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Abstract——The traditional power system dominated by syn‐
chronous generators is gradually evolving into a modern power 
system featured by high-penetrated renewable energy. As a key 
technology for high-penetrated renewable energy, the grid-form‐
ing voltage source converter (GFM-VSC) has received increas‐
ing attention. However, the large-disturbance stability analysis 
of power systems with multiple GFM-VSCs is still a challenging 
problem due to various limitations of existing methods, includ‐
ing huge computational burden and difficulty in considering 
network losses. This paper is intended to address these issues 
from the perspective of reduced-order modeling and domain of 
attraction (DA) estimation. The innovations involve three as‐
pects. First, the reduced-order modeling method for power sys‐
tems with multiple GFM-VSCs is proposed using the standard 
dual-time-scale model in singular perturbation theory. Second, 
an expanding annular domain (EAD) algorithm is developed to 
estimate the DA with an entire boundary to analyze the large-
disturbance stability of power systems. Third, the conditions of 
using the reduced-order modeling method based on singular 
perturbation theory have been clarified. The validity of the re‐
duced-order modeling method is illustrated on a modified 39-
bus system with 10 GFM-VSCs.

Index Terms——Transient stability, voltage source converter 
(VSC), grid-forming (GFM), domain of attraction (DA), re‐
duced-order modeling, singular perturbation theory, expanding 
annular domain (EAD).

I. INTRODUCTION 

VOLTAGE source converters (VSCs) are widely integrat‐
ed into modern power systems as the grid interfaces of 

renewable energy sources [1] - [3]. The VSC can be consid‐
ered as a voltage source whose phase and amplitude are con‐

trolled by the control strategy inside, which mainly includes 
grid-forming VSC (GFM-VSC) and grid-following VSC 
(GFL-VSC) [4]. The GFL-VSC is designed to track the an‐
gle and frequency of power grid via a phase-locked loop 
(PLL), but it could become unstable when the grid imped‐
ance is very high. Compared with GFL-VSC, the GFM-VSC 
has better performance on the virtual inertia provision [5] 
and frequency response [6], making it more applicable to 
weak power grids [7], [8]. Therefore, the GFM-VSC is a 
promising technique for power systems with high-penetrated 
renewable energy.

The stability of power system with GFM-VSC can be dis‐
tinguished as small-disturbance stability [9] - [13] and large-
disturbance stability [4], [14], [15]. The small-disturbance 
stability is analyzed by linearizing the system around a giv‐
en operating point, which cannot capture the nonlinear char‐
acteristics of GFM-VSC. According to [16], the large-distur‐
bance stability can be divided into synchronous stability 
(transient stability) and large-disturbance voltage stability. 
This paper focuses on the former that is defined as the abili‐
ty to maintain synchronism with the grid when the VSC suf‐
fers large disturbances.

Different control strategies of GFM-VSC have different 
external characteristics for the power grid. The control strate‐
gies of GFM-VSC are composed of virtual oscillator control, 
droop control, and virtual synchronous generator (VSG) con‐
trol [9], [17]. Without loss of generality, the VSG is consid‐
ered as a representative of grid-forming (GFM) control in 
this study.

Generally, methods for analyzing the transient stability of 
power system with GFM-VSC are classified into time-do‐
main simulation [18] and direct methods [19]. As the most 
widely adopted method, the time-domain simulation can con‐
sider detailed models and give accurate results via numerical 
integration of post-fault dynamics. Nonetheless, the time-do‐
main simulation is too time-consuming and cannot provide 
stability margin. It also cannot reveal physical insights into 
the stability mechanism of power system with GFM-VSC. 
To reduce the computational cost and provide the stability 
margin, the direct methods for transient stability analysis of 
power system with GFM-VSC have been explored in recent 
decades. Domain of attraction (DA) is a core concept in di‐
rect methods. For a given asymptotically stable equilibrium 
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point (ASEP), the DA is a set of initial states, and all trajec‐
tories starting from this domain will converge to the equilib‐
rium point. By estimating the DA, one can directly calculate 
the stability margin of systems with respect to a given initial 
state [20]. It can also avoid the time-consuming integration 
of the post-fault system dynamics and provide guidances for 
the design of stabilization controllers. According to [19], the 
exact DA is the set of stable manifolds of all unstable equi‐
librium points (UEPs) on the stability boundary. However, 
the calculation of all UEPs and their stable manifolds is ex‐
tremely complicated and often inaccurate, especially for 
large-scale power systems. For these reasons, almost all rele‐
vant studies have focused on DA estimation using the level 
sets of Lyapunov or energy functions. This paper will also 
analyze the transient stability of power systems with multi‐
ple GFM-VSCs from this perspective.

