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Abstract——This paper proposes an online hierarchical volt/var 
control (VVC) for unbalanced distribution networks using diag‐
onal-scaling alternating direction method of multipliers (DS-AD‐
MM). Under the hierarchical VVC strategy, local photovoltaic 
(PV) agents only exchange limited information with the center 
agent and adjust reactive power outputs in real time, with the 
goal of minimizing the voltage deviations and reactive power 
regulation costs in the time-varying environment. A diagonal‐
ized auxiliary matrix is constructed and developed from the 
Hessian matrix using preconditioning methods, which is then 
combined with alternating direction method of multipliers (AD‐
MM) to design the DS-ADMM with improved convergence 
speed. The DS-ADMM is applied to the hierarchical VVC strat‐
egy, further improving the tracking capability and performance 
for time-varying environmental changes. Simulation studies on 
a modified IEEE 123-bus unbalanced distribution network are 
conducted to verify the effectiveness of the hierarchical VVC 
strategy using DS-ADMM and its robustness under non-ideal 
communication conditions, and its scalability is further validat‐
ed on the modified IEEE 8500-node test feeder.

Index Terms——Volt/var control (VVC), alternating direction 
method of multipliers (ADMM), photovoltaic (PV), reactive 
power, distribution network.

I. INTRODUCTION 

IN recent years, the penetration of distributed energy re‐
sources (DERs) such as photovoltaic (PV) in distribution 

networks has been increasing, which has shifted the power 
flow in distribution networks from the traditional unidirec‐
tional pattern to a bidirectional pattern. Simultaneously, 

based on PV output data with minute-scale resolution, [1] 
and [2] reveal that PV generation exhibits significant rapid 
fluctuations. The uncertain and intermittent power outputs of 
DERs pose great challenges to the operation of distribution 
networks, exacerbating voltage quality and violation prob‐
lems [3]. Traditional voltage control devices, e. g., on-load 
tap changers (OLTCs), are limited by response speed and 
switching frequency, making them ineffective to cope with 
rapid voltage fluctuations and violations in distribution net‐
works [4], [5]. Meanwhile, with the rapid development of 
modern information, communication, and electronics technol‐
ogies, there has been growing interest in utilizing smart in‐
verters with fast frequency controls and reactive power sup‐
port capabilities to design volt/var control (VVC) strategies 
for distribution networks [6]-[9].

Existing studies on the VVC strategies are generally cate‐
gorized into two paradigms: data-driven strategies and mod‐
el-based strategies. Data-driven VVC strategy typically 
avoids solving the VVC optimization problem and directly 
outputs the corresponding control decisions based on the re‐
quired system states. A well-trained deep learning power 
flow (DLPF) model, as presented in [10], establishes an end-
to-end mapping between system state parameters and power 
flow results. The DLPF model circumvents the computation‐
al complexity arising from the convex relaxation of power 
flow constraints in VVC optimization problem. Reference 
[11] employs a data-driven VVC strategy based on deep neu‐
ral network (DNN) to rapidly estimate bus voltage sensitivi‐
ties with respect to active/reactive power injections, thus en‐
abling corresponding adjustments in inverter active/reactive 
power control rules. References [12]-[14] employ deep rein‐
forcement learning techniques to solve the VVC optimiza‐
tion problem, aiming to determine the control actions of vari‐
ous voltage regulation devices. Specifically, an actor-critic al‐
gorithm with a Bayesian optimization framework is integrat‐
ed in [12] to efficiently generate optimal VVC strategy. Ref‐
erence [13] proposes a consensus-based multi-agent rein‐
forcement learning framework to coordinate the actions of 
voltage regulators, OLTCs, and capacitors. In [14], the back‐
ward-forward sweep method is used to obtain accurate pow‐
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er flow solutions for unbalanced three-phase systems, based 
on which an intelligent deep Q-network (DQN) framework 
is developed to solve the VVC optimization problem. How‐
ever, data-driven VVC strategies generally operate as black-
box models, offering limited insight into the underlying con‐
trol mechanisms. The lack of interpretability and physical 
grounding reduces their credibilities and makes it challeng‐
ing to guarantee consistent and reliable operation under di‐
verse practical scenarios. Consequently, their applicabilities 
in real-world distribution networks are significantly con‐
strained.

The model-based VVC strategies can be further catego‐
rized into three types according to the differences in commu‐
nication architecture and decision-making entities: ① central‐
ized VVC strategies; ② local VVC strategies; and ③ distrib‐
uted VVC strategies. Centralized VVC strategies determine 
all controllable resources to achieve global optimal control 
performance for distribution networks [15]. However, central‐
ized VVC strategies require the central processor to handle 
all computational tasks, demanding large amounts of private 
information and suffering from poor scalability [16], [17]. 
Local VVC strategies individually adjust controllable re‐
sources based on local measurement data without the need 
for any information exchange among nodes [18], [19]. Nev‐
ertheless, due to the lack of coordination mechanisms among 
controllable resources, local VVC strategies always fail to 
achieve the excellent optimal control performance [20], [21].

