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Abstract—Energy management system (EMS) and volt-var op-
timization (VVO) programs are jointly employed to achieve the
efficient operation of active distribution networks (ADNs). How-
ever, current studies often overlook that the operation of ADNs
is coupled with trading energy in real-time (RT) energy mar-
kets. To fill this gap, this paper develops an adaptive robust op-
timization (ARO) model of ADNs in RT energy markets. The
studied ADN consists of photovoltaic (PV) units, electric vehicle
(EV) charging stations, and flexible demands interconnected
through a medium-voltage distribution network. Through the
proposed model, the integrated EMS and VVO programs can
decide to offer energy in the hourly RT energy market, sched-
ule flexible demands, and adjust slow-acting devices (e.g., on-
load tap changers and capacitors), while anticipating the opera-
tion conditions of the ADN under uncertain prices, charging
power level of EVs, and available PV power generation through
the uncertainty sets. Once the market outcomes are known, the
integrated EMS and VVO programs dispatch the fast-acting de-
vices of PV units and EV charging stations. The results of a re-
alistic case study indicate that prioritizing the reduction of volt-
age violations leads to lower energy trading in the RT energy
market and a decrease in profit.

Index Terms—Active distribution network (ADN), energy
management system (EMS), volt-var optimization (VVO), ener-
gy market, electric vehicle (EV) charging station, adaptive ro-
bust optimization.
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Set of lines
Set of buses connected to main grid

Set of on-load tap changers (OLTCs) connect-
ed to bus b

Set of photovoltaic (PV) units connected to
bus b

Set of electric vehicle (EV) charging stations
connected to bus b

Set including first-stage continous and binary
decision variables

Set including second-stage decision variables
Index and set of buses

Index and set of capacitors

Index and set of demands

Index and set of PV units

Index of column-and-constraint
(CCQ) repetition

Index and set of OLTCs
Index and set of tap positions of OLTC o

generation

Index and set of EV charging stations

Index and set of time periods in hourly sched-
uling horizon [z, T ]

B. Parameters
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Constant power components of impedance-
power (ZP) load model for demand d at time ¢

Constant impedance components of ZP load
model for demand d at time ¢

Power-energy conversion factor

Charging and discharging efficiencies of ener-
gy storage system (ESS) located at EV charg-
ing station s

Uncertainty budget related to charging power
level of EVs located at EV charging station s
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Uncertainty budgets related to PV power gen-
eration and real-time (RT) energy market price

RT energy market price at time ¢
Penalty factor of voltage violations

The maximum and minimum energy limits of
ESS located at EV charging station s

The maximum admissible current through
line (b,1)

The maximum and minimum active power lev-
els of demand d at time ¢

Charging level of active power of EVs at EV
charging station s at time ¢

The maximum active power that can be traded
with RT energy market

Available active power generation of PV unit
g at time ¢

Available active power generation of PV unit
located at EV charging station s

The maximum charging and discharging levels
of active power of ESS located at EV charg-
ing station s

Power factor for demand d

The minimum power factor of PV unit g
Reactive power capacity of capacitor ¢

The maximum and minimum reactive power
levels of EV charging station s

Resistance and reactance of line (b,1)

Demand pick-up and drop ramping limits for
demand d

Apparent power capacity of PV unit g
Apparent power capacity of main grid connec-
tion at bus b

Apparent power capacity of EV charging sta-
tion s

Length of scheduling horizon

Utility function of energy consumption by de-
mand d at time ¢

Price of energy consumption by EVs at EV
charging station s at time ¢

The maximum and minimum admissible limits
of voltage at bus b

Voltage of main grid
Square of tap ratio of OLTC o in position p

Voltage violations from the maximum and
minimum admissible values at bus b at time ¢

Total voltage violation

el Energy stored in ESS located at EV charging
station s at time ¢

b Ly, Current and squared current flows through
line (b,1)

PYeqn, Active and reactive power levels of demand d
at time ¢

pol, gy’ Scheduled active and reactive power levels of
demand d at time ¢

Diio Die Active and reactive power flows through line
(b,l) at time ¢

oM Active power traded in RT energy market at
time ¢

e, gy Active and reactive power injected from main
grid to bus b at time ¢

Povs Aoy Active and reactive power generated by PV
unit g at time ¢

povs Active power generated by PV unit located at
EV charging station s at time ¢

s 4, Active and reactive power injections by EV
charging station s at time ¢

povS, pit®  Charging and discharging levels of active
power of ESS located at EV charging station
s at time ¢

g’ Reactive power injection by capacitor ¢ at
time ¢

rorl Binary variable showing status of tap position
p of OLTC o at time ¢

soAP Binary variable indicates status of capacitor ¢
at time ¢

Vi Uy, Voltage and squared voltage at bus b at time ¢

1. INTRODUCTION

HE operation of distribution networks has become in-

creasingly complex due to the rising penetration of con-
ventional and stochastic renewable power generation, electric
vehicles (EVs), and flexible demand resources, all of which
exhibit diverse techno-economic characteristics and inherent
variability [1]. Recent advancements in smart grid technolo-
gies have enabled system operators to coordinate these as-
sets more effectively, transforming traditional distribution
networks into active distribution networks (ADNs) with en-
hanced operational flexibility. Leveraging these capabilities,
ADNSs can actively participate in energy markets as both
buyers and sellers [2], whereas conventional distribution net-
works typically operate solely as market buyers.

The energy management system (EMS) of an ADN can
strategically participate in both the day-ahead [3] and hour-
ahead real-time (RT) energy markets [4], making informed
scheduling decisions for energy transactions and asset coordi-
nation ahead of power delivery. However, fluctuations in
market prices and deviations from scheduled energy delivery
introduce both technical and financial risks to the energy
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management of an ADN. To mitigate these risks, the EMS
can exploit the operational flexibility of conventional genera-
tion units, demand-side resources, and energy storage sys-
tems (ESSs).