In general, direct methods can be divided into equal area 
criterion (EAC) method [21], phase portrait method [14], 
[22], energy function method [4], [23], Hamiltonian-based 
energy function method [24], and Lyapunov function method 
[25]. Indeed, these studies provide useful insights into tran‐
sient stability analysis of power system with GFM-VSC 
from different aspects. Nevertheless, the EAC and phase por‐
trait methods are only suitable for transient stability analysis 
of single grid-connected GFM-VSC system. There is no ana‐
lytical energy function or Hamiltonian-based energy function 
for lossy systems, and numerical energy function method 
may result in stability misjudgment. The primary difficulty 
of Lyapunov function method is the lack of a systematic 
method to construct the Lyapunov function. Recent studies 
on the sum of squares (SOS) program provide an effective 
method to deal with this issue [26], [27]. In terms of tran‐
sient stability analysis of converter-dominant power systems, 
[28] - [30] use the SOS programming to estimate the DA of 
single-VSC infinite-bus systems, but these studies only in‐
volve GFL-VSC and the analyzed systems are too simple, 
which cannot describe the detailed dynamics of power sys‐
tems with multiple GFM-VSCs. The expanding interior algo‐
rithm [31], [32] and expanding annular domain (EAD) algo‐
rithm [33] are the pioneering explorations of the DA estima‐
tion of synchronous generator (SG)-dominant power systems 
using SOS program, which provides promising tools for tran‐
sient stability analysis of power systems with multiple 
VSCs. However, the computational burden of SOS-based 
methods is positively correlated with system scale, so it is 
difficult to directly apply SOS-based methods to large-scale 
systems. If the model order can be reduced, the SOS-based 
methods will be more applicable for transient stability analy‐
sis of large-scale systems with multiple VSCs.

With regard to model order reduction, [34] and [35] report 
the reduced-order modeling of power systems with multiple 
VSCs, but both only involve multiple GFL-VSCs and the 
structure of analyzed system is too idealistic, i. e., multiple 
converters are connected to the same point of common cou‐
pling (PCC) with a parallel configuration. This reduced-order 
modeling method has a limited applicability and cannot be ap‐
plied to power systems where multiple converters are connect‐
ed to different PCCs. Further exploration is still required.

In summary, despite a lot of investigations on the transient 
stability analysis of idealistic power systems, seldom has an‐
alyzed the transient stability of complex power systems with 
multiple GFM-VSCs. The recent work [23] has conducted 
relevant studies, but it provides the optimistic estimated re‐
sults using numerical energy function method. A more accu‐
rate and applicable method is still needed to analyze the tran‐
sient stability of power systems with multiple GFM-VSCs. 
The SOS-based methods are promising for addressing this is‐
sue, and the reasons are fourfold. First, the SOS-based meth‐
ods can construct Lyapunov function and compute the maxi‐
mum critical value for lossy systems systematically, and the 
results obtained are more accurate than those produced by 
numerical energy function method. Second, the DA estima‐
tion using SOS-based methods is applicable for transient sta‐
bility analysis of power systems with multiple SGs, which 
has been illustrated in our previous study [33]. Third, the 
computational efforts of SOS-based methods can be reduced 
by the reduced-order modeling method. Fourth, the SOS-
based methods can estimate the DA with an entire boundary 
that contributes to addressing a group of contingencies. 
Main contributions are summarized as follows.

1) By using the standard dual-time-scale model in singular 
perturbation theory, the reduced-order modeling method of 
power systems with multiple GFM-VSCs, which are denoted 
as multi-VSC power systems for simplicity, is first proposed, 
which reduces the order of system model and computational 
burden of DA estimation significantly.