As a compromise between centralized and local VVC 
strategies, distributed VVC strategies exhibit great scalabili‐
ty, superb control performance, and privacy-respecting prop‐
erties [22]. Studies in [23]-[26] design fully distributed VVC 
strategies based on the classical alternating direction method 
of multipliers (ADMM) (corresponding to distributed VVC 
strategies using ADMM), with the objective of minimizing 
either voltage deviations or network losses. The distributed 
VVC strategies in [23] - [26] rely on the information ex‐
change among neighboring nodes. Additionally, hierarchical 
distributed VVC strategies are proposed in [27] and [28], 
which rely on the communication and collaboration between 
the center and local agents. However, the aforementioned  
distributed VVC strategies and hierarchical distributed VVC 
strategies using ADMM are mostly implemented in an off-
line manner, meaning their VVC decisions cannot be applied 
to the distribution networks till the iteration convergences. 
This limitation may render them ineffective in capturing rap‐
id fluctuations in distribution networks caused by the high 
variability of DERs.

Instead, online VVC strategies have received increasing at‐
tention in recent years. The online VVC strategies adjust the 
decision/control variables in real time based on the real-time 
measurements to adapt to the dynamic conditions without 
the need for convergence [29], [30]. ADMM and dual ascent 
methods are enhanced and applied to develop online VVC 
strategies by controlling the reactive power outputs of invert‐
ers [31], [32]. Reference [31] addresses the issue of inaccu‐
rate DER generation forecasting by designing an online mi‐
crogrid energy management strategy based on ADMM. In 

[32], an online voltage control strategy is proposed by in‐
cluding the voltage feedback mechanism into the gradient up‐
date process. Meanwhile, a consensus-based ADMM is em‐
ployed in [11] to derive the slope of the affine active power-
reactive power (P-Q) rule, enabling the reactive power con‐
trol strategy to adjust the reactive power of smart inverters 
based on an affine function of active power.

However, all these works are essentially based on first-or‐
der information, whose relatively slow convergence rates 
lead to poor tracking capabilities for time-varying environ‐
mental changes. Only a few studies utilize the second-order 
information to design VVC strategies. Reference [33] propos‐
es an online hierarchical VVC scheme based on a projected-
Newton method, which adopts a non-diagonal positive defi‐
nite symmetric matrix developed from the Hessian matrix to 
scale the gradient and guarantee a fast convergence rate. In 
[34], a distributed quasi-Newton Broyden-Fletcher-Goldfarb-
Shanno method is embedded into ADMM to generate an ap‐
proximate Hessian matrix, thereby accelerating the conver‐
gence rate of the distributed VVC strategy. Nevertheless, 
both [33] and [34] impose relatively intensive computational 
burdens and costs in center or local agents, as the non-diago‐
nal second-order information always hinders highly efficient 
distributed implementation and fast computational speed. 
Moreover, most of the studies do not take into account the 
influences of communication interruption during the online 
implementation, rendering them less robustness under non-
ideal communication conditions.

To better address the rapid fluctuations in the operation of 
distribution networks, this paper proposes an online hierar‐
chical VVC strategy for unbalanced distribution networks us‐
ing diagonal-scaling ADMM (DS-ADMM), which is aimed 
at minimizing the voltage deviations and reactive power gen‐
eration costs in time-varying environments. In contrast to the 
existing VVC strategies, the hierarchical VVC strategy fur‐
ther enhances the convergence performance via diagonal 
scaling skills and ensures robustness under under non-ideal 
communication conditions. It effectively addresses VVC opti‐
mization problem in time-varying environments. The main 
contributions of this paper are as follows.

1) The DS-ADMM is proposed to construct a diagonal‐
ized auxiliary matrix from the second-order Hessian matrix 
of the objective function. This construction enables DS-AD‐
MM to leverage the acceleration properties of second-order 
information while maintaining scalability, thereby facilitating 
the online implementation of hierarchical VVC strategy.

2) The fast convergence rate of DS-ADMM is leveraged 
to enable the online implementation of hierarchical VVC 
strategy, thus effectively addressing the performance limita‐
tions of VCC strategy using ADMM in dynamic scenarios. 
Furthermore, the hierarchical VVC strategy is extended to 
unbalanced distribution networks, which enhances its applica‐
bility to practical distribution networks with inherent phase 
asymmetries.

3) A freezing strategy is considered in the hierarchical 
VVC strategy to improve its robustness, where previous mea‐
surement information is applied to make control decisions 
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under non-ideal communication conditions.
Finally, simulation studies on a modified IEEE 123-bus 

unbalanced distribution network are conducted to verify the 
effectiveness of the hierarchical VVC strategy using DS-AD‐
MM and its robustness under non-ideal communication con‐
ditions. Its scalability is further demonstrated on the modi‐
fied IEEE 8500-node test feeder.

II. VVC OPTIMIZATION PROBLEM MODELING 

A. Model of Unbalanced Distribution Network

Consider an unbalanced radial distribution network with 
N + 1 buses and set of unbalanced phases Φ ={phaphbphc }. 
We set the set of bus indices as {0}N, where {0} is the 
head bus of the distribution network; and N ={12N} is 
the set of all non-head buses. There are N line segments and 
each line segment can be single-phase, two-phase, or three-
phase. For each bus jÎN, let bp ( j)Î{0}N denote the bus 
preceding bus j along the radial distribution network. Then, 
let Nj denote the set of all buses located strictly after bus j 
along the radial distribution network. Let L ={ℓ j = (ij)|i =
bp ( j)jÎN } denote the set consisting of all distinct line seg‐
ments ℓj = (ij) in the distribution network. For each line seg‐
ment, the model of the unbalanced linearized power flow 
[35] can be expressed as:

P ij = ∑
mÎNj

P jm + p j (1a)

