improve 
the voltages of VSC 4 and VSC 5, their control modes of 
AC sides are switched from reactive power control to AC 
voltage control, with the voltage setpoint specified as 1.0 
p.u..

Table I lists the nodal voltage magnitudes and relative er‐
rors of top 8 branches with the largest errors calculated by 
the proposed FHES method and NR method. The maximum 
relative errors of the AC and DC nodes are 9.4037 ´ 10-10 
and 1.9377 ´ 10-10, respectively, demonstrating that the pro‐
posed FHES method can accurately calculate the power flow 
of AC/DC ADNs under various control modes.
2) Islanded Mode

Assume that a fault occurring in the upper grid of the 
modified IEEE 33-node AC/DC ADN causes the whole AC/
DC ADN operating from the grid-connected mode to island‐
ed mode. 
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Supplementary Material D Table SDVI compares the re‐
sults of the NR method and the proposed FHES method in 
the islanded mode. As shown in Table SDVI, in the islanded 
mode, the results calculated by the proposed FHES method 
are essentially consistent with those by the NR method. The 
frequencies calculated by the NR method and the proposed 
FHES method are both 0.9902 p. u.. These results confirm 
the accuracy of the proposed FHES method for the power 
flow calculation in the AC/DC ADN in the islanded mode. 
Supplementary Material D Table SDVII compares the out‐
puts of DGs calculated by the NR method and the proposed 
FHES method in the islanded mode. The outputs of DGs cal‐
culated by the proposed FHES method are the same as those 
of NR method. These comparisons confirm the accuracy of 
the proposed FHES method and the power flow calculation 
of AC/DC ADNs.

B. Modified IEEE 123-node AC/DC ADN

The applicability of the proposed FHES method is evaluat‐
ed by the modified IEEE 123-node AC/DC ADN in Fig. 7. 
The parameters of DGs and VSCs are listed in Supplementa‐
ry Material D Table SDVIII and Table SDIX, respectively. 
Other parameters can be found in [35], [36].

1) Grid-connected Mode
The power flow of the modified IEEE 123-node AC/DC 

ADN in the grid-connected mode is calculated by the pro‐
posed FHES method and NR method. Using the result of 
NR method as the baseline, Supplementary Material D Table 
SDX lists the voltage magnitudes and active power of the 
top 8 branches with the largest relative errors in the DC net‐
work, and the voltage magnitudes and angles of top 8 nodes 

with the largest relative errors in the AC network are illus‐
trated in Supplementary Material D Fig. SD3 and Fig. SD4, 
respectively.

The comparisons of results in Table SDX, Fig. SD3, and 
Fig. SD4 show that the power flow results of the proposed 
FHES method closely match those of the NR method, with 
the relative errors below 1 ´ 10-7. These comparisons prove 
the accuracy of the proposed FHES method in the power 

TABLE Ⅰ
NODAL VOLTAGE MAGNITUDES AND RELATIVE ERRORS OF TOP 8 

BRANCHES WITH THE LARGEST ERRORS CALCULATED BY 
PROPOSED FHES METHOD AND NR METHOD

Node type

AC node

DC node

Node No.

15

14

13

33

12

32

31

30

17

18

16

22

21

10

11

9

Voltage (p.u.)

NR

1.0000

0.9938

0.9883

1.0000
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0.9954

0.9910

0.9976

0.9973

0.9978

0.9983

0.9983

0.9981

0.9979

0.9989

FHES

1.0000

0.9938

0.9883

1.0000

0.9800

0.9970

0.9954

0.9910

0.9976

0.9973

0.9978

0.9983

0.9983

0.9981

0.9979

0.9989

Error

9.4037 ´ 10-10

9.1576 ´ 10-10

8.9252 ´ 10-10

8.7120 ´ 10-10

8.4536 ´ 10-10

8.3670 ´ 10-10

8.0871 ´ 10-10

6.6267 ´ 10-10

1.9377 ´ 10-10

1.8048 ´ 10-10

1.6103 ´ 10-10

1.1672 ´ 10-10

7.9355 ´ 10-11
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1.6775 ´ 10-11

7.5053 ´ 10-12
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flow calculation of the larger-scale AC/DC ADN in the grid-
connected mode.
2) Islanded Mode

The power flow of the modified IEEE 123-node AC/DC 
ADN in the islanded mode is calculated by the proposed 
FHES method and the NR method. The frequencies of this 
AC/DC ADN in the islanded mode calculated by the pro‐
posed FHES method and the NR method are both 0.9953 p.
u.. Supplementary Material D Fig. SD5 presents the voltage 
magnitudes, phase angles, active power, and reactive power 
of top 8 nodes with the largest errors by employing the NR 
method as the baseline. As shown in Fig. SD5, the maxi‐
mum relative errors are all less than 1 ´ 10-6. This further 
confirms the accuracy of the proposed FHES method in cal‐
culating the power flow of larger AC/DC ADNs in the is‐
landed mode.