2) An efficient EAD algorithm to estimate the DA with an 
entire boundary for multi-VSC power systems is developed. 
This is more accurate compared with the existing global DA 
estimation methods.

3) The influence of parameters on the transient stability is 
analyzed quantitatively, which helps clarify the conditions of 
using the reduced-order modeling method based on singular 
perturbation theory.

Till now, the reduced-order modeling method combined 
with the concept of SOS program has not been applied to 
the DA estimation of multi-VSC power systems.

The rest of this paper is organized as follows. In Section 
II, the structure and equivalent model of a VSG-controlled 
GFM-VSC system are introduced. In Section III, based on 
the full-order model of multi-VSC power system, the re‐
duced-order model is derived using singular perturbation the‐
ory, and the reduced-order model is transformed into a poly‐
nomial one via the polynomial transformation. Section IV de‐
velops the EAD algorithm to estimate the DA of multi-VSC 
power systems. The effectiveness of our work is illustrated 
on a modified 39-bus system with 10 GFM-VSCs in Section 
V. Finally, conclusions are presented in Section VI.

Notation  For xÎRM, PM [x] and ΣM [x] are the sets of 
polynomials and SOS polynomials, respectively; PN

M is the 
set of N-dimensional vector of polynomials with M vari‐
ables; deg(p1p2pn ) is the maximum degree of all poly‐
nomials in the set {p1p2pn }. For a map A: RM®RN, 
AÎ Ck (RM;RN ) (k ³ 1) means that A has the k th-order contin‐
uous partial derivatives in RM.
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II. VSG-CONTROLLED GFM-VSC SYSTEM 

A. Structure of VSG-controlled GFM-VSC System

A three-phase VSG-controlled GFM-VSC system with an 
LCL filter is regarded as the grid interface in Fig. 1, where 
LF, CF, Lg, and LT are the converter-side filter inductor, filter 
capacitor, grid-side filter inductor, and leakage inductor of 
transformer, respectively; R line and Lline are the equivalent re‐
sistance and inductance of line, respectively; Vdc and Vabc are 
the DC-link voltage and three-phase PCC voltage, respective‐
ly; Iabc is the three-phase output current; Vdref and Vqref are 

the d- and q-axis reference voltages, respectively; Vd and Vq 
are the d- and q-axis output voltages, respectively; idref and 
iqref are the d- and q-axis reference currents, respectively; id 
and iq are the d- and q-axis output currents, respectively; θ 
is the virtual power angle; ωb and ω are the base rotor angu‐
lar frequency and actual angular frequency, respectively; Pref 
and Pe are the reference and actual active power, respective‐
ly; and J and Kd are the inertia emulation coefficient and 
damping coefficient, respectively. The base capacity is denot‐
ed by Sb. PWM and PI are short for pulse width modulation 
and proportional-integral, respectively.

B. Equivalent Model of VSG-controlled GFM-VSC System

The control structure in Fig. 1 includes three cascaded 
loops, i.e., VSG control loop (VSGCL), voltage control loop 
(VCL), and current control loop (CCL) [4], [9], [17], [36]. 
The dynamics of these loops are on different time scales 
[37]. Generally, the VCL and CCL respond faster than VS‐
GCL. Therefore, the dynamics of VCL and CCL can be ne‐
glected in the transient stability analysis for simplification, 
and the transient stability of GFM-VSC is dominated by the 
VSG control. Besides, since the inductor responds much fast‐
er than VSGCL, the dynamics of the inductor (LF and Lg) 
can be neglected as well [17], [23], [38], [39].

Meanwhile, by letting Vqref =Vq = 0 in the VCL, the volt‐
age vector of VSG-controlled GFM-VSC is located at the d-
axis [13]. Hence, the active power is associated with the d-
axis voltage and current.