Qij = ∑
mÎNj

Qjm + q j (1b)

vi = vj + 2(R̄ij P ij + X̄ijQij ) (1c)
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where Rij is the three-phase resistance matrix for line seg‐
ment ℓj = (ij); Xij is the three-phase reactance matrix for line 
segment ℓj = (ij); aH

e  is the conjugate transpose of ae; Re(×) is 
the real part function; Im(×) is the imaginary part function;  
is the element-wise multiplicaiton operator; P ij =[P ϕ

ij ] and 
Qij =[Qϕ

ij ] are the matrices of three-phase active and reactive 
power flows for line segment ℓj = (ij), respectively, P ϕ

ij and 
Qϕ

ij are the active and reactive power flows for line segment 
ℓj = (ij), respectively, and ϕ is the index of phases, ϕÎΦ; p j =
[pϕj ] and q j =[qϕj ] are the matrices of three-phase active and 
reactive loads at bus j, respectively, and pϕj  and qϕj  are the ac‐
tive and reactive loads at bus j, respectively; and vj =[vϕj ] is 
the matrix of squared 3-phase voltage magnitudes at bus j, 
and vϕj  is the squared voltage magnitude at bus j.

In (1), all terms are measured in per unit and ordered us‐
ing the phase order pha phb, and phc. The power flow (1) 
can be written as a compact matrix-vector form, which is 
given as:

ì

í

î

ïïïï

ïïïï

v =-[AT ]-1 A0v0 - 2RD p - 2XDq

RD =[AT ]-1 Dr A-1

XD =[AT ]-1 Dx A-1

(2)

where Dr = diag(R̄bp (1)1R̄bp (1)2...R̄bp (N)N ) and Dx = diag(X̄bp (1)1 
X̄bp (1)2...X̄bp (N)N ) are the block diagonal matrices of resis‐

tance and reactance, respectively, and R̄bp (N)N and X̄bp (N)N are 

the standard incidence matrices of Rbp (N)N and Xbp (N)N, respec‐

tively; p =[p1p2...pN ]T and q =[q1q2...qN ]T are the net 
active and reactive power vectors, respectively; A is the con‐
nection structure between bus 0 and each of the line seg‐
ments in L ={ℓ j = (ij)|i = bp ( j)jÎN }; A0 is the connection 
structure between the remaining buses and each of the line 
segments in L ={ℓ j = (ij)|i = bp ( j)jÎN }; and v0 is the volt‐
age of bus 0.

Let qg =[qg
1q

g
2...q

g
N ]T and qc =[qc

1q
c
2...q

c
N ]T denote the 

vectors collecting the reactive power generation from DERs 
and the reactive power consumption, respectively, where q =
qc - qg. Substituting q = qc - qg into (2), we can obtain that:

v = 2XDqg - 2XDqc -[AT ]-1 A0v0 - 2RD p (3)

Then, (3) can be written as:

v =Mqg + μ (4)

μ =-2XDqc -[AT ]-1 A0v0 - 2RD p (5)

where M = 2XD; and μ is the uncontrollable variable vector.

B. Mathematical Formulation

The objective of hierarchical VVC strategy is to minimize 
voltage deviations and the reactive power generation costs of 
DERs, which can be formulated as:

min f (vqg )= αx(v)+ βy(qg )== α||v - vr||
2
2 + β||qg||2

D (6a)

s.t.

ì
í
î

ïï
ïï
-
q g £ qg £ q̄g

Eq. (2) 
(6b)

where D = diag(d1d2...dN ) is the diagonal matrix, and dN is 
the unit reactive power output cost of bus N; vr =
[vr1vr2...vrN ] is the reference vector of squared voltage 
magnitude, and vrN is the reference value of squared voltage 
magnitude of bus N; 

-
q g =[

-
q g

1

-
q g

2
...

-
q g

n
]T and q̄g =

[q̄g
1q̄

g
2...q̄

g
n ]T are the lower and upper var limits of qg, re‐

spectively; α and β are the weighting coefficients; x(v) is the 
squared voltage deviation; and y(qg ) is the generation cost of 
reactive power.

III. OFFLINE IMPLEMENTATION FRAMEWORK FOR 
HIERACHICAL VVC STRATEGY USING DS-ADMM

A. Overview

This subsection proposes a hierarchical VVC strategy us‐
ing DS-ADMM to solve (6) in a distributed manner with 
fast convergence performance. In addition, an offline imple‐
mentation framework for the hierarchical VVC strategy us‐
ing DS-ADMM is designed in a static environment with a 
constant value of μ.
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B. VVC Optimization Problem Reformulation

We introduce the auxiliary variable vector z =
[z1z2zN ]T such that z = qg, where z i is the auxiliary vari‐
able of bus i; thus, the VVC optimization problem (6) can 
be rewritten as:

min g(qg )= α||Mqg + μ - vr||
2
2 + β||qg||2

D (7a)

s.t.

