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Abstract——High penetration of wind power into power grids 
deteriorates system frequency stability. Wind turbines (WTs) 
are required by grid codes to participate in primary frequency 
regulation (PFR) by adjusting their rotor speed to utilize the 
stored kinetic energy. However, frequency support causes a 
change in rotor speed, and hence, the PFR capability of a wind 
farm is limited by a time-varying boundary. As the mechanical 
transient process of the WT is determined by wind speed, it is 
necessary to forecast the PFR capability of wind farms based 
on wind speed distribution, to arrange the system scheduling 
plan while considering dynamic safety. In this paper, a physics-
informed probability distribution assessment method is pro‐
posed for the PFR capability of wind farms considering wind 
speed uncertainty. Constructing the analytical correlation rela‐
tionship between state variables based on Koopman-operator-
theory-based state space transformation, the probability density 
function of the maximum feasible droop coefficient of a wind 
farm is derived based on the wind speed probability distribu‐
tion. The simulation results demonstrate that the proposed 
method achieves a five-order-of-magnitude reduction in compu‐
tational time compared with the Monte Carlo and time-domain 
simulation methods, and possesses the advantages of indepen‐
dence from physical parameters and random sampling errors, 
as well as a simple analytical expression of the probability dis‐
tribution of PFR capability.

Index Terms——Droop control, frequency regulation, probabilis‐
tic forecast, probability distribution, state space transformation, 
wind farm, wind speed, uncertainty.

I. INTRODUCTION 

WITH the increasing penetration of wind power into 
power grids, system dynamics caused by frequency 

oscillations have drawn much attention [1], [2]. When vari‐
able-speed wind turbines (WTs) are connected to the power 
grid via power electronic devices, their rotor speed is decou‐
pled from the system frequency [3], [4]. In legacy mode, 
WTs typically operate in a maximum power point tracking 
manner [5] and do not provide additional power backup to 
respond to changes in system frequency. This inevitably 
leads to a decrease in the system inertia and frequency stabil‐
ity. Furthermore, wind power generation is significantly in‐
fluenced by meteorological factors such as wind speed [6]. 
The uncertainty in wind speed results in fluctuations in the 
power output from wind farms, further deteriorating the dy‐
namic characteristics of the system [7].

To satisfy the grid codes, wind farms are required to par‐
ticipate in system primary frequency regulation (PFR) by em‐
ulating the droop characteristics of the thermal units [8] -
[10]. Owing to the regulation of the converter power output, 
changes in the rotor speed are a consequence of the release 
of stored kinetic energy to respond to frequency variations 
[11]. As the rotor speed should be maintained within the se‐
curity boundary to prevent WTs from tripping, it is impor‐
tant to appropriately distribute the power reference to the 
WTs through PFR control [12]. In our previous studies [13]-
[15], a state-of-energy (SOE) index is utilized to optimize 
the power distribution among WTs, which changes the rotor 
speed of different WTs in synchronization, fully exploiting 
the maximum PFR capability of wind farms.

The frequency support capability, that is, the maximum 
droop coefficients that wind farms can provide, varies with 
different wind speed conditions. To ensure the safety of the 
rotor speed during the PFR process, an assessment of the 
PFR boundary based on wind speed forecasts is necessary 
for both wind farms and the system, particularly in a low-in‐
ertia system, where the operators should utilize the results to 
make scheduling plans. Only operational costs under power 
balance constraints [16], [17] are considered in the classical 
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unit commitment and economic dispatch problems. However, 
with the increasing penetration of renewable power genera‐
tion and the decreasing inertia provided by thermal units, dy‐
namic frequency security should also be considered [18]. 
Reference [19] constructs frequency security constraints in 
the unit commitment model and develops the concept of fre‐
quency stabilization margin. However, existing scheduling 
schemes neglect the time-dependent characteristics of the 
PFR capabilities of wind farms. Therefore, by considering ro‐
tor speed constraints and wind speed uncertainty, the online 
forecast of PFR capability plays a crucial role in the opera‐
tion of power systems with a high penetration of renewable 
power generation.

By solving a dynamic optimization model with nonlinear 
electromechanical transient differential equations, the PFR 
capability of wind farms can be calculated from the perspec‐
tive of the mechanism. In [20], an assessment method for 
the PFR capability of wind farms based on the available re‐
serves and current wind speed is proposed. Reference [21] 
constructs a system frequency response model for a power 
system with a high penetration of wind power and simplifies 
the process of solving for control parameters such as the 
droop coefficient. However, the aforementioned methods are 
based on the traditional large-scale time-domain dynamic 
model, which may encounter challenges when being solved 
analytically. Time-domain simulations suffer from heavy 
computations, making it difficult to track rapid changes in 
wind speed. Moreover, the assessment performance is heavi‐
ly dependent on the accuracy of the physical parameters, 
making it inapplicable to actual conditions with significant 
errors.