The modeling assumptions are outlined as follows [17].
1) The dynamics of VCL and CCL are neglected, so the 

GFM-VSC can be treated as a three-phase voltage source.
2) The dynamics of LCL filter are ignored.
3) The dynamics of reactive power-voltage (Q-V) loop are 

ignored, i.e., Vdref =Vd is a constant.
Based on the above assumptions, the GFM-VSC can be 

treated as a three-phase voltage source with constant voltage 
magnitude. The equivalent model of VSG-controlled GFM-
VSC is constructed in Fig. 2, where V̇d =VdÐθ is the output 
voltage phasor of VSG-controlled GFM-VSC.

The transient stability of GFM-VSC is the ability to main‐
tain synchronism with the grid when the GFM-VSC suffers 
large disturbances, and it refers to that the virtual power an‐
gle of GFM-VSC can converge to the original ASEP after 
the fault is cleared.

In a multi-VSC power system, the virtual power angle θ 
is the angle between d-axis and synchronous rotating axis (x-
axis ) [13], [17], as shown in Fig. 3. The output voltage pha‐
sor of VSG-controlled GFM-VSC always coincides with d-
axis.

Inspired by the transient stability analysis of power sys‐
tems only containing SGs, the transient stability of multi-
VSC power systems is mainly focused on analyzing the dy‐
namic behaviors of the virtual power angle under large dis‐
turbances.
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Fig. 1.　Three-phase VSG-controlled GFM-VSC system.
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Fig. 3. Output voltage of VSG-controlled GFM-VSC.
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Based on the above analysis, the dynamic equations of 
VSG-controlled GFM-VSC in Figs. 1 and 2 are:

ì
í
î

θ̇ =ω
Jω̇ =Pref -Pe -Kdω

(1)

III. REDUCED-ORDER MODEL USING SINGULAR 
PERTURBATION THEORY 

This paper is intended to estimate the DA of multi-VSC 
power systems. To this end, we construct the full-order mod‐
el of multi-VSC power systems at first. Then, the standard 
dual-time-scale model in singular perturbation theory [40] is 
used to derive the reduced-order model of multi-VSC power 
systems. It is worth noting that singular perturbation theory 
is suitable for large-disturbance stability analysis [19], 
[40], [41].

A. Full-order Model of Multi-VSC Power Systems

According to (1), we consider a multi-VSC power system 
consisting of n GFM-VSCs and m constant impedance loads 
(CILs), as depicted in Fig. 4, where Vi is the voltage magni‐
tude of GFM-VSC i; and yi is the admittance between node 
i and node n + i.

By incorporating all CILs into the network admittance ma‐
trix and eliminating all the terminal buses of the network, 
we can obtain its internal model that is similar to the inter‐
nal model of systems containing SGs and CILs [42]. Then, 
GFM-VSC n is selected as the reference machine, and the 
dynamics of this system are described by:

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

θ̇1n =ω1 -ωn

  
θ̇(n- 1)n =ωn - 1 -ωn

ω̇1 = (Pref1 -Pe1 -Kd1ω1 )/J1

  
ω̇n = (Prefn -Pen -Kdnωn )/Jn

(2)

where Pei = ∑
j = 1

n

ViVj (Gij cos(θ in - θjn ) + Bij sin(θ in - θjn )) , i =

12n, θin and θjn are the virtual power angles of GFM-
VSC i and GFM-VSC j with respect to GFM-VSC n, respec‐
tively, Vi =Vdi, and Gij and Bij are the conductance and sus‐
ceptance between GFM-VSC i and GFM-VSC j, respectively.

To facilitate the employment of the standard dual-time-
scale model in singular perturbation theory [40], system (2) 

can also be expressed as:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

θ̇1n =ω1 -ωn

  

θ̇(n- 1)n =ωn - 1 -ωn

1
ωb

ω̇1 =
1

2H1

(Pref1 -Pe1 -Kd1ω1 )

  
1
ωb

ω̇n =
1

2Hn

(Prefn -Pen -Kdnωn )

(3)

where Hi = Jiωb /2 is the equivalent inertial coefficient of 
GFM-VSC i.

Considering the similarity between model (3) and standard 
dual-time-scale model, we will utilize several properties of 
the latter to derive the reduced-order model of system (3).