The mutual dependency between decisions made by the
EMS and other operational applications is unavoidable, pos-
ing significant challenges to the operation of ADNs. On one
hand, energy schedules determined by the EMS affect volt-
age profiles across the distribution network, which are regu-
lated by volt-var optimization (VVO) to maintain voltages
within admissible limits close to RT operation [5]. This inter-
action arises from the inherent coupling between active and
reactive power flows in distribution systems, particularly in
low-voltage feeders with high resistance-to-reactance (R/X)
ratios, where variations in active power injections or with-
drawals can lead to pronounced voltage deviations. To ad-
dress these deviations, VVO coordinates both slow-acting de-
vices such as on-load tap changers (OLTCs) and capacitor
banks, which are typically adjusted on an hourly basis [5],
and fast-acting devices such as inverter-based photovoltaic
(PV) units and ESSs, which are capable of providing reac-
tive power support over shorter timeframes (e.g., minutes)
[6]. On the other hand, due to the behavior of voltage-depen-
dent load, voltage adjustments implemented by the VVO can
alter real power losses, reactive power flows, and end-use
consumption, thereby leading to deviations from the energy
schedules established by the EMS [7]. These nonlinear and
time-varying interactions hinder the decoupling of EMS and
VVO objectives, increasing coordination complexity and po-
tentially creating conflicts between economic efficiency and
technical feasibility. Consequently, effective coordination be-
tween EMS-based energy scheduling and VVO-controlled de-
vice settings is essential to ensure efficient and reliable oper-
ation of ADN.

Most existing studies [6], [8]-[22] on the integrated EMS
and VVO of ADNs primarily address the techno-economic
characteristics of electrical assets such as distributed genera-
tion, ESSs, loads, and EVs, as well as power flow modeling
in distribution networks including approximation and relax-
ation techniques. However, several critical challenges remain
open and require further investigation: () the operation of
EV charging stations [8]-[11]; @ uncertainty sources and
their handling approaches [6], [8]-[22]; and B participation
in energy markets [21], [22]. To provide deeper insight, rele-
vant studies are reviewed according to these categorized
challenges as follows.

The high penetration of EVs can push the distribution net-
work beyond its admissible operational limits, making it es-
sential to optimally schedule the EV charging stations to pre-
vent overloading and voltage violations. To address this is-
sue, a step-by-step methodology is proposed in [8] to mini-
mize the operational costs by scheduling EV charging during
low-price intervals and curtailing energy consumption when
full charging cannot be achieved. With VVO enabled, the
minimum voltage profile is maintained close to the lower
boundary. In [9], a central supervisory and resilient distribut-
ed control strategy for fast EV charging stations is proposed
to ensure compliance with grid codes for active and reactive
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power flows. ESSs integrated into EV charging stations help
mitigate the adverse impacts of fast EV charging such as in-
creased power losses and voltage drops in distribution net-
works. Additionally, optimal EMS decisions for fast EV
charging stations are communicated to the VVO program, en-
abling it to leverage the active-reactive power (P-Q) capabili-
ty of inverters for enhanced grid support. Reference [10] fo-
cuses on day-ahead operational scheduling, leveraging active
and reactive vehicle-to-grid (V2G) capabilities of EV char-
gers to enhance voltage regulation and achieve energy sav-
ings. As proposed in [11], the joint implementation of inte-
grated EMS and VVO programs enhances the performance
of voltage regulation by coordinating inverter-based PV
units, ESSs, and the integrated flexibility of heating, ventila-
tion, air conditioning, and EV charging stations in commer-
cial buildings.

Other studies have primarily focused on integrating VVO
and EMS to enhance voltage regulation and operational effi-
ciency, while neglecting the influence of EV charging sta-
tions. A two-stage framework combining demand-response
programs and VVO is presented in [12], optimizing losses,
voltages, and operational costs through multi-timescale coor-
dination in networks with PV units and flexible impedance-
current-power (ZIP) loads. A two-stage mixed-integer sec-
ond-order cone programming (MISOCP) model is proposed
in [13] to coordinate OLTCs, reactive compensators, and ES-
Ss for minimizing losses, electricity costs, and wind power
curtailment under constant power loads. In [14], a mixed-in-
teger linear programming (MILP)-based RT voltage control
framework is proposed to coordinate OLTCs and distributed
generation and energy resources, aiming to maximize the rev-
enue of utility from active power generation. Reference [15]
introduces a mixed-integer nonlinear programming-based RT
VVO scheme that aggregates PV units and ESSs as virtual
power plants to minimize voltage deviation, system losses,
and PV curtailment in sub-transmission networks. A two-
stage mixed-integer nonlinear programming model based on
a voltage-load sensitivity matrix is proposed in [16], using
PV units and capacitors to reduce voltage deviations and de-
mand-response costs in the first stage, followed by correc-
tive actions in the second stage. In [17], a quadratic program-
ming-based predictive voltage control strategy coordinates re-
active compensators, OLTCs, and PV units under exponen-
tial load models to maintain voltage limits and enhance ener-
gy efficiency through demand-response and conservative
voltage reduction. Further contributions integrate conserva-
tive voltage reduction and demand-response programs within
an MISOCP model to minimize day-ahead electricity costs
under exponential and ZIP loads [18]. MILP-based frame-
works have also been developed for VVO, coordinating dis-
tributed generation and traditional voltage devices to mini-
mize operational costs and voltage deviations under constant
power loads [19], or to jointly optimize static voltage regula-
tors, PV units, and ESSs for reducing line losses and electric-
ity costs under ZIP load models [20].

Due to the variability in renewable power generation [6],
[10]-[22], energy prices [9], [21]-[22], technical aspects of
EVs (e.g., arrival time, state of charge, and charging power
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level) [8]-[11], and load [6], [9]-[13], [17], [22], decisions
made by the integrated EMS and VVO applications are typi-
cally subject to uncertainties. To handle these uncertainties,
deterministic optimization [6], [8], [13], [15]-[17], [19], [20],
stochastic programming (SP) [6], [10], [18], chance-con-
strained (CC) optimization [11], [12], and robust optimiza-
tion (RO) [9], [13], [14], [19] are commonly employed. Un-
like deterministic approaches, SP effectively maintains volt-
age within admissible limits under PV and load fluctuations,
albeit with slightly higher power losses and energy purchase
costs [6]. The adaptive RO (ARO) approach provides eco-
nomic advantages over deterministic approaches in terms of
both worst-case and average performance [13]. Reference
[19] reports the RT operational capabilities of both determin-
istic and RO approaches. Among various energy schedules
of ADNs made by the EMS, energy trading is crucial from
both economic and technical perspectives. However, the in-
terdependence between energy trading and voltage control re-
mains a primary concern. Similar to this paper, [21] and [22]
also address this issue. Using a two-stage deterministic opti-
mization model proposed in [21], the considered ADN lever-
ages price-responsive demands, inverter-based PV units, and
battery ESSs to participate in the RT energy market. It is re-
ported in [21] that increased profit in the RT market comes
at the expense of greater voltage violations. Reference [22]
introduces a deterministic optimization framework in which
the EV aggregator coordinates short-term charging and dis-
charging operations of EVs with the system operator to en-
sure compliance with voltage constraints. After anticipating
the active and reactive power requirements of EVs, the ag-
gregator can engage in profitable energy trading within the
day-ahead energy market. A key limitation of the determinis-
tic approaches in [21] and [22] is the representation of uncer-
tainty using a single-scenario forecast. Despite being simple
and fast to implement, relying on a single scenario reduces
accuracy and increases the risk of large errors. Consequently,
any deviation between the actual realizations of uncertain pa-
rameters and the forecast can undermine the performance of
decisions under the deterministic approach, both in terms of
optimality and feasibility, introducing significant technical
and financial risks. This concern becomes particularly criti-
cal when the operation of ADN is subject to higher uncer-
tainty.