-
q g £ z £ q̄g (7b)

z = qg (7c)

where g(qg ) is the objective function.
Therefore, we define the set Z as:

Z ={z|
-
q g £ z £ q̄g } (8)

Let h(z) be the indicator function Iz (z) for a closed convex 
set, as shown in (9).

h(z)= Iz (z)= {0          zÎZ
+¥      zÏZ

(9)

The problem (7) is equivalently expressed as:

min{g(qg )+ h(z)} (10a)

s.t.

z = qg (10b)

C. Hierarchical VVC Strategy Using DS-ADMM

Let γ =[γ1γ2γN ]T denote the dual variable vector asso‐
ciated with (10a), the augmented Lagrangian function L is 
given as:

L(qgzγ)= g(qg )+ h(z)+ γT (z - qg )+
ρ
2

||z - qg||2 (11)

where ρ is the augmented Lagrangian parameter.
With respect to (11), L can be directly solved by the AD‐

MM in a distributed manner. The convergence performance 
of ADMM highly depends on the condition number of the 
VVC optimization problem κ, which can be given as:

κ =
λmax (αM T M + βD)

λmin (αM T M + βD)
(12)

where λmax (αM T M + βD) and λmin (αM T M + βD) are the larg‐
est and smallest eigenvalues of αM T M + βD, respectively.

However, as the condition number of (7) can grow signifi‐
cantly with the increase in distribution network scale, the 
ADMM is faced with the slow convergence rate [36].

To enhance the convergence performance of ADMM for 
the VVC optimization problem, we propose to leverage the 
second-order information embedded in the problem. First, in‐
troduce a positive definite matrix Fi for local agent i (corre‐
sponds to bus i) and set F = blkdiag([Fi ]|i = 12N), where 
blkdiag is the function to generate a matrix with given diago‐
nal elements. Therefore, q͂g z͂, and γ͂ can be given as:

ì

í

î

ïïïï

ïïïï

q͂g =Fqg

z͂ =Fz

γ͂ =F-1γ

(13)

The problem (10) can be equivalently reformulated as:

min{g(F-1 q͂g )+ h(F-1 z͂)} (14a)

s.t.

z͂ = q͂g (14b)

The augmented Lagrangian function for (14) is given as:

L(q͂gz͂γ͂)= g(F-1 q͂g )+ h(F-1 z͂)+ γ͂T (z͂ - q͂g )+
ρ
2

||z͂ - q͂g||2 (15)

Next, define Bi, B, and LB (qgzγ) as:

Bi =F T
i Fi (16a)

B =F TF (16b)

ì
í
î

ïïïï

ïïïï

LB (qgzγ)= L(q͂gz͂γ͂)= g(qg )+ h(z)+ γT (z - qg )+
ρ
2

||z - qg||2
B

||z - qg||2
B = (z - qg )T B(z - qg )

(16c)

Interestingly, the update processes of q͂g, z͂, and γ͂ can be 
equivalently expressed as the update processes of qg, z, and 
γ by applying the ADMM to solve (14). The steps of update 
processes of q͂g, z͂, and γ͂ are given as follows.

Step 1: update z.

z(k + 1)= arg min
zÎZ

LB ((qg )(k)zγ(k) )= arg min {(γ(k) )T z +

ρ/2(z - (qg )(k) )T B(z - (qg )(k) )} (17)

where superscript (k) denotes the iteration number.
Step 2: update qg.

(qg )(k + 1)= arg min LB (qgz(k + 1)γ(k) )= arg min {g(qg )-
(γ(k) )Tqg + ρ/2||z(k + 1)- qg||2

B } (18)

Step 3: update γ.

γ(k + 1)= γ(k)+ ργ(z(k + 1)- (qg )(k + 1) ) (19)

Remark: notably, two major challenges remain for the 
above implementation.

1) How to design F and B to facilitate the distributed im‐
plementation? It is still obscure how to perform the above 
steps in a distributed manner.

2) How to design F and B to optimally accelerate the con‐
vergence rate?

Fortunately, when F and B are designed as diagonal matri‐
ces, (17) can be distributionally performed by each local 
agent i as:

z (k + 1)
i = arg min LBi

((qg
i )(k)z iγ

(k)
i )= arg min (γ(k)

i )T z i +
ρ
2

(z i - (qg
i )(k) )T B i (z i - (qg

i )(k) ) (20)

In this case, (17)-(19) can be implemented in a hierarchi‐
cal VVC strategy using DS-ADMM between the center 
agent and local agents, where the details of the hierarchical 
VVC strategy are given in Algorithm 1. The adaptation of di‐
agonalized auxiliary matrices F and B can be interpreted by 
introducing the diagonal-scaling technology into the ADMM 
to form a DS-ADMM.

D. Determination of Diagonal Matrices

Let H to be the Hessian matrix of g(qg ) with respect to qg:

H =Ñ2 g(qg )= αÑ2 (||Mqg + μ - vr||)+ βÑ
2||qg||2

D = 2(αM T M + βD)
(21)
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It is proven in [37] that the convergence rate is faster for 
a smaller ratio λmax (F-T HF-1 )/λmin (F-T HF-1 ), where 
λmax (F-T HF-1 ) and λmin (F-T HF-1 ) are the maximum and 
minimum eigenvalues of F-T HF-1, respectively. In addition, 
to facilitate the distributed hierarchical implementation of 
VVC, it is required to construct F as a diagonal matrix. That 
is, we aim to find a diagonal matrix F to minimize the ratio 
λmax (F-T HF-1 )/λmin (F-T HF-1 ), thus accelerating the conver‐
gence rate while ensuring the distributed hierarchical imple‐
mentation as follows.

min
F

λmax (F-T HF-1 )

λmin (F-T HF-1 )
(22)

It is proved in [36] that (22) can be equivalently solved 
by the following semi-definite convex program.

min
tB

t (23a)

s.t.

 tH≽B (23b)

B≽H (23c)

where B is a diagonal matrix; and t is the time.
From B =F TF, we can obtain a diagonal positive definite 

matrix F that minimizes the ratio of the maximum eigenval‐
ue to the minimum eigenvalue of F-T HF-1.