A simplified solution for complicated physical models is a 
distinct advantage of data-driven approaches. By utilizing 
the historical PFR data of wind farms for data-driven train‐
ing, it is possible to establish a correlation model between  
the wind speed and maximum PFR coefficient. An artificial 
neural network is developed in [22] to train the PFR strategy 
and ensure that the droop coefficient is within the security 
range. In [23], a multi-intelligent deep learning reinforce‐
ment algorithm is used to optimize the parameters of a WT 
controller for a favorable frequency response of a wind 
farm. In our previous study [24], a dimension-augmented lin‐
ear model of the rotor speed based on a data-driven state 
space transformation is proposed to assess the maximum co‐
efficient. Despite the simplified solution process, the afore‐
mentioned data-driven assessment methods rely on determin‐
istic wind speeds measured in real time. To arrange the sys‐
tem unit commitment and scheduling plan in advance and 
prevent frequency instability, it is necessary to pre-character‐
ize the boundary of the PFR capability of wind farms based 
on wind speed forecasts.

Nevertheless, uncertainty is an inherent property of wind 
speed forecasts. Based on a point forecast of wind speed, the 
PFR capability is likely to deviate from the actual situation. 
In fact, state-of-the-art wind speed forecasts usually exhibit a 
probability distribution [25]; thus, the maximum droop coef‐
ficients assessed according to the wind speed should also fol‐

low a certain distribution. In theory, by utilizing time-do‐
main simulation combined with the Monte Carlo simulation 
method, the probability distribution of the maximum droop 
coefficient of a wind farm can be fitted based on mathemati‐
cal regression [26]; however, the computational time cost is 
extremely high, and the exact probability density expression 
is still beyond the reach of statistical methods.

Therefore, to construct the probability density function 
(PDF) of the maximum feasible droop coefficient of a wind 
farm, this paper presents a physics-informed probability dis‐
tribution assessment method that utilizes historical data to 
obtain a dimension-augmented correlation model of the rotor 
speed, wind speed, and droop coefficient. In addition, we de‐
rive an exact expression for the PDF of the maximum droop 
coefficient based on wind speed forecasts. The main contri‐
butions of this study are as follows.

1) A physics-informed probability distribution assessment 
method for PFR capability is developed, where the PFR 
mechanism of wind farms is embedded within a dimension-
augmented correlation model, making it independent of the 
accuracy of physical parameters and vastly improving the 
computational efficiency over Monte Carlo simulation meth‐
ods.

2) An analytical expression of the probability distribution 
between the PFR capability and wind speed is derived based 
on the dimension-augmented correlation model, with the ad‐
vantage of immunity to sampling errors.

3) A uniform and simple probability distribution of the 
maximum droop coefficient and expected final rotor speed is 
provided, which contributes to creating a unit commitment 
and scheduling plan in advance for the system operator.

The remainder of this paper is organized as follows. Sec‐
tion II describes the mechanism model for the PFR capabili‐
ty assessment considering the rotor speed constraint. Section 
III derives the probability distributions of the wind speed 
forecast based on the Weibull distribution and the PFR capa‐
bility. Section IV presents the probability distribution of the 
PFR capability based on the Koopman operator theory. Sec‐
tion V presents case studies to verify the performance of the 
proposed method. Finally, Section VI concludes this paper.

II. MECHANISM MODEL FOR PFR CAPABILITY ASSESSMENT 
CONSIDERING ROTOR SPEED CONSTRAINT 

A. Electromechanical Transient Model of WTs

To assess the aggregated PFR capability of a wind farm, it 
is necessary to conduct a mechanistic analysis to construct 
an electromechanical transient model for WTs. In this study, 
a WT with a full-scale power converter is taken as the ana‐
lytic target, and its structure is shown in Fig. 1, where ω is 
the rotor speed; f is the real-time frequency; Pref is the refer‐
ence active power output; and PWM is the pulse width mod‐
ulation. Note that the proposed method is applicable to all 
WTs with power control mechanisms based on rotor kinetic 
energy regulation.

The mechanical power captured by WT blades can be ex‐
pressed as:
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Pmi =
1
2
ρSv3

i Cpi (λiβi ) (1)

where Pmi is the mechanical power captured by the blades 
of the ith WT; ρ is the air density; S is the swept area of the 
blades; vi is the real-time wind speed of the ith WT; and 
Cpi (λiβi ) is the capture coefficient of the ith WT, which can 
be expressed as:
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where λi is the ratio of the blade tip speed to the wind 
speed; βi is the pitch angle of the ith WT; R is the blade radi‐
us; and ωi is the rotor speed of the ith WT.

During the PFR process, a mismatch between the mechani‐
cal and electromagnetic torques causes a change in the WT 
rotor speed:

ω̇i =
1
Jc

(Tmi - Tei )=
1
Jc ( )Pmi

ωi

-
Pei

ωi
(3)

where ω̇i is the rate of change in the rotor speed; Jc is the ro‐
tational inertia; Tmi is the mechanical torque of the ith WT; 
Tei is the electromagnetic torque of the ith WT; and Pei is 
the electromagnetic power of the ith WT.

B. Optimal PFR Power Allocation Scheme of WTs Consider‐
ing Rotor Speed

In the PFR process, the change in the WT rotor speed is 
determined by the PFR power allocation scheme in the wind 
farm. Considering the initial state differences between WTs, 
each WT should share the PFR power in proportion to its 
SOE. This scheme can fully utilize all the WTs in the wind 
farm while maintaining synchronized speed changes, thus 
maximizing the aggregated droop coefficient of the wind 
farm. Note that this study mainly focuses on the assessment 
of the PFR capability, and the control methodology to 
achieve fast power allocation in the PFR process can be 
found in our previous studies [14], [15].