This paper aims to model the operation of ADN that can
strategically participate in the RT energy market. The ADN
includes flexible demands, EV charging stations, and PV
units interconnected through a distribution network. Each
EV charging station is equipped with a hybrid PV unit and
ESS, allowing it to inject power to or absorb power from
the network through a smart inverter. The integrated EMS
and VVO programs determine the energy schedules and con-
trol device settings in a two-stage sequence. In the first
stage, hourly decisions are made regarding the strategic offer-
ing of price-power quantity pairs in the RT energy market.
Schedules for flexible demands and slow-acting devices are
also determined, considering uncertainties in market prices,
PV power generation, and EV charging levels. An ARO mod-
el is proposed to handle these uncertainties, which is solved
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using the column-and-constraint generation (CCG) algo-
rithm. In the second stage, once the uncertain data are real-
ized, fast-acting devices are controlled on a minute-by-min-
ute basis. Out-of-sample analysis, conducted through a realis-
tic case study, demonstrates how the ADN balances market
participation with grid operational objectives.

As shown in Table I, a key knowledge gap in current stud-
ies [6], [8]-[22] lies in the modeling of operation of ADNs
in RT energy markets. Although studies such as [21] and
[22] have addressed this gap using deterministic approaches,
further research is needed to incorporate advanced approach-
es for effectively handling uncertainty and enhancing the reli-
ability of operations of ADNs in RT energy markets. Note
that in Table I, Det represents deterministic; and V and x rep-
resent considered and not considered, respectively.

TABLE I
COMPARISON OF THIS PAPER AND RELATED STUDIES

Reference EV charging station [Uncertain- Unc‘ertain data Mar-
PV EV ESS tymodel DG Price EV Load ket
[6] X X X Det&SP </ X X J X
[8] x J x Det x x 4 x x
[9] x N RO x J 4 x
[10] x 4 x ) S N N
[11] x 4 x cc Jox 4 A x
[12] x x X cC v ooxox 4 x
[13] x x x  Det&ARO x x Y x
[14] X X X RO J X X X X
[15], [16] x X x Det J x x x X
[17] X X X Det J X X J X
[18] x x X SP v x o ox 4 x
[19] x x x  Det&kARO  x x4 x
[20] X X X Det X X X X X
[21] x x x Det v o4 ox Y V
[22] x 4 x Dt 4 4 x 4
This paper J J J  Det&ARO J N x J

Within this context, the contributions of this paper are
fourfold.

1) An ARO model for the operation of ADN in the RT en-
ergy market is proposed, which enables the integrated EMS
and VVO programs to coordinate and optimize the schedules
of electricity assets and energy trading in the market.

2) The capabilities of market trading, PV units, flexible
demands, and EV charging stations are leveraged, while han-
dling the associated uncertainties. In particular, the integrat-
ed operation of EVs, PV units, and ESSs located at each EV
charging station is considered.

3) Through out-of-sample simulation, this paper analyzes
how the uncertainty budget and penalty factor for voltage vi-
olations affect techno-economic metrics.

4) The performance of Det&ARO in terms of actual prof-
its, voltage violations, and energy losses is compared, and
their respective benefits for the operation of ADN in the RT
energy market are evaluated.
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The remainder of this paper is organized as follows. Sec-
tion II presents the problem description, by explaining the
operation of the integrated EMS and VVO programs. Sec-
tion III formulates the energy scheduling of the ADN in the
RT energy market as a deterministic optimization model,
which is transformed into a min-max-min problem, i.e., the
proposed model in Section IV. Section V presents the results
of case study and their sensitivity analysis with respect to
the risk strategy and penalty factor for voltage violations. Fi-
nally, Section VI concludes this paper.

II. PROBLEM DESCRIPTION

A. ADN

The considered ADN includes flexible demands, PV units,
and EV charging stations, which are interconnected through
a balanced distribution network connected to the main grid.
Each EV charging station is equipped with an on-site hybrid
PV unit and ESS to charge the EVs. The flexible demands
are price-responsive and voltage-dependent, and their loads
are scheduled under demand-response programs. Additional-
ly, OLTCs and capacitors in the ADN can be used to control
the voltage throughout the distribution network.

A fundamental requirement for implementing the integrat-
ed computation in the considered ADN is smart grid technol-
ogy, which enables the bidirectional communication between
the integrated EMS and VVO programs and the RT energy
market, as well as between the integrated EMS and VVO
programs and the electricity assets.

B. RT Energy Market

To maximize profits, the ADN seeks to participate in the
RT energy market. In this setting, the ADN submits offers of
price-power quantity pairs at regular intervals (e.g., minute
by minute) prior to market closure, while facing uncertainty
in market prices. The market operator then conducts a securi-
ty-constrained economic dispatch to clear the RT energy mar-
ket, ensuring a balance between generation and demand at
each bus in the transmission system, which is connected to
the ADN through a number of buses. Once cleared, the
ADN is informed of the accepted energy sold or purchased
and the market price in each trading interval. This process
aligns with the structure of many RT energy markets world-
wide such as the Pennsylvania-New Jersey-Maryland (PJM)
market in USA [23].

C. Operational Decision-making Sequence

The ADN operates within slow and fast timescales, which
are described as follows.