B. Reduced-order Model of Multi-VSC Power Systems

1)　Derivation of Boundary-layer Model
The standard dual-time-scale model [40] is expressed as:

ì

í

î

ïïïï

ï
ïï
ï

dx
dt

= f (xy)

ϵ
dy
dt

= g(xy)
(4)

where xÎRn; yÎRm; ϵ is a small positive number; and f:
 Rn ´Rm®Rn and g: Rn ´Rm®Rm are the polynomial vec‐
tor fields, fÎ C2 (Rn +m ;Rn ), and gÎ C2 (Rn +m ;Rm ).

Define x = [θ1nθ2nθ(n - 1)n ]T and y = [ω1ω2ωn ]T, 
and then model (3) can be expressed in the form of mod‐
el (4).

Let τϵ = t, and system (4) can be transformed into:

ì

í

î

ïïïï

ï
ïï
ï

dx
dτ

= ϵf (xy)

dy
dτ

= g(xy)
(5)

When ϵ = 0, system (5) becomes:

ì

í

î

ïïïï

ï
ïï
ï

dx
dτ

= 0

dy
dτ

= g(xy)
(6)

According to [40], system (6) is the boundary-layer sys‐
tem of (4).
2)　Analysis of Boundary-layer Model

The state vector x can be regarded as constant in system 
(6) since dx/dτ = 0. Based on systems (3) and (6), combined 
with τϵ = t, we have:

dyi

dτ
=

dωi

dτ
= ϵ

dωi

dt
»

1
ωb

dωi

dt
=

Prefi -Pei

2Hi

-
Kdiωi

2Hi
(7)

Based on the above derivation, we outline the following 
conditions of boundary-layer system (6).

1) x is regarded as a constant vector in (6).
2) x only consists of relative angle θin.
3) Gij, Bij, Prefi Vi, and Hi are constant, so (Prefi -Pei )/(2Hi ) 

is only a function of θin.
As a result, (Prefi -Pei )/(2Hi ) is constant, so the stability 

V1

V2

1

2

Vn n

y1

y2

yn 2n

n+1

n+2

2n+1

2n+2

2n+m

CIL1

CIL2

CILm

NetworkGFM-VSC 1

GFM-VSC 2

GFM-VSC n

� � � �

Fig. 4.　Multi-VSC power system with n GFM-VSCs and m CILs.
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of (7) only depends on negative linear term -Kdiωi /(2Hi ). In 
addition, the negative linear term -Kdiωi /(2Hi ) is globally as‐
ymptotically stable according to Theorem 4.5 in [40]. Hence, 
the fast dynamics (rotor angular frequency) denoted by (7) 
are globally asymptotically stable and can be ignored in the 
transient stability analysis of the original system (4).
3)　Derivation of Reduced-order Model

The neglect of fast dynamics in the transient stability anal‐
ysis of original system (4) means that ϵdy/dt = g(xy)= 0 
since ϵ = 0, but dy/dt ¹ 0. Thus, system (4) can be converted 
into the following general reduced-order model:

ì
í
î

ïï

ïïïï

dx
dt

= f (xy)

0 = g(xy)
(8)

In essence, the dynamics of y in general reduced-order 
model (8) are totally controlled by the dynamics of x, which 
further indicates that dy/dt ¹ 0.

Equivalently, system (3) can be converted into:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

θ̇1n =ω1 -ωn

  

θ̇(n- 1)n =ωn - 1 -ωn

0 =
1

2H1

(Pref1 -Pe1 -Kd1ω1 )

  

0 =
1

2Hn

(Prefn -Pen -Kdnωn )

(9)

From system (9), we can obtain:
Prefi -Pei

2Hi

-
Kdiωi

2Hi

= 0Þωi =
Prefi -Pei

Kdi
(10)

Substituting (10) into (9), the following reduced-order 
model is obtained:

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

θ̇1n =
Pref1 -Pe1

Kd1

-
Prefn -Pen

Kdn

  

θ̇(n- 1)n =
Pref(n- 1)-Pe(n- 1)

Kd(n- 1)

-
Prefn -Pen

Kdn

(11)

The general derivation of reduced-order model can be 
found in formulas (11.1)-(11.5) in [40].