The kinetic energy stored in the blades of the ith WT can 
be expressed as:

Ei =
1
2

Jcω
2
i (4)

Given the security range of the rotor speed, the SOE of 
the ith WT can be expressed as:

SOEi =
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where Emaxi and Emini are the upper and lower limits of the 
stored energy, respectively; ωmaxi and ωmini are the upper 
and lower limits of the rotor speed, respectively; and fn is 
the nominal frequency. The value range of SOEi is from 0 to 
1, and a larger value indicates that the WT has a wider ad‐
justable range when frequency drops and is responsible for 
undertaking more unbalanced power.

To balance the PFR power of the WTs, the difference be‐
tween mechanical and electromagnetic power is designed to 
be proportional to SOEi, which satisfies:

Pmi -Pei

SOEi

=
Pmj -Pej

SOEj

    ijÎ{12l} (6)

where l is the number of WTs.

C. PFR Capability Assessment Model of Wind Farms

In the case of a significant frequency change, the wind 
farm, as an independent participant, needs to adjust its active 
power output to maintain system frequency stability. This 
process is achieved by emulating the power-frequency static 
characteristics of synchronous units during the PFR:

DPWF =Kf ( fn - f ) (7) 

where DPWF is the PFR power of the wind farm; and Kf is 
the droop coefficient of the wind farm.

According to (6), the electromagnetic power of the ith WT 
can be expressed as:

Pei = Kf ( fn - f )× SOEi ∑
i = 1

l

SOEi +Pmi (8)

Based on the center-of-inertia assumption, the external sys‐
tem can be approximated as a first-order inertial element:

f ̇=
fn

2H
[P0 +PG -PL + (KG +Kf )( fn - f )] (9)

where f ̇ is the rate of change in the frequency; H is the sys‐
tem inertia coefficient; P0 is the initial active power of the 
wind farms; PG is the initial active power of the synchro‐
nous units; PL is the system load; and KG is the droop coeffi‐
cient of the synchronous units.

In this study, the PFR capability assessment is equivalent 
to calculating the maximum droop coefficient Kfmax of the 
wind farm. In addition to constraints (1) - (3), (8), and (9), 
bound constraints are considered to ensure that the rotor 
speed remains within the safety range. Therefore, PFR capa‐
bility assessment is a dynamic optimization problem involv‐
ing high-order nonlinear differential-algebraic equations, 
which are difficult to solve analytically. Typically, a dynamic 
model is converted into an algebraic equation through dis‐
cretization. Therefore, a complete discrete algebraic PFR ca‐
pability assessment model is constructed as:

max Kf (10a)

G

GridGenerator
Drive shaft

Rectifier Inverter

Transformer

ω f

Full-scale power converter

Wind blades

Pref
Frequency
monitoring

PWM

PFR power
allocation schemeWT

Fig. 1.　Structure of a WT with a full-scale power converter.
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s.t.
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where ijÎ{12l}; t is the time step; and T is the time in‐
terval.

Note that the discrete assessment model (10) remains a 
complex problem with nonlinear algebraic equations, which 
is unsuitable for rapid calculation under time-varying condi‐
tions.

In addition, it is necessary for the system operator to fore‐
cast the PFR capability of all wind farms in a day-ahead 
manner to create a frequency-characteristic scheduling plan. 
However, actual wind speeds typically do not exactly match 
point-forecast results. Instead, they exhibit a probability dis‐
tribution around the point. Therefore, in the forecast stage, 
PFR capability should also be considered as a random vari‐
able with a probability distribution. By using model (10), it 
is difficult to obtain the PDF of Kfmax because there is no ex‐
plicit correlation between the wind speed and maximum 
PFR capability.

III. PROBABILITY DISTRIBUTIONS OF WIND SPEED FORECAST 
BASED ON WEIBULL DISTRIBUTION AND PFR CAPABILITY 

A. Probability Distribution of Wind Speed Forecast Based 
on Weibull Distribution

Traditional wind speed forecast relies on deterministic 
point or interval prediction models based on historical data, 
which involve only limited information and cannot depict un‐
certainty. To address this drawback, recent studies have fo‐
cused on the development of probabilistic models to esti‐
mate the uncertainty in wind speed forecast. For example, 
probabilistic prediction methods based on the Weibull distri‐
bution are widely adopted. The Weibull PDF is used to de‐
scribe the wind speed distribution and proves to provide sat‐
isfactory accuracy [27]-[29].

The PDF and cumulative density function (CDF) of the 
Weibull distribution are given by:

fweibull (vsk)=
ì
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v )k
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0 v < 0

(11)

Fweibull (vsk)= {1 - e-( v
s )k

v ³ 0
0 v < 0

(12)

where v is the wind speed variable; s is the scale parameter; 
and k is the shape parameter.

Based on the PDF of the wind speed forecast, the PDF of 
the maximum PFR capability can be obtained through a 
Monte Carlo simulation combined with model (10). The pro‐
cedure is described as follows.

1) Given a PDF of wind speeds, perform random sam‐
pling based on the probability distribution.

2) Substitute the sampled points into model (10), and use 
time-domain simulation to calculate a PFR capability point.

3) Repeat wind speed sampling and obtain a scatter distri‐
bution of Kfmax.

4) Divide the scattered points into small intervals to count 
the occurrences in each interval and generate a distribution 
histogram.

5) Use kernel density estimation to obtain the PDF 
of Kfmax.