1) In the slow timescale (e.g., hourly), the integrated EMS
and VVO programs determine the coordinated offering curve
and volt-var decisions hourly. The ADN can buy or sell ener-
gy by submitting price-power quantity pairs in the hourly
RT energy market. Additionally, the active and reactive pow-
er levels of flexible demands are scheduled, and the settings
of slow-acting devices (e.g., OLTCs and capacitors) are ad-
justed. These hourly decisions aim to maximize the profit
while minimizing the voltage violations relative to admissi-
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ble limits. The integrated EMS and VVO programs must ad-
dress uncertainty in RT energy market prices, available PV
power generation, and EV charging power levels. Effective
uncertainty-handling approaches are therefore essential.

2) In the fast timescale (e.g., 15 min), the ADN operates
over multiple time slots within each hour. Once the energy
market is cleared, the ADN is informed of the market price
and the traded power for the upcoming hour. Additionally,
the available PV power generation and the charging active
power levels of EVs are known for the upcoming hour with
higher certainty. Using this updated information, the integrat-
ed EMS and VVO programs dispatch and adjust fast-acting
devices such as PV units and EV charging stations, while
considering voltage-dependent loads to improve the voltage
profile and reduce power losses.

The step-by-step decisions made by the integrated EMS
and VVO programs are described as follows.

1) The integrated EMS and VVO programs receive the
technical and economic characteristics of electricity assets
such as the minimum/maximum active power levels of flexi-
ble demands and their utility over the scheduling horizon
[7,T], as well as the initial energy levels of ESSs.

2) Forecasts of uncertain data including market prices,
available active power from PV units, and EV charging ac-
tive power levels are prepared for the scheduling hori-
zon [, T].

3) The integrated EMS and VVO programs submit price-
power quantity pairs in the hourly RT energy market. Addi-
tionally, flexible demands and slow-acting devices are sched-
uled.

4) Once the hourly RT energy market is cleared, the ADN
is informed of the market price and its scheduled energy at
hour 7. The actual realizations of uncertain data at hour 7 are
also observed.

5) Fast-acting devices are dispatched at regular intervals
(e.g., every 15 min) at hour z.

6) If t<T, then t<7+1; otherwise, the scheduling pro-
cess is complete.

III. DETERMINISTIC OPTIMIZATION MODEL

In this section, the optimal scheduling problem of the
ADN for decision-making at hour 7 in the RT energy market
is formulated as a deterministic optimization problem using
an MISOCP model.

A. Objective Function

The objective function of the ADN scheduling problem is
formulated as:

max%i( z Uy, phA+ z
(1)

t=t\deQ® seQs
The set @*= {pi"l, Vte QF; qgfp, Vee Q°, teQl; p{?'{s,
qul, Vde QP te QL rd YoeQ® peQd', te Qs

72 " o,p,t? T2 et 0

Vee QS te .QZ} includes the first-stage continuous and bina-

—EV.C

Uftv’CPS.t At_’IFTp?/IAt

ry decision variables; and the set @'={¢; . pj,. qh.
V(b1) e Q" VieQliph,. qi, VdeQ®, 1€ QL Py, qi,
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VbeQMG, Vi€ QL pors qoy- VgeQ™, 1eQ]; e et pivs,
ps,t’ qs,r’ p:s-fc7 pf—{D7 VSEQS’ te'QfT) uhp Avbt’ Avbtv

Vb e Q8 Vte.Qf} includes the second-stage decision vari-

ables.

The objective function (1) aims to maximize the profit of
the ADN while minimizing voltage violations over the sched-
uling horizon [z, 7] The first and second terms of the objec-
tive function represent the utility of energy consumption by
flexible demands and the revenue obtained from charging
EVs at the EV charging stations, respectively. Note that the
revenue from selling energy to EVs is constant and can
therefore be omitted. The third term corresponds to the cost
or revenue resulting from buying or selling energy in the RT
energy market. The final term penalizes voltage violations,
weighted by the nonnegative value of w.

B. Constraints

The objective function is subject to the feasible operation-
al regions of market trading, distribution networks, OLTCs,
capacitors, PV units, EV charging stations, and flexible de-
mands, as detailed below.

pi'= > pif vieQ] Q)
bhe QM
“PV<pM< P vie Q! 3)

Equation (2) calculates the power traded in the RT energy
market as the sum of power injections at the buses connect-
ed to the main grid. The traded power is further bounded by
the constraint in (3).

T _
=>S (gbﬁ Avb,,)At

t=t| beQ®

“)

Equation (4) computes total voltage violation over all bus-
es during the scheduling horizon.

uz,z:“b.z_2(szp1E1,:+szq1%1.z) + (R[271+Xb21)1b1.,t

V(b1) e Q" Vte Q!  (5)
PXtG"' z (pllgb,t_Rkblkb,t) z pblt zpdt
(kb) € Q" ) e Q@ de Q)
Vbe.QMG,Vte.QT 6)
2 (pll;b,t_Rkhlkb,t)_ 2 pblt+ 2 p v+ zpw
(kb) e Q" (b,1) e @ ge Q)Y seQ)
> ph, Vbe QM\QYO Ve Q] Rl
de Q)
qne + Z (ql.L'b,/_Xkblkb,/)_ 2 s Z‘ICAP zqdz
(kb) e Q" (b1) e Q" ceQf de Q)
Vbe QMO Vie Qf (®)

2 (qllgb,t_Xkblkb,t)_ 2 lez"' quAP"‘ z ‘Ig,\t/"'

(kb) e Q" (b 1) e Q" cel ge Q)

Sat= > qh, vbeQNQY.vie Q] ©)
s€ Q) de Q)

L L T
“219171‘1 29y, lbl‘f_ub,1:| Syt uy,

2
V(b,1) e Q",Vte Qf (10)
lb,,_lbl V(b,1) e Q",Vte QT (11)
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Vi Av, <u, < Vit Av,, VbeQ®VieQl (12)
T —
u[pgff o] | <5, vbe@¥ vieQl (13
2
po,= pdt(ad,ub‘degu_[+a;t) Vde Q°,Vie Q] (14)

4= Bty #BL) VAEQVIEOT (15)

Constraints (5)-(15) are the technical limitations of the
power grid including the conic relaxation of power flow
equations (5)-(10), lines capacity (11), admissible range of
voltage (12) considering any deviations, apparent power ca-
pacity of main grid connections (13), the impedance-power
(ZP) model of active and reactive power loads (14) and (15),
respectively. Although the ZIP model more accurately repre-
sents load behavior, it introduces non-convexity and nonlin-
earity, increasing computational complexity and often pre-
venting timely convergence. Thus, the ZP model serves as a
practical approximation [24], ensuring adequate and efficient
performance in RT operation.