IV. ONLINE IMPLEMENTATION FRAMEWORK FOR 
HIERACHICAL VVC STRATEGY USING DS-ADMM

A. Overview

The offline implementation framework considers a con‐
stant external environment, where the uncontrollable variable 
μ is treated as a constant value in (5). However, the environ‐
mental changes are time-varying in the real world, resulting 
in dynamic fluctuations in the distribution network. These 
dynamic fluctuations are reflected in the time-varying μ. As 
the rate of time-varying environmental changes is faster than 
the convergence rate, the external environment may have 
changed before implementing the optimal solution deter‐
mined by the offline implementation framework. To address 
this challenge, the online implementation framework is pro‐
posed, which corresponds to the online hierarchical VVC 
strategy using DS-ADMM. Figure 1 shows the process of 
the online implementation framework, which means the pro‐
cess of online hierarchical VVC strategy. As shown in Fig. 
1, each local agent i directly performs and updates its deci‐
sions, i.e., the reactive power output of local PV inverter, af‐
ter each iteration without any need to wait for the DS-AD‐
MM convergence, thus enabling a timely response to the 
time-varying environmental changes. Furthermore, the DS-
ADMM is introduced to enhance the performance of the hi‐
erarchical VVC strategy to track the time-varying environ‐
mental changes, leveraging its superior convergence rate.

B. Online Implementation Framework

In the offline implementation framework, the goal is to 
solve the problem (7), where μ is assumed to be constant. In 
addition, it can be observed from (4) that μ is approximately 
calculated based on the linearized distribution power flow in 
the offline implementation framework, leaving two major 
challenges.

1) The linearized distribution power flow fails to consider 
the nonlinear characteristics of power flow, thereby compro‐
mising the solution accuracy to some extent.

2) The value of μ can only change after Algorithm 1 is 
converged in the offline implementation framework, but the 
fast time-varying environmental changes may lead to the 
change of μ before Algorithm 1 is converged.

Algorithm 1: DS-ADMM solution for (10)

Initialization: set k = 0, (qg
i )(0), z(0)γ(0), center agent estimates μ come‐

sponding to initial state of system by (5), and each local agent i sends 
Fi and Bi to center agent.

For k ³ 0: follow Steps 1-4 of the ADMM, alternately updating the vari‐
ables until convergence.

Step 1: update z using (17). Each local agent i updates and sends z (k)
i  to 

center agent.

Step 2: update qg using (18). (qg
i )(k + 1) is updated by the center agent.

Step 3: update γ using (19). Center agent communicates (qg )(k + 1) and γ(k + 1) 
to local agent i. γ(k + 1) can also be updated by local agent i.

Step 4: update number of iterations until k > kmax, where kmax is the maxi‐
mum iteration.

Center
agent

Local
agent i

Voltage

Reactive
 power

1

Iterationk�2 k�1 k+1 k+2k

Center
agent

Local
agent i

Voltage

Reactive
 power

1

Center
agent
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In contrast, the online implementation framework resolves 
the above two major challenges as follows.

1) Instead of updating μ by (4), we update μ(k) based on 
the real-time voltage measurement v̂(k) at each iteration k.

μ(k)= v̂(k)-M(qg )(k) (24)

The key feature of the online implementation framework 
is its own closed-loop nature, which utilizes the most up-to-
date voltage measurements to estimate μ(k). Such an update 
manner accounts for the nonlinear characteristics of the pow‐
er flow.

2) The online implementation framework directly per‐
forms its decision after each iteration without the need to 
wait for the convergence. The fast time-varying environmen‐
tal changes are inherently reflected and captured by the real-
time voltage measurements v̂(k), thus affecting the value of 
μ(k). The change of μ(k) may further change the decision mak‐
ing at each iteration k. By updating μ(k), the online implemen‐
tation framework enables the real-time tracking of the envi‐
ronmental changes.

The steps of the online implementation framework is out‐
lined as follows.

Step 1: local agent i measures and updates the real-time 
voltage magnitude v̂(k).

Step 2: local agent i updates auxiliary variable z (k)
i  and up‐

loads v̂(k) and z (k)
i  to the center agent.

Step 3: center agent receives data from all local agents 
and aggregates them to get v̂(k) and z(k), then calculates μ(k) 
based on (24).

Step 4: center agent performs updating of (qg )(k) and γ(k) 
and communicates (qg

i )(k) and γ(k)
i  to the corresponding local 

agent i.
Step 5: local agent i adjusts reactive power output of PV 

inverter connected to bus i according to received (qg
i )(k).

By executing Steps 1-5 in each iteration, the hierarchical 
VVC strategy updates control decisions in real time, thus ef‐
fectively tracking the time-varying environmental changes.

C. Considering Non-ideal Communication Condition

Section IV-B assumes ideal communication conditions, 
but there are a series of communication issues in the real 
world, e.g., random delays and packet loss [24]. This subsec‐
tion focuses on further enhancing the robustness of online 
implementation framework under non-ideal communication 
conditions.