Note that the calculation process of the PDF of the PFR 
capability is nonanalytic and suffers from an unacceptable 
computational time. Moreover, the results are significantly af‐
fected by random errors in the sampling points. To address 
this problem, this paper proposes a physics-informed proba‐
bility distribution assessment method for PFR capability of 
wind farms based on the Koopman operator theory, which di‐
rectly provides a correlation expression between Kfmax and 
wind speed, thus rapidly generating an accurate PDF of the 
PFR capability.

B. Probability Distribution of PFR Capability

When participating in the PFR, the rotor speed changes 
during the process. By setting the expected final rotor speed, 
denoted as ωfinal, the droop coefficient of the wind farm, de‐
noted as K *

f , can be determined. If ωfinal is set to be the 
speed limit of the WT, denoted as ωlim, the expression for 
Kfmax can be obtained by solving (10).

To derive the expression for the PDF of K *
f , the CDF 

should first be calculated, which can be expressed as:

F(x)= Pr{K *
f £ x} (13)

where x denotes the function variable of the CDF.
Note that, with a determined ωfinal for WTs, K *

f  is negative‐
ly correlated with the wind speed when the system frequen‐
cy increases. Conversely, it is positively correlated with the 
wind speed when the system frequency decreases. Therefore, 
the droop coefficient of wind farm and the wind speed exhib‐
it a monotonic relationship, as shown in Fig. 2.

* Frequency increases
Frequency decreases

Kf

v

x

v′(x)

Fig. 2.　 Relationship between droop coefficient of wind farm and wind 
speed.
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Thus, the CDF of K *
f  can be rewritten as (14) when the 

system frequency increases.

F(x)= Pr{K *
f £ x}= Pr{v³ v'(x)} (14)

where v'(x) is the wind speed when K *
f  takes the value of x. 

Thus, the calculation of the CDF is transformed from solv‐
ing the probability value of K *

f  to v.
The wind speed follows a Weibull distribution for which 

the PDF is explicit. Thus, we only need to determine each 
v'(x) corresponding to a different x, and the CDF can be ob‐
tained as:

F(x)= Pr{K *
f £ x}= Pr{v³ v'(x)}= 1 -Fweibull (v'(x)) (15)

As discussed in Section II, wind speed can be expressed 
as a function of K *

f  and ωfinal, namely,

v = ϕu (ωfinalK
*
f ) (16)

where ϕu is the function of wind speed expressed in terms of 
the final rotor speed and PFR coefficient as the frequency in‐
creases. Replacing K *

f  with x yields:

v'(x)= ϕu (ωfinalx) (17)

Substituting (17) into (15) yields the final expression for 
the CDF:

F(x)= 1 -Fweibull (ϕu (ωfinalx)) (18)

Hence, the PDF of K *
f  can be expressed as:

f (x)=-fweibull (ϕu (ωfinalx))
δϕu (ωfinalx)

δx
(19)

Similarly, when the system frequency decreases, the CDF 
can be written as:

F(x)= Pr{K *
f £ x}= Pr{v£ v'(x)}=

Fweibull (v'(x))=Fweibull (ϕd (ωfinalx)) (20)

where ϕd is the function of the wind speed expressed in 
terms of the final rotor speed and PFR coefficient as the fre‐
quency decreases.

Hence, the PDF of K *
f  can be expressed as:

f (x)= fweibull (ϕd (ωfinalx))
δϕd (ωfinalx)

δx
(21)

In summary, the PDF of K *
f  can be summarized as:

f (x)=

ì
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ï

-fweibull (ϕu (ωfinalx))
δϕu (ωfinalx)

δx
    f ³ fn

fweibull (ϕd (ωfinalx))
δϕd (ωfinalx)

δx
     f < fn

(22)

By using ωfinal =ωlim, the PDF of the maximum droop coef‐
ficient Kfmax can be obtained.

Based on the derivation above, we establish a probabilis‐
tic mapping relationship between the wind speed and the 
PFR capability, which is illustrated in Fig. 3.

However, on the one hand, the correlation among the 
wind speed, final rotor speed, and PFR coefficient, i. e., v =
ϕ(ωfinalK

*
f ), is difficult to express explicitly according to 

(10). On the other hand, an analytical model, as opposed to 
a statistical curve, is significant for the subsequent schedul‐
ing plan. To address this issue, this paper proposes a physics-
informed assessment method based on the Koopman opera‐
tor theory. This model is trained with the historical data of 
the PFR capacity of wind farms to obtain a functional ex‐

pression for the correlation of rotor speed, droop coefficient, 
and wind speed.

IV. PROBABILITY DISTRIBUTION OF PFR CAPABILITY BASED 
ON KOOPMAN OPERATOR THEORY 

A. Koopman-operator-theory-Based State Space Transforma‐
tion

The essence of the Koopman operator theory is that, by 
augmenting the dimension of input variables, a nonlinear al‐
gebraic model in a low-dimensional space can be converted 
into a linear form in a high-dimensional Hilbert space with‐
out loss of accuracy [30]-[32].