_ 12 0.T 0.T (0] T
Uyeon = Vii D, TomXey VoeQ0.VieQ (16)
pEQDT
> rdl=1 VoeQ°.VieQ] (17
peQo”

Equations (16) and (17) implement the function of the
OLTC and make the relationship between input and output
voltages based on the active position of tap.

g =50 VeeQ Vie QT (18)

Constraint (18) shows the reactive power injected by ca-
pacitors according to their status.

0<p§‘,’£ P Vge QW Vte QT (19)

PV 1

_pg,t -1 <Qg pgt
(2E7)

g

(20)
PV pv]" <oV PV T
[Pgﬁt qgﬁt} <§, VgeQ',VteQ, 1)
2

Equations (19)-(21) govern the operation of PV units, con-
sidering the upper bound on available active power genera-
tion (19), the limitation on reactive power injection (20) im-
posed by the minimum power factor, and the apparent power
capacity of the inverter (21).

po=p Pt - p?TC I_JSE,Y’C VseQS,Vie Q] (22)
0<pPVS< P VseQS VieQ! (23)
0<pire< FSST’C Vse Q5 Ve Q7 (24)
0<pSP< P Vse QS VieQ' (25)

ST.D
eST=eS +a| pStepeo i) e 0 vie T (26)
ES<e"<E, VseQSVieQ' 7)



ARAB-KUHSAR et al.: ADAPTIVE ROBUST OPTIMIZATION FOR OPERATION OF ACTIVE DISTRIBUTION NETWORKS IN REAL-TIME...

0°<q¢5,< @f Vs e Q% Ve QF

—s

(28)

[, qil]T N <5 VseQSVieQ! (29)
2

Constraints (22)-(29) define the feasible operational region
of each EV charging station. This includes the active power
balance (22), active power generation from its PV unit (23),
and the charging and discharging power limits of its ESS
(24) and (25), respectively. The energy evolution of the ESS
is described in (26) and bounded by (27). Additionally, the
constraints account for the reactive power injection (28) and
the apparent power capacity of the inverter (29).

PLepie Pl vae@hwiel (0

a23=p2; ol Vde@hVieQr gy
(PFP)

—RYP<pRS-pPS <RPV VdeQ®vieQl (3

Constraints (30) - (32) are the limitations of flexible de-
mands including the scheduled active and reactive power
load (30) and (31), respectively, and their pick-up/drop ramp-
ing limit (32).

Constraints (14) and (15) involve the multiplication of

two continuous variables, p° and u as well as ¢}

bldeQp.r

and u which renders the optimization problem nonlin-

bldeQp.r
ear. This nonlinearity can be linearized using the methodolo-
gy in [25]. In this way, the nonlinear problem (1)-(32) is
transformed into an MISOCP, ensuring its optimality [6].

IV. PROPOSED MODEL

A. Uncertainty Set
Through the ARO, the uncertain data of RT energy market

PV

. . - —PV.S .
price 4", PV power generations P,,, P,, , and charging ac-

tive power level of EVs FEY"C are presented by the uncertain-

ty set. In general form, the uncertainty set A" defines the un-
certain data as a set of decision variables ue @Y=

{i:‘T,I_’ZX,I_’i\,/’S,I_’fY"C}, which are constrained by predicted

confidence bounds, e.g., u, e [ft,—ﬁ,, ft,+ﬁ,], Vt, for a given
confidence level and a chosen uncertainty budget, where u,
is an uncertain variable; and @, and u, are the average value
and fluctuation level of u, associated with the corresponding
confidence bounds, respectively. A polyhedral uncertainty set
can be formed by the general MILP formulation as:

A= {u, |k ke {0.1}) Vi (33)
w,=i,— ki, + ka, Vit (34)
k+k<1 Vi (35)

Sk +k)<r (36)

The binary variables k, and k, in (33) are used to model
deviations from the average value of a parameter. Equation
(34) expresses the value of u, in terms of #, and #,. Equation
(35) ensures that an uncertain variable does not simultane-
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ously take its minimum and maximum bounds. Equation
(36) controls the conservativeness of the model through the
uncertainty budget I, which defines a cardinality-constrained
uncertainty set as introduced in [26]. This parameter limits
the number of uncertain variables allowed to deviate from
their nominal values and enables a trade-off between robust-
ness and performance. /" is a nonnegative scalar, with its
maximum value equal to the total number of uncertain pa-
rameters.

In the ADN scheduling problem, the integrated EMS and
VVO programs face uncertain data over the scheduling hori-
zon [7,T ] In this case, the uncertainty set defined by (33)-
(36) is time-dependent. Accordingly, the uncertainty budget
can take values between 0 and ’QI

B. Proposed Model

Given the uncertainty set (33), the scheduling model (1)-
(32) can be transformed into the proposed model for making
decisions at hour 7 as:

min max min () (37
s.t.
(), (17), (18), (30), (32) (33)
oY e A’ (39)
(). 9-(16). (19)-(29) (40)

In the ARO, the deterministic model (1)-(32) is reformulat-
ed into a tri-level optimization model (37)-(40). The upper-
level problem minimizes the worst-case optimal operational
cost over the scheduling decisions x € @*. Constraint (38)
defines the feasible operational region for these decisions,
considering the limits of energy trading in the RT market
(3), the settings of OLTCs (17), the status of capacitors (18),
and the technical limitations of flexible demands (30)-(32).
For a given upper-level decision, the middle-level problem
determines the worst-case realization of the uncertainty vari-
ables u € ¥ within the predefined uncertainty set 4. The
lower-level problem determines the optimal dispatch deci-
sions y € @” in response to the worst-case uncertainty identi-
fied in the middle-level problem. It is constrained by the fea-
sible operational region of the ADN, which is defined by ac-
tive power exchange with the main grid (2), bus voltage vio-
lation (4), technical constraints of the electric network (5)-
(16), active and reactive power limits of PV units (19)-(21),
and the power and energy limits of EV charging stations
(22)-(29).