Supplementary Material D Table SDXI compares the pow‐
er injection of DGs calculated by the proposed FHES meth‐
od and the NR method in the islanded mode. The results cal‐
culated by the proposed FHES method match those of NR 
method very well, which confirms the capability of the pro‐
posed FHES method in the power flow calculation of the 
large-scale AC/DC ADNs. 

C. Computational Efficiency

Figures 8 and 9 compare the mismatch of the proposed 
FHES method and the NR method at each iteration in the 
modified IEEE 33-node and IEEE 123-node AC/DC ADNs, 
respectively. The results indicate that the NR method satis‐
fies the convergence conditions within fewer iterations due 
to its quadratic convergence property. Table II further com‐
pares the computational time of the NR method and the pro‐
posed FHES method. The results indicate that, although the 
the proposed FHES method involves higher orders of power 
series, it achieves significant advantages in the computation‐
al efficiency compared with the NR method in AC/DC 
ADNs with different scales and operation modes. 

The computational time of the proposed FHES method is 
mainly determined by the following processes: ① solving 
high-order coefficients of power series; and ② analytical 
continuation process calculations. In the first process, the ma‐
trix used to compute the coefficients of power series remains 
constant through the solution process. During the sequential 
process, only a single LU decomposition of this matrix is re‐
quired. The decomposition results are stored and repeatedly 
utilized, thereby significantly reducing the per-step computa‐
tional time. In contrast, the NR method requires recalculat‐
ing the Jacobian matrix and performing LU decomposition 
at each iteration, thereby increasing the computational bur‐
den. In the second process, the Padé approximation is em‐
ployed to obtain voltage solutions. Epsilon algorithm, which 
only requires the embedded variables s = 1 and α = 1, is ad‐
opted. The matrix vectorization is developed to calculate the 
voltage approximations of all nodes simultaneously, further 
improving the computational efficiency. The detailed proce‐
dure of this process is provided in Supplementary Materi‐
al A.

V. CONCLUSION

This paper proposes an FHES method to calculate the 
power flow of AC/DC ADNs. The performance of the pro‐
posed FHES method is evaluated by the modified IEEE 33-
node and IEEE 123-node AC/DC ADNs, the conclusions are 
drawn as follows.
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TABLE Ⅱ
COMPUTATIONAL TIME COMPARISON BETWEEN PROPOSED FHES METHOD 

AND NR METHOD

AC/DC ADN

IEEE 33-node

IEEE 123-node

Operation mode

Grid-connected 

Islanded

Grid-connected 

Islanded 

Time (s)

NR

0.0686

0.0841

0.0734

0.0737

FHES

0.0367

0.0485

0.0444

0.0503

Improvement 
(%)

46.56

42.36

39.57

31.68
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1) The proposed FHES method can effectively solve the 
power flow of AC/DC ADNs in both the grid-connected and 
islanded modes, which exhibits great advantages of flexibili‐
ty over the existing HELMs.

2) The accuracy of HE models for the AC/DC ADN, 
which take account of the static voltage and frequency char‐
acteristics of the load and the different control modes of 
VSCs and DGs, and the performance of the proposed FHES 
method has been demonstrated.

3) The proposed FHES method has advantages in the ro‐
bustness and computational efficiency over NR method in 
calculating the power flow of AC/DC ADNs in different sce‐
narios.

The proposed FHES method preserves the classical 
HELM characteristic of requiring no initial values. However, 
when performing power flow calculations for heavily loaded 
systems, the existing HELM often requires high-order coeffi‐
cients of power series, resulting in slower convergence and 
increased computational complexity. Future work will incor‐
porate multi-stage HELM into power flow calculations to al‐
leviate this issue. Furthermore, the three-phase balanced HE 
models for various DGs, VSCs, and ZIP loads developed in 
this work could serve as references for analyzing unbalanced 
three-phase power flow of AC/DC ADNs. This will be an 
important focus of future research.
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