Considering the wind speed of wind farms as the output 
variable and the expected final rotor speed of WTs and the 
droop coefficient as input variables, the PFR model v =
ϕ(ωfinalK

*
f ) exhibits complex nonlinear characteristics. Based 

on using the dimension-augmenting space transformation, 
there exists a linear relationship matrix M, by which the 
original PFR model can be expressed as:

v =MXlift =[M1    M2 ] é
ë
êêêê ù

û
úúúú

X
ψ(X) (23)

where M is the data-driven linear relationship matrix; Xlift is 
the matrix of augmented input variables; M1 and M2 are the 
block matrix elements of M; X is the vector of input vari‐
ables, namely, K *

f  and ωfinal; and ψ(X) is the dimension-aug‐
menting function of the input variables. In theory, linear ex‐
pression (23) is strictly equivalent to the original nonlinear 
relationship only when the augmented dimension is infinite. 
However, in practice, augmenting the dimensions to an ap‐
propriate number is sufficient to obtain a high-precision ap‐
proximation.

PDF of wind speed 

Probability distribution mapping relationship

PDF of PFR capability

Wind speed region

Inverse mapping relationship

PFR capability region

Mapping relationship between wind speed and PFR capability

Forecasted PFR capabilityForecasted wind speed

Historical data

Inverse mapping expression

PDF PDF PDF curve
PDF curve Histogram bin
Sample point

Kf

Kf

 Monte Carlo
simulation

v

PDF PDF

v

v=ϕ(ωfinal, Kf )*

Eq. (22)

Fig. 3.　Probabilistic mapping relationship between wind speed and PFR ca‐
pability.
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Assuming that the dimension of input variables is m, the 
jth dimension-augmenting function is given as:

ψj (X)= h(X - cj ) (24)

where cj is the jth base vector, whose elements are random 
within the variable range of input variables; and h(×) is the in‐
termediate function. Considering the complex nonlinearity of 
the original PFR model, it is important to choose an appro‐
priate dimension-augmenting function. In this study, a “poly‐
harmonic” function is adopted, whose jth function is given as:

ì
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î

ïïïï

ï
ïï
ï

hb (X - cj )= ∑
i = 1

m

(Xi - cji )

h(X - cj )= hb (X - cj )× lg hb (X - cj )

(25)

where hb (×) is the basis function; Xi is the ith element in X; 
and cji is the ith element in cj.

The data-driven linear relationship matrix M can be 
trained using the historical PFR data from a wind farm. As‐
suming that the number of historical data samples is S, the 
training set for input variables χ and the training set for out‐
put variables γ can be expressed as:

ì
í
î

χ =[X1X2XiXS ]

γ =[Y1Y2Y iYS ]
(26)

where Xi is the ith historical data sample for input variables; 
and Y i is the ith historical data sample for output variables. 
In addition, the training set for augmented input variables is 
expressed as:

χlift =[X lift1Xlift2XliftiXliftS ] (27)

where Xlifti is the ith sample for augmented input variables.
Based on historical data, the linear matrix M can be esti‐

mated using the least-squares method as:

M = γχ T
lift [χlift χ

T
lift ]

† (28)

where [×]† denotes the Moore-Penrose inverse of the matrix.
Thus, the data-driven linear relationship (23) is obtained, 

which can be substituted for the original implicit relationship 
in the analytical expression of PDF (22). Note that the Koop‐
man-operator-theory-based method generates a global linear 
model, and hence, it is unnecessary for the training set to 
cover extreme scenarios of PFR.

With the PDF of the maximum droop coefficient Kfmax, 
the upper confidence interval of Kfmax with a confidence lev‐
el α, denoted as Kfmaxα, can be analytically calculated as:

Pr{Kfmax ³Kfmaxα}= α (29)

The wind farm can be considered to have an α probability 
of providing a maximum PFR droop coefficient of no less 
than Kfmaxα with the forecasted wind speed probability distri‐
bution. The results provide a reference value for droop coef‐
ficient prediction from a probabilistic perspective, which is 
of considerable significance in dynamic characteristic optimi‐
zation.

B. Overall Process of Probabilistic Forecast for PFR Capa‐
bility of Wind Farms

The overall process of probabilistic forecast for the PFR 
capability of wind farms can be divided into two stages: off-

line training and online prediction.
The offline training process consists of the following 

steps. ① Obtain the historical PFR data of the wind farm, in‐
cluding v, K *

f , and ωfinal. ② Normalize the training set, deter‐
mine the base vectors cj, and calculate Xlift. ③ Train the ma‐
trix M using the least-squares method.

The online prediction process includes the following 
steps. ① Obtain the Weibull distribution parameters of the 
wind speed for the wind farm. ② Calculate the PDF of the 
droop coefficients according to different ωfinal. ③ Based on 
the PDF of the maximum droop coefficient of the wind farm 
obtained from ωfinal =ωlim, calculate Kfmaxα with an α confi‐
dence level, and report the results to the system operator. ④ 
If the predicted wind speed distribution changes, repeat ① -
③ and update the probability distribution of the maximum 
droop coefficient in real time.

Note that, as the data-driven training process proposed 
herein is conducted offline, the coefficient matrix in the on‐
line prediction stage only needs to be retrained when the stat‐
ic parameters of the wind farm change. During the online op‐
eration of a wind farm, the continuous input of new data is 
not required to optimize the linear evaluation model. The 
overall process of probabilistic forecast for the PFR capabili‐
ty of wind farms is shown in Fig. 4.