To this end, we propose a freezing strategy characterized 
by quasi-asynchronous updates. This freezing strategy elimi‐
nates the need to wait for the completion of all data trans‐
missions before performing calculations. Instead, the data 
from the previous iteration are frozen and are used to re‐
place any corresponding data that can not be received within 
the specified communication time, ensuring the smooth exe‐
cution of the current iteration. Figure 2 shows the iteration 
process under non-ideal communication condition. Consider 
three different local agents i j and n, where local agent i is 
a normal agent without any communication failure; and local 
agents j and n are agents with information transmission fail‐
ure and reception failure, respectively. In Fig. 2, the dashed 

box represents data stored after iteration k; and the solid box 
represents data updated after iteration k + 1. For the center 
agent, the data transmission step involves only the local volt‐
age measurements and auxiliary variables of local agents i 
and n. The local voltage measurements and auxiliary vari‐
ables of agent j are kept the same as the previous iteration 
due to its information transmission failure. After the date up‐
date, the center agent may calculate (qg

i )(k + 1), (qg
j )(k + 1), 

(qg
n )(k + 1), γ(k + 1)

i , γ(k + 1)
j , and γ(k + 1)

n , and send them to local agents 
i, j, and n. Given the information reception failure of local 
agent n, the local agent n may directly perform qg

n (k) instead 
of (qg

n )(k + 1), as it fails to receive (qg
i )(k + 1) and γ(k + 1)

n  from the 
center agent at iteration k + 1. The above steps construct an 
approximate asynchronous iteration process, which effective‐
ly mitigates the impact of communication failures in online 
implementation framework. The robustness of the hierarchi‐
cal VVC strategy using DS-ADMM will be validated in Sec‐
tion V.

It is worth noting that, in the following content, the hierar‐
chical VVC strategy using DS-ADMM is short for the pro‐
posed strategy.

V. NUMERICAL CASE STUDY 

A. Overview

A modified IEEE 123-bus unbalanced distribution network 
is considered to demonstrate the effectiveness of the pro‐
posed strategy, as shown in Fig. 3. The base power and volt‐
age are set to be Sbase = 100 kVA and Vbase = 4.16 kV, respec‐
tively. The squared voltage magnitude for bus 0 is set to be 
v0 = 1 p.u. and the reference of squared voltage magnitude is 
set to be vr =[111], D = 1n ´ n (which is a n ´ n identity 
matrix), vmin =[0.9520.9520.952 ], and vmax =[0.952 
0.9520.952 ]. PV inverters are distributed across the distri‐
bution network, as shown in Fig. 3, with the reactive power 
limits 

-
q g

i
=-0.1 p. u. and q̄g

i = 0.1 p. u.. The augmented La‐

grangian parameter is set to be ρ = 20, and the weighting co‐
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efficients are chosen as α = 4 and β = 0.5.

Static and dynamic scenarios are both considered in the 
numerical case study. In the static scenario, we assume that 
the unbalanced load remains constant, with 24 sets of unbal‐
anced load data representing the load profile throughout a 
24-hour period. Figure 4 shows the aggregate load and PV 
generation throughout a 24-hour period. The dynamic scenar‐
io considers minute-level real-time load variations.

In the numerical case study, Sections V-B and V-C present 
the results of the proposed strategy under the offline imple‐
ment framework, while the remaining subsections present 
the results of the proposed strategy under the online imple‐
ment framework. 

B. Static Scenario

In this subsection, we validate the effectiveness of the pro‐
posed strategy under the static scenario. To better demonstrate 
the applicability of the proposed strategy, the static scenario in‐
cludes high-load and low-PV conditions (e. g, profiles at 
06:00), and high-PV and low-load conditions (e. g., profiles 
at 12:00 and 13:00). The case study simulates voltage pro‐
files throughout a 24-hour period, comparing the perfor‐
mance with and without the proposed strategy.

Figure 5 shows the maximum and minimum voltage mag‐
nitudes for each phase of the distribution network. From the 

simulation results shown in Fig. 5, it can be observed that 
there are voltage violations across all three phases of the dis‐
tribution network, particularly in phases a and c without the 
proposed strategy. The maximum voltage exceeds 1.06 p.u., 
and the minimum voltage falls below 0.94 p. u., both of 
which are unacceptable for the safe operation of distribution 
network. In contrast, with the proposed strategy, voltage lev‐
els across the distribution network remain within the safe 
range throughout the 24-hour period.

C. Performance Comparisons

To demonstrate the optimality of DS-ADMM, we intro‐
duce several representative VVC strategies for comparison, 
which are given as follows.

Strategy 1: centralized VVC strategy. Directly solve the 
VVC optimization problem based on centralized optimiza‐
tion.

Strategy 2: hierarchical VVC strategy using ADMM [28]. 
Directly solve the VVC optimization problem based on the 
ADMM.

Strategy 3: local delayed droop control (DDC) -based 
VVC strategy [19]. Each local agent independently performs 
its own voltage control based on its local V-Q curve.

Strategy 4: the proposed strategy (hierarchical VVC strate‐
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gy using DS-ADMM). 
Using the results of centralized optimization as a bench‐

mark, the voltage magnitudes of each bus in modified IEEE 
123-bus unbalanced distribution network at 17:00 under four 
strategies are shown in Fig. 6. The results of strategies 2 and 
4 perfectly match the centralized optimization results. How‐
ever, the result of strategy 3 fails. In addition, the result of 
strategy 3 shows an obvious under-voltage issue for phase c.

Subsequently, we compare the convergence performance 
of the ADMM, DS-ADMM, DDC, and centralized optimiza‐
tion algorithms. Taking bus 93 at 17:00 as an example, the 
reactive power outputs of phases a, b, and c and the voltages 
of PV inverters are depicted in Figs. 7 and 8, respectively.