Remark 1  The reduced-order model (11) has neglected 
the dynamics of rotor angular frequency since the dynamics 
of rotor angular frequency are globally asymptotically stable, 
reducing the dimension of state vector x from 2n - 1 to n - 1. 
Obviously, the state vector of reduced-order model (11) is 
xr =[θ1nθ2nθ(n- 1)n ]T, while that of full-order model (3) is 
denoted by xf =[θ1nθ2nθ(n- 1)nω1ω2ωn ]T.

Remark 2  In Section II-B, the dynamics of voltage, cur‐
rent, and reactive power control loops are neglected to ob‐
tain state equations of GFM-VSC that are similar to those of 
SG. Section II-C derives the reduced-order model of multi-
VSC power systems to further reduce the model order by ig‐
noring the dynamics of rotor angular frequency. The former 
is to facilitate the construction of state equations of multi-

VSC power systems and obtain its internal model. The latter 
aims to reduce the dimension of state vector, resulting in a 
dramatic reduction in the computational burden of DA esti‐
mation of multi-VSC power systems with larger sizes.

Remark 3  The reduced-order model (8) is entirely equiv‐
alent to full-order model (4) only when ϵ = 0. To reduce the 
gap between the full-order model and reduced-order model 
of multi-VSC power systems, the coefficients on the right 
side of formula (3) should be far larger than the one on the 
left side, i.e., 1/(2Hi ) 1/ωb and Kdi /(2Hi ) 1/ωb. Note that 
the above reduced-order modeling method is not applicable 
to SG-dominant power system due to its huge gap between 
the full-order model and reduced-order model. Detailed com‐
parisons are provided in Section V.

The power-frequency droop-controlled GFM-VSC in [17] 
has similar external behaviors to the first-order frequency-de‐
pendent load, the DA estimation of which can also be ad‐
dressed by our algorithm in Section IV. In this case, the re‐
duced-order modeling is not required.

C. Coordinate Transformation

Formula (11) is not a polynomial system due to the exis‐
tence of sine and cosine terms in Pei, while the SOS-based 
methods are only suitable for estimating the DA of polyno‐
mial systems. Hence, we shift the ASEP of (11) to the origin 
for simplicity and transform this shifted system into a poly‐
nomial system via the polynomial transformation z = h(x), 
where h: Rn - 1®R2n - 2 is the function making (12) hold.

ì
í
î

z2i - 1 = sin xi

z2i = 1 - cos xi

 i = 12n - 1 (12)

The transformed polynomial system can be expressed as:

ì
í
î

ż =F(z)

G(z)= 0
(13)

where zÎRM  (M = 2n - 2) is the state vector of the trans‐
formed polynomial system, denoted as z =[z1z2z2n - 3 
z2n - 2 ]; and F: RM®RM and G: RM®RN (N = n - 1) are the 
polynomial functions.

Specifically, system (13) can be represented as:
ì

í

î

ï

ï

ï

ï

ï

ïï
ï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ż1 = (1 - z2 ) ( )Pref1 -Pe1 (z)
Kd1

-
Prefn -Pen (z)

Kdn

ż2 = z1( )Pref1 -Pe1 (z)
Kd1

-
Prefn -Pen (z)

Kdn

  

ż2n - 3 = (1 - z2n - 2 ) ( )Pref(n- 1)-Pe(n- 1) (z)

Kd(n- 1)

-
Prefn -Pen (z)

Kdn

ż2n - 2 = z2n - 3( )Pref(n- 1)-Pe(n- 1) (z)

Kd(n- 1)

-
Prefn -Pen (z)

Kdn

  (14)

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

G1 (z)= z 2
1 + z 2

2 - 2z2 = 0

G2 (z)= z 2
3 + z 2

4 - 2z4 = 0

  
Gn - 1 (z)= z 2

2n - 3 + z 2
2n - 2 - 2z2n - 2 = 0

(15)
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Pei (z)=∑
j = 1

n - 1

ViVj{Gij [(1 - z2i )(1 - z2j )+ z2i - 1 z2j - 1 ]+Bij [z2i - 1 (1 -

z2j )- (1 - z2i )z2j - 1 ]}+ViVn [Gin (1 - z2n - 2 )-Bin z2n - 3 ]
(16)