V. CASE STUDY 

This section presents a simulation to demonstrate the per‐
formance of the proposed method. For comparison, simula‐
tion a time-domain simulation combined with the Monte Car‐
lo simulation method is used to validate the results. In the 
test system, the wind farm comprises 16 WTs, and the rated 
capacity of each WT is 4 MW. The security range of the ro‐
tor speed is set to be [0.7, 1.44]p.u., and the training set of 
the droop coefficient covers K *

f Î[050]MW/Hz for the fre‐
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Fig. 4.　Overall process of probabilistic forecast for PFR capability of wind 
farms.
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quency-rising scenario and K *
f Î[035]MW/Hz for the fre‐

quency-dropping scenario. The wind speed for training is 
vÎ[512]m/s, which covers the most typical wind speed sce‐
narios encountered in wind farm operations. Owing to the 
global linearization advantage of the Koopman operator theo‐
ry, there is no need for the final rotor speed range in the 
training set to cover extreme PFR scenarios, and it is there‐
fore set to be [0.76, 1.38]p.u.. The number of augmented di‐
mensions for input variables is 1500, which ensures suffi‐
cient accuracy within an acceptable computational time. The 
probability distributions of wind speed forecasts for four dif‐
ferent time periods t1-t4 in the wind farm are generated, as 
shown in Fig. 5. Without loss of generality, the proposed 
method is first tested by considering time period t1 as a typi‐
cal scenario.

A. Accuracy Analysis of Data-driven Model

As mentioned previously, the trained linear relationship is 
strictly equivalent to the original nonlinear relationship v =
ϕ(ωfinalK

*
f ) only when the augmented dimension is infinite. 

In practice, the number of augmented dimensions must be 
appropriately selected to ensure good performance.

Load fluctuations are simulated to activate the PFR pro‐
cess and obtain the historical PFR data. The frequency-rising 
and frequency-dropping scenarios are discussed separately. 
To validate the accuracy of the trained linear model v =
ϕ(ωfinalK

*
f ), we evaluate both scenarios of the test set. In the 

frequency-rising scenario, the expected final rotor speeds are 
1.38 p. u., 1.40 p. u., 1.42 p. u., and 1.44 p. u., respectively, 
and for the frequency-dropping scenario, the expected final 
rotor speeds are 0.76 p.u., 0.74 p.u., 0.72 p.u., and 0.7 p.u.,  
respectively. With different given droop coefficients, the 
wind speed corresponding to the expected rotor speeds can 
be calculated using a data-driven dimension-augmented cor‐
relation model or obtained using a time-domain simulation. 
The results from the proposed method are compared with 
those of the time-domain simulation to demonstrate accura‐
cy, and the relative errors are shown in Fig. 6. Note that the 
rotor speed training range for the test cases is [0.76, 1.38]p.
u.; however, the test cases still demonstrate good accuracy 
even outside this range, further validating the advantages of 
the Koopman operator theory in global linearization.

The assessment results of K *
f  are sufficiently close to 

those of the time-domain simulation, where the maximum er‐
ror is within 3%. To further verify the accuracy of the data-
driven model, the average and maximum errors in different 
scenarios are presented in Table I. The results demonstrate 

the accuracy and practical value of the Koopman-operator-
theory-based state space transformation.

To verify that the proposed method is not affected by the 
accuracy of wind farm parameters, random errors are added 
to relevant parameters, for example, a -5% deviation in R 
and a -10% deviation in Jc. The dynamic process under the 
time-domain simulation without parameter errors is used as 
the basis for comparison. We assume that Kfmax = 20 MW/Hz 
and v = 9.2 m/s are calculated using the dimension-augment‐
ed correlation model in a frequency-dropping scenario. 
When the system frequency decreases, the WTs must release 
rotor kinetic energy to compensate for the power shortage 
and participate in the PFR. The evaluation results obtained 
from different methods are incorporated into the PFR simula‐
tion model, and the dynamic PFR process is illustrated in 
Fig. 7. It can be observed that the dynamic curves of rotor 
speed, system frequency, and wind farm power under the 
proposed method are almost completely consistent with 
those of the time-domain simulation. In contrast, inaccurate 
model parameters in the time-domain simulation lead to ex‐
ceeding speed limits or conservative results, indicating the 
advantage of the proposed method in terms of resistance to 
parameter errors.

TABLE Ⅰ
AVERAGE AND MAXIMUM ERRORS FOR FREQUENCY-RISING AND 

FREQUENCY-DROPPING SCENARIOS

Scenario

Frequency-rising

Frequency-dropping

ωfinal (p.u.)

1.38

1.40

1.42

1.44

0.76

0.74

0.72

0.70

Average error (%)

0.000467

0.053100

0.118000

0.325000

0.106000

0.278000

1.270000

1.670000

Maximum error (%)

0.00140

0.59900

1.11000

2.57000

1.62000

3.04000

1.91000

2.17000

5 6 7 8 9 10 11 120

0.2

0.4

0.6

PD
F

t1t2
t3t4

v (m/s)

Fig. 5.　Probability distributions of wind speed forecasts for four different 
time periods in wind farm.

0 10 20 30 40 50

1

2

3

Re
la

tiv
e 

er
ro

r (
%

) ωfinal=1.38
ωfinal=1.40
ωfinal=1.42
ωfinal=1.44

ωfinal=0.76
ωfinal=0.74
ωfinal=0.72
ωfinal=0.70

0 10 20 30 355 15 25

0.5
1.0
1.5
2.0
2.5

3.5
3.0

Re
la

tiv
e 

er
ro

r (
%

)

*Kf  (MW/Hz)
(a)

*Kf  (MW/Hz)
(b)

Fig. 6.　Relative errors of droop coefficient. (a) Frequency-rising scenario. 
(b) Frequency-dropping scenario.