The simulation results clearly demonstrate that DS-
ADMM converges significantly faster than the ADMM. For 
the ADMM, the reactive power of PV inverter converges af‐
ter around 80 iterations, and its voltage profile takes at least 
50 iterations to converge. But for the proposed strategy, it 
achieves the convergence for all results in about 20 itera‐
tions and also reaches the optimal solution of centralized op‐
timization. The DDC lacks the capability of converging the 
optimal solution. The above results demonstrate that the pro‐
posed strategy not only ensures optimality but also exhibits 
excellent convergence performance. Such characteristics fa‐
cilitate the online implementation framework to track the 
time-varying environments.

To further validate the effectiveness and superiority of the 
proposed strategy, a comparative analysis is conducted among 
centralized optimization, DDC, ADMM, and DS-ADMM un‐
der different step-size settings. The convergence criterion is 
defined as the reactive power difference between two consecu‐
tive iterations being less than a specified tolerance δ, |(qg )(k)-
(qg )(k - 1)| < δ, where δ is set to be 0.0001. Table I summarizes 
the comparison of performances of different algorithms in 
terms of the voltage deviation, reactive power generation costs 
from DERs, the objective value, and convergence speed (mea‐
sured by both iterations and total computation time). The DS-
ADMM consistently achieves faster convergence than ADMM 
across all different step sizes, while maintaining performance 
close to that of the centralized optimization.

Although DDC yields lower reactive power costs, it fails 
to provide sufficient reactive power support from PV invert‐
ers, leading to poor voltage control performance. Overall, 
the results indicate that DS-ADMM offers a favorable trade-
off between convergence speed and optimality.

D. Dynamic Scenario

This subsection validates and verifies the performance of 
the proposed strategy in the dynamic scenarios. Since central‐
ized optimization is not feasible for online VVC, we conduct 
experiments in dynamic scenarios using strategies 2-4. Using 
the load at 18: 00 as the baseline, load change rates ranging 
from 10% to 90% are used to evaluate and compare the con‐
trol performances of strategies 2-4 under time-varying environ‐
mental changes (correspond to different load change rates). 
The cumulative errors of strategies 2-4 with 10, 20, and 30 it‐
erations under different load change rates are shown in Fig. 9.
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The vertical axis represents the cumulative error of the ob‐
jective function relative to the baseline throughout the itera‐
tion process. As shown in Fig. 9, the cumulative error of strate‐
gy 3 is larger than that of strategy 2 and strategy 4 with 10 iter‐
ations. However, with 20 and 30 iterations, the cumulative er‐
rors of strategy 3 become more similar and are both smaller 
than the cumulative error of strategy 2. This is because al‐
though DDC converges much faster than ADMM, it is unable 
to reach the optimal value, causing the cumulative error to in‐
crease significantly as the number of iterations grows.

In contrast, strategy 4 shows highly overlapping cumula‐
tive error curves from 10 to 30 iterations and consistently 
produces lower cumulative errors compared to other strate‐
gies. This indicates that DS-ADMM has a significant advan‐
tage in terms of convergence speed and optimality. These re‐
sults further highlight the superior applicability of strategy 4 
in time-varying environments.

The proposed strategy is further verified in continuous fast 
time-varying environments. The actual minute-level PV output 
and customer load data are applied to simulate the fast time-
varying environmental changes, and the aggregate load and 
PV generation under continuous fast time-varying environmen‐
tal changes are depicted in Fig. 10. In the online framework, 
the time interval of each iteration is set to be 5 s.
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Fig. 10.　Aggregate load and PV generation under continuous fast time-
varying environmental changes.
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COMPARISON OF PPERFORMANCES OF DIFFERENT ALGORITHMS
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Figure 11 illustrates the voltage distribution of the modi‐
fied IEEE 123-bus unbalanced distribution network over a 
24-hour period with strategies 2-4, where the orange and 
blue dashed lines represent the voltage limits, 0.95 p.u. and 
1.05 p.u., respectively. The system voltage drops below 0.94 
p.u. at its lowest and rises to nearly 1.06 p.u. at its highest 
in the absence of the VVC strategy. After implementing vari‐
ous VVC strategies, only strategy 4 ensures that the voltage 
remains within the safe range throughout the 24-hour period.

Figure 12 illustrates the reactive power output of the PV 
inverter connected to phase a at bus 57 between 13:00 and 
14: 00. We assume that the changes in the environment are 
known a priori in each iteration time window and consider 
the results under the corresponding offline problem solved 
by centralized optimization as a benchmark. Although the 
fast time-varying environmental changes make this unachiev‐
able in practice, strategy 4 shows the best performance to 
compare with other strategies.

Specifically, strategy 2 exhibits a significant deviation be‐
tween its own reactive power decision and its optimal value. 
Strategy 3 exhibits insufficient algorithm convergence when 
there are drastic load fluctuations, leading to a longer adjust‐
ment time for the inverter to reach the optimal reactive out‐
put. In contrast, strategy 4 can quickly respond to fast time-
varying environmental changes, allowing the PV inverter to 
reach the optimal output in a shorter time. The above results 
demonstrate that strategy 4 shows a stronger capability of 

harnessing the reactive power of the PV inverter, thereby en‐
suring more excellent voltage control performance. 