In the proposed model, let x, u, and y represent upper-
(both continuous and binary scheduling variables), middle-
(uncertain variables), and lower-level (dispatch variables)
variables at the upper-level problem, respectively. For the
sake of clarity, the generalized formulation of ARO is pro-
vided as:

min max min (u" Fx+ Hy)

xed*ued! yed” (41)

s.t.
Ax=B (42)
Ax<B' (43)
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@' e A (44)

Zy<Su+W (45)
Zy=S'u+W'x (46)

| Dhy|, <y V(b1) et vieQ] (47)
| DYy | <cr vbe@™.vieQ! (48)
|piy| scl¥ veeoMvicar (49)

| DSy sC’ VseSviea! (50)

In above equations, the components F, H, A, B, A', B', Z,
S, w, z,s, w, Dy, J,;, D) C D, C, D;, and
C? are the known parameters of the proposed model

The objective function (41) minimizes the worst-case oper-
ational cost of the ADN, defined as the cost of energy trad-
ing in the RT market (u" Fx) plus the dispatching cost (i.e.,
the penalty for voltage violations minus the revenue from
selling energy to demands presented as the closed form of
Hy). The upper-level constraints depend solely on the sched-
uling decisions x. Specifically, (42) includes the linear equal-
ity constraints (17), (18), and (31), while (43) captures the
linear inequality constraints (3), (30), and (32). The middle-
level equation (44) specifies the uncertainty set. Finally, the
lower-level constraints (45)-(50) define the feasible opera-
tional region of the ADN as a function of x, u, and y.
Among these, (45) and (46) represent all linear inequality
and equality constraints, respectively, while (47)-(50) repre-
sent the conic formulations of (10), (13), (21), and (29), re-
spectively.

C. CCG Algorithm

The proposed model can be solved using a CCG algo-
rithm [13], [27]. This algorithm iteratively solves a master
problem and a subproblem, which interact by exchanging in-
formation about their decision variables. The lower and up-
per bounds of the objective function are obtained from the
master problem and subproblem, respectively, and the itera-
tions continue until the difference between these bounds sat-
isfies a convergence criterion. The CCG algorithm guaran-
tees convergence to the global optimum of the MISOCP
[13], [27]. The generic formulations of the master problem
and subproblem, along with the computational algorithm, are
described in the following subsections. For clarity, a flow-
chart of the CCG algorithm is provided in Supplementary
Material A Fig. SA1.

1) Master Problem
The master problem at iteration / is formulated as:

min p (51)
S.t.
Ax=B (52)
Ax<B (53)
T
p=(u") Fx+Hy, Vh'=12,..h- (54)
Zy, <Su"+ W Yh'=1,2,...h-1 (55)
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Zy,=Su"+W'x Vh'=1,2,.,h—1 (56)
”D,EL,yh,HZSJbL“y V(b1) e Q" .Vie Q" Vh'=1.2,...h—1
(57)
| DYCy, ” <CMS Vbhe QMO Vie QT Vh'=1,2,.. h—1
(58)
”Dé,yh ” <CP Vge QW VieQLVi'=12,..h—1 (59
| D3y ” <CS Vse QS Vie QL Vi'=1,2,..h—-1 (60)
The variables in set @M= {x;p;yh,, Vh'= 1,2,...,}1—1} are

the optimization variables of a master problem. The master
problem (51)-(60) is a relaxed version of the tri-level optimi-
zation problem (41)-(50), wherein the auxiliary variable p it-
eratively approximates the Worst -case of the middle-level ob-
jective function. Parameter u'"), denoting the optimal value
of u, is obtained from solving the subproblem at iteration /’.
2) Subproblem

The subproblem is a bi-level optimization problem corre-
sponding to the middle and lower levels of the original ARO
problem. It is parameterized by x*) obtained from solving
the master problem (51)-(60) at iteration 4. The formulation
of the subproblem is given as:

in (" Fx")+ H)

max min (" Fx"'+ Hy) (61)
s.t.

Ve’ (62)
Zy<Su+ W« (63)
y=S"u+Wwx", (64)
H D;;l,ty quJhl;,ty:/_lth?ﬁ;;Lt V(b, 1) e Q" Vte QzT (65)
H D)y uzs CY%p .y Vbe QY. Ve Q] (66)
H "y H <l P’V,ﬁg‘f Vge Q™. Vie Q! (67
”D ty” <Clu “, ,ﬁit Vs e Q5,Vte Q7 (68)
where the dual variables are separated with a colon. Note

that p,, .« iy 1,0 BV B B B
dual variables for the second-order cone equations (65)-(68).

Subproblem (61)-(68) is a bi-level problem whose lower-
level is a second-order cone program, and thus, the strong
duality holds under sufficient conditions provided in [28].
Such a property allows to replace the lower-level problem
with its equivalent dual problem, and convert the bi-level
problem into an equivalent single-level problem as:

s .
, and g, are the conic

max o
oV, P

(69)
s.t.
a<u" Fx"+ (Su+W)' ¢+ (Su+ W’x<”>)T,1_

S S aar- 3 S - S S o,

teQlhe QM teQlge ™ teQlse Qs

(70)
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Ve A (71
Z'¢+(Z) 2+ 2 z (D,E,,) no
teQl(b1) e Q" ’
S () ahe XS (DY)
teQl(bl) e Q" teQlbe QM
v\ v s\' s _ T
> 2(1’&7‘:) rt > > (D) p =Hy (72)
teQlge ™ teQlse®
”;_:Z” <py, V(bl)eQ"VteQ! (73)
B 2
”,t_thtG <py)y Vbe QY VieQ! (74)
B 2
',ugpl Spy, VgeQ™W VieQ] (75)
Hﬂsl <pS, Vse @S VteQ! (76)
£,
dpy, ) n e e (SO0 LB 20(77)
where ={§;l;ﬂ LB B B git;ﬁit}

contains all dual variables.
The above problem includes nonlinear terms (Su
(S'u)’ 2 in constraint (70), which are linearized [29].