547



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 14, NO. 2, March 2026

B. PFR Capability Forecast Under Uncertain Wind Speed

By using the linear relationship matrix M to construct an 
equivalent linear relationship between the wind speed and 
the droop coefficient in an offline training manner, an online 
forecast of the PFR capability can be performed. Depending 
on the expected final rotor speed, different probability distribu‐
tions of K *

f  can be derived based on the wind speed forecast. 
According to the PDF of the wind speed corresponding to time 
period t1, the PDF of droop coefficient K *

f  in the frequency-ris‐
ing and frequency-dropping scenarios is shown in Fig. 8.

As mentioned previously, the expected final rotor speeds 
for frequency-rising scenarios are 1.38 p.u., 1.40 p.u., 1.42 p.u., 
and 1.44 p.u., respectively, and the PDF of K *

f  correspond‐
ing to ωfinal = 1.44 p.u. represents the maximum PFR capabili‐

ty forecast. Similarly, in the frequency-dropping scenario, 
the PDF of K *

f  corresponding to ωfinal = 0.7 p.u. represents 
the maximum PFR capability forecast. As shown in Fig. 8, 
as ωfinal approaches ωlim, the PDF curve of K *

f  shifts further 
to the right, indicating that the droop coefficient increases.

Based on the PDF of K *
f  at different expected final rotor 

speeds, an upper confidence interval with the α quantile, de‐
noted as K *

fα, can be derived. For example, the upper confi‐
dence interval with the 90% quantile is listed in Table II. It 
can be concluded that, when ωfinal approaches ωlim, the PFR 
capability of wind farms is more sufficiently exploited, and 
a larger K *

f90% can be provided.

The probability distribution of the maximum droop coeffi‐
cient Kfmax corresponding to time periods t2, t3, and t4 can al‐
so be derived based on the uncertain wind speed forecast 
shown in Fig. 5, which is illustrated in Fig. 9. The results il‐
lustrate that, when the probability distribution of wind speed 
moves to the right, the PFR capability tends to move in the 
opposite direction in the frequency-rising scenario. In con‐
trast, the PFR capability moves to the right in the frequency-
dropping scenario. These results are consistent with the 
monotonic relationship between the droop coefficient of the 
wind farm and the wind speed, as shown in Fig. 2.
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TABLE Ⅱ
UPPER CONFIDENCE INTERVAL WITH 90% QUANTILE

Scenario

Frequency-rising

Frequency-dropping

ωfinal (p.u.)

1.38

1.40

1.42

1.44

0.76

0.74

0.72

0.70

K *
f90% (MW/Hz)

9.765

11.313

12.895

14.551

8.943
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12.073
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Fig. 7.　Dynamic PFR process in frequency-dropping scenario.
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To verify the accuracy of the probabilistic forecast, the sta‐
tistical histogram of Kfmax obtained using simulation the 
time-domain simulation combined with the Monte Carlo 
method for time period t1 is also provided in Fig. 9, and the 
corresponding PDF is obtained based on the kernel density 
estimation. It can be observed that the kernel density estima‐
tion results are highly consistent with those of the proposed 
method, demonstrating the accuracy of the proposed method. 
By contrast, with parameter errors in the wind farm dynamic 
model, time-domain simulations inevitably lead to inaccurate 
predictions. The pink curve in Fig. 9 represents the kernel 
density estimation of Kfmax obtained using the time-domain 
simulation with a -10% deviation in Jc. It is evident that the 
result deviates from the original curve.

In addition, when a time-domain simulation is employed 

combined with the Monte Carlo simulation method, the PDF 
of the PFR capability is not directly derived using an analyti‐
cal method. Instead, it is obtained using a statistical method 
that is necessarily affected by random sampling errors. Theo‐
retically, Monte Carlo simulations can produce more accu‐
rate results with more sampling points. However, the compu‐
tational time also increases significantly. In this study, the 
Monte Carlo simulation results obtained from 10000 groups 
of sampling points are used as the benchmark. The upper 
confidence intervals with the 90% quantile Kfmax90% obtained 
by the Monte Carlo simulation and the proposed method and 
the relative errors are shown in Table III, where methods 1, 
2, and 3 represent the Monte Carlo simulation with 10000, 
1000, and 100 groups of sampling points, respectively.

The results suggest that, without adequate samples in the 
time-domain simulation, the forecast error is a challenging 
problem, whereas the proposed method can achieve highly 
accurate results (relative errors of less than 1.23%) without 
any sampling or dynamic simulation. The proposed method 
only needs to train the dimension-augmented correlation 
model in advance to realize the real-time forecasting of the 
PFR capability based on wind speed probability. In contrast, 
if a statistical method is used, the time cost of sampling and 
simulation exhibits an extraordinarily increasing trend. The 
computational time for the Monte Carlo simulation and the 
proposed method is shown in Table IV.

The results validate that the proposed method has a signifi‐
cant advantage in terms of computational time compared 
with the Monte Carlo simulation, and a five-order-of-magni‐
tude reduction in computational time makes online predic‐
tion feasible.