With the penetration of PV systems, the proposed strategy 
is able to exploit the reactive power regulation potential of 
PV inverters more efficiently, which not only reduces the 
need for the configuration of specialized reactive power regu‐
lation equipment, such as capacitors and static reactive pow‐
er generators (SVGs), but also ensures that the distribution 
network voltage always operates within a safe range.

E. Algorithm Scalability: IEEE 8500-node Test Feeder

To test the scalability of the proposed strategy, we modify 
the IEEE 8500-node test feeder by adding several 100 kVA 
PV inverters, as shown in Fig. 13. The base voltage is set to 
be 7.2 kV, and the base power is set to be 100 kVA. Figure 
14 illustrates the aggregate load and PV generation through‐
out a 60 min simulation period.

Figure 15 presents the minimum voltage distribution in 
modified IEEE 8500-node test feeder. It can be observed 
that the proposed strategy effectively mitigates voltage viola‐
tions in a large unbalanced distribution network.

Figure 16 shows the voltage distribution of the modified 
IEEE 8500-node test feeder with and without different VVC 
strategies over a one-hour period. It can be observed that on‐
ly the proposed strategy successfully avoids voltage viola‐
tions, demonstrating its scalability in large distribution net‐
works. In contrast, the maximum voltage under strategies 2 
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and 3 is slightly higher than that without VVC strategy. This 
is mainly because strategy 3 adjusts inverter outputs based 
solely on local node conditions, without awareness of the 
system-wide voltage performance. Furthermore, strategy 3 
suffers from the limited convergence speed of the ADMM al‐
gorithm, leading to poor responsiveness to rapid fluctuations.

F. Robustness Verification

This subsection considers the freezing strategy, depicted in 
Section IV, to validate the robustness of the online proposed 
strategy under non-ideal communication conditions. We as‐
sume that communication interruptions, e.g., packet loss, oc‐
cur randomly during interactions between local agents and 
the center agent, and define following communication envi‐
ronment:

Case 1: ideal communication.
Case 2: 10% random communication failures.
Case 3: 30% random communication failures.
Case 4: 50% random communication failures.
First, we conduct 3 sets of experiments with communica‐

tion failure rates ranging from 10% to 30%. For each set, 
we run 10 simulations for both ADMM and DS-ADMM, 
and compare the average number of iterations required for 
the algorithm convergence. Here, we still set δ = 0.0001. The 
results are shown in Table II. As seen in Table II, although 

the number of iterations required for convergence increases 
for both ADMM and DS-ADMM as the communication fail‐
ure rate increases, the increase for DS-ADMM is much 
smaller than that for ADMM. Even under most non-ideal 
communication conditions, DS-ADMM exhibits better con‐
vergence performance than ADMM under ideal conditions.

Next, using the same baseline values as in the Section V-D, 
we compare the cumulative errors between 13: 00 and 14:00 
for the online implementation of strategies 3 and 4 across 
the communication environments of cases 1-4, as shown in 
Fig. 17. It can be observed that the cumulative error increas‐
es for both strategy 3 and strategy 4 as the communication 
environment changes. However, the cumulative error of strat‐
egy 4 in case 4 increases by only 11.5% compares to than in 
Case 1, while the cumulative error of strategy 3 increases by 
21%. In particular, even in the worst communication environ‐
ment, the cumulative error of strategy 4 remains significant‐
ly lower than that of strategy 3 in the ideal communication 
environment. These results clearly highlight the superior ro‐
bustness of DS-ADMM in imperfect communication environ‐
ments.

VI. CONCLUSION 

In this paper, the online hierarchical VVC strategy using 
DS-ADMM for unbalanced distribution networks is pro‐
posed to coordinate the reactive power output of PVs in real 
time through online interaction between the local agents and 
center agent. By diagonalizing the second-order Hessian ma‐
trix of the objective function, a DS-ADMM with excellent 
convergence rate for distributed computing is proposed. 
Compared with existing ADMM-based and hierarchical 
VVC strategies, the proposed strategy using DS-ADMM sig‐

TABLE II
AVERAGE NUMBER OF ITERATIONS FOR DIFFERENT ALGORITHMS UNDER 

VARIOUS COMMUNICATION FAILURE RATES

Case No.

1

2

3

4

Number of iterations

ADMM

78.0

105.6

129.5

170.9

DS-ADMM

25.0

30.7

40.1

49.1
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Fig. 17.　Cumulative errors between 13:00 and 14:00 for VVC strategy in 
communication environment.
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nificantly improves the tracking ability in the time-varying 
environment.

Numerical case studies validate the effectiveness of the 
proposed strategy in both static and dynamic scenarios. Com‐
parisons with the local DDC-based VVC strategy and the 
ADMM-based hierarchical strategy show that the propsed 
strategy achieves better performance in terms of conver‐
gence, optimality, and scalability. It converges more quickly 
in static conditions and tracks time-varying environmental 
changes more effectively in dynamic environments. Addition‐
ally, it performs well even in non-ideal communication envi‐
ronments.

Future research will focus on two directions.
1) Computationally efficient VVC for large-scale distribu‐

tion systems: we will develop optimized voltage control strat‐
egies that minimize computational and communication bur‐
dens through intelligent selection of key regulatory nodes 
and implementation of asynchronous communication proto‐
cols. 

2) Fully distributed VVC architecture: we will create a 
novel online control framework based on DS-ADMM that 
eliminates centralized dependencies. This peer-to-peer ap‐
proach enables direct neighbor-to-neighbor coordination, 
which is inherently robust against single-point failures while 
maintaining system-wide voltage stability.
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