)'¢ and

V. CASE STUDY

A. Data

The integrated EMS and VVO programs are implemented
in an ADN comprising 68 flexible demands, two PV units,
and two EV charging stations, which are interconnected
through a modified IEEE 69-bus test system, as shown in
Supplementary Material A Fig. SA2. Detailed information of
this test system is provided in [30]. In this case study, all
variables and parameters are expressed in per-unit (p.u.) val-
ues using a base apparent power of 1 MVA and a base volt-
age of 10 kV. The distribution network supplies diverse com-
mercial demands, including full-service restaurants, large ho-
tels, quick-service restaurants, retail stand-alone stores, retail
strip malls, and warehouses. These demands are located in
Bristol, Virginia, USA, and their technical data are obtained
from [31]. The active power levels are scaled to match the
distribution network, ensuring a peak load of 5.2 p.u.. All de-
mands are assumed to be price-responsive, with utility val-
ues ranging from 15 to 55 $/MWh throughout the day. The
parameters for the ZIP model of commercial demands are ob-
tained from [32] and converted into equivalent ZP model co-
efficients using the formulation proposed in [24].

Bus 1 is connected to the main grid through a transformer
with a capacity of 20 p.u., equipped with an OLTC featuring
21 tap positions and covering a voltage range of [0.9,1.1]p.u..
Additionally, two capacitors with switching capability are in-
stalled at buses 53 and 64, each with a capacity of 0.4 p.u..

Two PV units are installed at buses 25 and 65. Each unit
has a capacity of 2.6 p.u. and is connected to the network
through an inverter with a capacity of 2.86 p.u. and a mini-
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mum admissible power factor of 0.9. This case study corre-
sponds to a high penetration level of 100%, defined as the
nominal total PV capacity divided by the peak load of the
demands.

Two EV charging stations, ST1 and ST2, are installed at
buses 15 and 60, respectively, each equipped with an ESS
and a PV unit to supply EVs. Their technical and economic
data are provided in Supplementary Material A Table SAI
The technical data of ESS and the cost of EV charging are
obtained from [33] and [34], respectively.

To forecast the confidence bounds of uncertain data, ap-
propriate autoregressive integrated moving average (ARI-
MA) models are fitted to historical data. Historical RT ener-
gy market prices are obtained from the PJM market [23],
modeling the distribution system as part of the PJM market
framework, with an energy hub assigned to each bus con-
nected to the system. Historical irradiation data are obtained
from the National Renewable Energy Laboratory [35] and
converted into PV power generation. Additionally, historical
data for EV charging active power levels are gathered from
[36]. These data correspond to a fleet of 1000 EVs served
by EV charging stations ST1 and ST2, which supply 20%
and 80% of the fleet, respectively, with each EV traveling an
average daily distance of 56.3 km.

An out-of-sample simulation is conducted to provide a
more realistic assessment of the performance of the pro-
posed model. The simulation is implemented in GAMS [37]
using the CPLEX solver [38]. The confidence bounds of
market prices are divided into intervals, enabling the determi-
nation of a price-power quantity pair for each interval,
which is then used to submit a price-power curve for each
hour. Once the actual realizations of uncertain data are
known within each 15 min interval of the hour, the devices
are dispatched. At this stage, no discrete variables are in-
volved, and the operation problem becomes a second-order
cone programming model, which is convex [28]. The opti-
mal solution is thus guaranteed and can be efficiently ob-
tained using commercial solvers such as CPLEX [38] and
GUROBI [39].

B. Results

1) Impact of Uncertainty Budget

The performance of the proposed model is examined in
detail for July 30, designated as the base day. Additionally,
technical and economic metrics are compared across several
other days. Two levels of uncertainty budget, I'*"=100%
and 30% of unknown market prices, are considered, corre-
sponding to conservative and less conservative strategies, re-
spectively. The conservative strategy safeguards decisions
against all possible deviations, while the less conservative
strategy reflects a practical approach in which the decision-
maker accounts for some, but not all, deviations from the
forecasted prices. Both strategies are consistent with real-
world operational practices, where market participants bal-
ance protection against price uncertainty with the opportuni-
ty to capitalize on favorable price movements. These two
risk attitudes have also been employed in previous studies
on energy management [40] and volt-var control [41]. The



1370

uncertainty budgets 7"V and I""V:¢ take the maximum value
of 100% to protect constraints against related uncertainties.
The penalty factor of voltage violations @ is set to be $100.

Figures 1 and 2 illustrate the offering curves in the RT en-
ergy market at hours 8 and 13, respectively. It is observed
that the willingness to sell energy at hour 13 is greater than
that at hour 8. For instance, when /%" =100%, the ADN de-
cides to purchase energy at hour 8, submitting an offering
curve within the power range [1.07,2.99 Jp.u.. At hour 13,
the willingness to purchase decreases while the willingness
to sell increases relative to hour 8, resulting in an offering
curve over the power interval [—1.22,1.42]p.u.. This change
occurs because the confidence bounds of the RT market
price at hour 13 are higher than those at hour 8. In real ener-
gy markets, consistently elevated price expectations incentiv-
ize participants to shift toward selling positions and submit
offers that capitalize on the broader upward price trend. The
change in offering behavior between the two hours shown is
driven primarily by anticipated price signals rather than
fixed demand or generation schedules. This pattern aligns
with how real-world participants increasingly rely on market
forecasts and price-responsive strategies to enhance the prof-
itability. Additionally, we observe that the risk strategy af-
fects the offering curves. The small differences observed
through two risk strategies suggest that, under the given mar-
ket conditions, the impact of risk attitude on profitability is
limited, though it may become more pronounced in markets
with higher volatility or less predictable price patterns.
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Fig. 1. Offering curve in RT energy market at hour 8.
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Fig. 2. Offering curve in RT energy market at hour 13.

Figure 3 shows the active power traded in the hourly RT
energy market. The total power purchased in the RT energy
market is equal to 45.9016 p.u. and 44.3564 p.u. for I'*'=
100% and 30%, respectively. By taking a less conservative
strategy (i.e., I'""=30%), the energy purchased from the RT
energy market decreases by 3.36%.

In the fast timescale, the active power injected from/to the
main grid may deviate from the scheduled active power set-
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tled in the RT energy market. Figure 4 depicts negative im-
balances settled in the 15-min RT energy market during
most sunny hours. This occurs because the ARO optimizes
the energy traded in hourly RT energy market while protect-
ing the problem against the worst case of uncertainty in the
charging power level of EVs and the PV generation, i.e.,
their anticipated upper and lower bounds, respectively. As
the actual charging power level of EVs is lower than its an-
ticipated upper bound, and the actual PV generation is great-
er than its anticipated lower bound, the EMS and VVO units
face a generation surplus, and therefore, negative energy im-
balance occurs during most sunny hours. The PJM market ex-
hibits two types of imbalances: positive and negative. A posi-
tive imbalance occurs when the ADN imports electricity from
the main grid, whereas a negative imbalance occurs when sur-
plus generation is exported back to the main grid. Accordingly,
the ADN purchases and sells the positive and negative imbal-
ances in the RT energy market, which can be represented as
cost and revenue terms in the objective function, respectively.