Note that the droop coefficient distribution obtained by 
the Monte Carlo simulation is based on random sampling 
from the Weibull distribution of wind speed. When the num‐
ber of sample points is small, random sampling errors may 
be significant, causing the sample points to represent the 
characteristics of the wind speed based on Weibull distribu‐
tion inaccurately. This, in turn, can result in an unreasonable 
probability distribution of the droop coefficient. Taking the 
wind speed distribution during period t1 as an example, we 
present the probability distribution curves of Kfmax obtained 
from the Monte Carlo simulation with three sets of 100 
groups of sample points (sets A, B, and C) in both frequen‐
cy-rising and frequency-dropping scenarios. As shown in 
Fig. 10, when the number of groups of sample points is 
small, the PDF of Kfmax obtained using statistical methods 
may deviate significantly from the true distribution curve. 
The proposed method addresses this issue effectively.

C. Discussion on Probabilistic Forecast

Note that, owing to the probability distribution of the PFR 
capability that it can provide, the probabilistic forecast plays 
an important role in scheduling the frequency regulation re‐
sources for power systems.

TABLE Ⅲ
UPPER CONFIDENCE INTERVALS WITH 90% QUANTILE OBTAINED BY MONTE CARLO SIMULATION AND PROPOSED METHOD AND RELATIVE ERRORS

Scenario

Frequency-
rising

Frequency-
dropping

Time period

t1

t2

t3

t4

t1

t2

t3

t4

Kfmax90% of 
method 1 
(MW/HZ)

14.578

18.841

10.219

23.827

11.951

8.791

15.257

6.286

Proposed method

Kfmax90% 
(MW/HZ)

14.551

18.862

10.243

23.930

12.073

8.879

15.406

6.330

Relative error 
(%)

-0.19

0.11

0.24

0.43

1.01

1.23

0.98

0.71

Method 2

Kfmax90% 
(MW/HZ)

14.135

18.414

10.514

24.618

11.358

9.206

16.037

6.078

Relative error 
(%)

-3.04

-2.57

2.89

3.32

-4.97

4.73

5.13

-3.31

Method 3

Kfmax90% 
(MW/HZ)

13.934

18.086

9.696

25.145

10.077

9.932

17.902

6.924

Relative error 
(%)

-4.41

-4.01

-5.12

5.53

-15.68

12.98

17.34

10.16

TABLE Ⅳ
COMPUTATIONAL TIME FOR MONTE CARLO SIMULATION AND PROPOSED 

METHOD

Scenario

Frequency-
rising

Frequency-
dropping

Time 
period

t1

t2

t3

t4

t1

t2

t3

t4

Computational time (s)

Method 1

19360

19490

19480

19240

19290

19190

19010

19260

Proposed 
method

0.223

0.209

0.212

0.302

0.201

0.207

0.206

0.198

Method 2

1947

1939

1923

1928

1904

1913

1927

1922

Method 3

194.539

194.992

194.441

194.717

192.911

192.871

191.456

192.400
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Compared with simple point forecasts, probabilistic fore‐
casts contain comprehensive information and, hence, may 
reach different conclusions. We take frequency-rising scenari‐
os as examples to explain the importance of probabilistic 
forecast. As shown in Fig. 11, when point forecast is used, 
the wind speeds are 9.2409 m/s and 8.3652 m/s for scenari‐
os 1 and 2, respectively.

According to the point forecast, Kfmax is computed, and 
the result is 21.2918 MW/Hz in scenario 1 and 29.0867 MW/
Hz in scenario 2, respectively. The point forecast result of 
PFR capability in scenario 1 is smaller than that in scenario 
2, respectively, which is consistent with our intuitive under‐
standing. Nevertheless, the probabilistic forecast results of 
Kfmax90% are 17.0366 MW/Hz in scenario 1 and 15.2348 
MW/Hz in scenario 2, respectively. An interesting conclu‐
sion can be drawn: scenario 1 has a larger Kfmax90% than sce‐
nario 2, as shown in Fig. 11(b), which exhibits the trend op‐

posite to the point forecast.
Figure 11 shows the significance of the probabilistic fore‐

cast over point or interval forecasts. As the PDF of Kfmax 
can be obtained using the proposed method, the confidence 
interval for any confidence level can be easily calculated ac‐
cording to the function, illustrating the superiority of the 
physics-informed scheme.

VI. CONCLUSION 

The increasing penetration of wind power generation has 
necessitated PFR capability forecast for wind farms based on 
wind speed distribution. This paper proposes a physics-in‐
formed probability distribution assessment method for the 
PFR capability of wind farms that considers wind speed un‐
certainty. By employing historical data of the PFR capability 
of wind farms, a dimension-augmented correlation model of 
the wind speed, rotor speed, and droop coefficient is con‐
structed. Based on the probability distribution of the predict‐
ed wind speed, the PDF of the PFR capability, that is, the 
maximum droop coefficient of the wind farm, is derived. 
The simulation results validate that, compared with the tradi‐
tional time-domain simulation combined with the Monte Car‐
lo simulation method, the proposed method can directly ob‐
tain an analytical expression for the probability distribution 
of the PFR capability without historical data covering all ex‐
treme scenarios. A more prominent advantage is the compu‐
tational time, which is reduced by five orders of magnitude 
using the proposed method to realize similar accuracy, which 
makes it suitable for online applications. In addition, probabi‐
listic forecasts reflect more comprehensive information than 
traditional point forecasts, which is conducive for scheduling 
a reliable plan for the dynamic dispatching of frequency reg‐
ulation resources.
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