4.5

[ — I'*"T=100%
— I'RT=30%

0 6 12 18 24
Time (hour)

Fig. 3. Active power traded in hourly RT energy market.
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Fig. 4. Negative imbalance settled in 15-min RT energy market.

To gain a deeper understanding of the performance of the
integrated EMS and VVO programs, an out-of-sample simu-
lation is conducted over several days, from July 27 to July
30. The actual values of total profits, voltage violations, and
energy losses are provided in Table II. It can be obtained
from Table II that the percentage variations in profit and en-
ergy losses remain minor across different uncertainty bud-
gets, which are below 0.5% and 1.5%, respectively, whereas
voltage violations exhibit higher relative changes. This be-
havior aligns with the objective of maximizing profit and
minimizing voltage violations. As voltage deviations are ex-
tremely small in magnitude, even slight absolute changes ap-
pear as large percentage variations. Furthermore, an inspec-
tion of the results indicates that when voltage violations are
small, the impact of the uncertainty budget on the voltage
profile across the buses is also negligible. Since energy loss-
es depend primarily on voltage magnitude rather than on the
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voltage violation itself, small variations in voltage lead to
correspondingly minor changes in energy losses.

TABLE II
ACTUAL VALUES OF TOTAL PROFITS, VOLTAGE VIOLATIONS, AND ENERGY
LOSSES

Voltage violation

Total profit (§) 105 5 /h per bus)

Energy loss (p.u.)

Date RT= ]-vRT: [ﬂRT= FRTZ FRTZ FRT=
100% 30% 100% 30% 100% 30%

July 27 2831.390 2833.317  0.0137 0.92 3.857 3.846
July 28 2967.335 2966.836  2.2000 2.47 5.704 5.726
July 29 3000.458 3000.106  2.9900 293 7.104 7.213
July 30 2947.052 2943.236  0.7470 1.44 5.224 5.255

2) Sensitivity to Penalty Factor of Voltage Violations

In order to investigate the impact of the penalty factor of
voltage violations w on the techno-economic metrics, we run
the integrated EMS and VVO programs for the base day of
July 30. o takes different values of $1, $10, $100, and
$1000.

Figure 5 shows the daily energy traded in the hourly RT
energy market versus the daily value realized in the 15-min
energy imbalance for different values of w and I'"". It is evi-
dent that the amount of the daily energy traded in the RT en-
ergy market decreases when w changes from $1 to $1000
(3.74% and 2.97% decrease for I'*"=100% and 30%, respec-
tively). In other words, by increasing w, the ADN reduces
the amount of energy it purchases from the hourly RT ener-
gy market. This is due to the fact that by choosing a higher
w, the offering curve moves left, and consequently, the ADN
has a less/more willingness to buy/sell energy in the hourly
RT energy market, as shown in Fig. 6. Meanwhile, as @ in-
creases, the 15-min energy imbalance settled throughout the
day decreases by 8.17% and 7.96% for I'""=100% and
30%, respectively.

_ o TRT=100%

5 471 =81 —— 'RT=30%

=4 »$10 =$100

B 46 =31 b

E «=81000

5 a5y ©=$1000

g 44 + CU:$10 w:$100

m
43 L L L L L )
222 218 214 210 206 202 -19.8

Energy imbalance (p.u.)

Fig. 5. Daily energy traded in hourly RT energy market versus daily value
realized in 15-min energy imbalance for different values of @ and I™*".

Figure 7 illustrates that by choosing a higher value of w,
both voltage violation and profit decrease. For w=$1, the
ADN experiences the highest voltage violation of 0.0188
and 0.0195 p.u./h per bus, as well as the highest profit of
$3047.167 and $3044.312 under the uncertainty budgets of
I'""=100% and 30%, respectively. By raising the value of w
to $1000, the voltage violation and the profit decrease by
99.99% and 3.48% for the two uncertainty budgets, respec-
tively. The reduction in voltage violations accompanied by
decreased profit stems from the effect of w.
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Fig 6. Offering curve in RT energy market at hour 13 for w=8$1 and
$1000. (a) I"'*"=100%. (b) I'*"=30%.
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Fig. 7. Profit versus voltage violation for different values of w.

Since voltage and load are positively correlated, higher
voltages generally lead to greater energy consumption and
higher demand utility. Most violations occur above the upper
admissible voltage limit. Increasing w lowers the voltage pro-
file, mitigating these upper-limit violations but simultaneous-
ly reducing the demand utility, which, in turn, reduces the
profit.

In Supplementary Material A, the deterministic optimiza-
tion model (1)-(32) is run, and its performance is compared
with that achieved by the proposed model.

VI. CONCLUSION

This paper proposes an ARO model for the operation of
ADN in RT energy market, incorporating integrated EMS
and VVO programs. The robustness level of the energy
schedule is controlled by the uncertainty budget, while the
extent of voltage violations across the distribution network is
managed through a penalty factor in the objective function.
Increasing the penalty factor results in smaller voltage devia-
tions but reduces the actual profit, highlighting the trade-off
between voltage regulation and economic performance.
These results confirm that the proposed model effectively
balances economic efficiency and voltage regulation.

Out-of-sample simulation conducted over several represen-
tative days demonstrates the robust performance of the pro-
posed model. Profit and energy losses show negligible ef-
fects under varying uncertainty budgets of market prices,
whereas voltage violations exhibit higher relative changes
due to their small magnitudes. In addition, a 100% uncertain-
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ty budget is applied to PV power generation and EV charg-

ing

power levels in the corresponding constraints to ensure

the feasibility of scheduling decisions under all possible real-
izations of these uncertainties within their defined sets. Simi-
lar robustness evaluations based on extensive scenario-driven
simulation have been reported in [13] and [27], where ARO
is applied to MISOCP problems. These studies demonstrate
that such formulations effectively maintain feasibility and
stable operational performance under diverse uncertainty real-
izations, thereby supporting the robustness of the proposed
model in this paper.
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