IV. DA ESTIMATION OF MULTI-VSC POWER SYSTEMS 
VIA EAD ALGORITHM 

This paper is intended to analyze the transient stability of 
multi-VSC power systems from the perspective of DA esti‐
mation. For DA estimation, the EAD algorithm proposed in 
[33] is easier with only one iteration loop and two SOS pro‐
grams (not including initialization). Besides, based on the 
modified Lyapunov stability theory [33], the EAD algorithm 
can obtain a larger estimated entire DA for lossy systems. 
Hence, we employ the EAD algorithm to estimate the DA of 
polynomial system (13) in this section.

A. SOS Program and S-procedure

For xÎRM, a multivariate polynomial p(x) is an SOS [26] if 
there exist some polynomial functions p1 (x)p2 (x)pN (x) 
satisfying:

p(x)=∑
i = 1

N

p2
i (x) (17)

Clearly, being an SOS means that p(x)³ 0 for all xÎRM. 
The reverse, however, is not always true [31].

Before solving an SOS program, the S-procedure is uti‐
lized to obtain sufficient conditions for the set containment 
constraints as follows [43]: given g0g1gKÎPM [x], if 

there exist s͂1s͂2s͂KÎΣM [x] making g0 -∑
k = 1

K

s͂k gkÎΣM [x], 

then {xÎRM|g1 (x)g2 (x)gK (x)³ 0}Í{xÎRM|g0 (x)³ 0}.
The SOS program is an optimization problem containing 

several SOS constraints that must be SOS polynomials. This 
kind of optimization problem can be transformed into a semi-
definite programming (SDP) problem [44] that can be easily 
solved by off-the-shelf optimization techniques.

The solver MOSEK is an effective tool to perform this 
conversion for general SOS program problems and solve the 
transformed SDP problems. Thus, all SOS programs in this 
paper are addressed in MATLAB by the toolbox YALMIP 
[45] and solver MOSEK [46].

Besides, to understand set PN
M, a 3-dimensional vector of 

polynomials with 4 variables denoted by λ0ÎP3
4 is defined 

as:

λ0 =

é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

úz 2
1 + z 2

2 - 2z1 z2

z 2
3 + z 2

4 - z1 z2 - z3 z4

z 2
1 + z 2

2 + z 2
3 + z 2

4

(18)

The EAD algorithm for DA estimation of polynomial sys‐
tem (13) contains two steps, which includes an initial DA es‐
timation and its expansion, as shown in the following.

B. Initial DA Estimation

The DA of power systems can be estimated by a level set 
of Lyapunov function V (z) as:

D(V (z))={zÎRM|V (z)£ cG(z)= 0c > 0} (19)

where c is a critical value.
Meanwhile, a semi-algebraic region D̂ containing the ori‐

gin is defined as:

D̂ ={zÎRM|p(z)£ βG(z)= 0β > 0} (20)

where p(z) is a positive definite polynomial; and β is a posi‐
tive number.

According to the modified Lyapunov stability theory in 
[33], we search for a continuously differentiable function 
V0 (z): D̂®R with V0 (0)= 0 such that:

V0 (z)> 0 "zÎ{zÎRM|G(z)= 0}\{0} (21a)

V̇0 (z)< 0 "zÎ{zÎRM|β - p(z)³ 0G(z)= 0}\{0}  (21b)

Then, z = 0 is an ASEP, and V0 (z) is a polynomial Lyapu‐
nov function of system (13).

Conditions in (21) can be converted into the set inclusion 
conditions, given as:

{zÎRM|G(z)= 0}\{0}Í{zÎRM|V0 (z)> 0} (22a)

{zÎRM|β - p(z)³ 0G(z)= 0}\{0}Í{zÎRM|V̇0 (z)< 0}  (22b)

According to S-procedure, we can obtain the following 
SOS program to find a feasible solution V0a (z):

SOSP0a: search
V0a (z)ÎPM [z]V0a (0)= 0s̄1ÎΣM [z]λ1λ2ÎPN

M [z]
V0a (z) (23a)

s.t.
V0a (z)- λT

1G(z)- l1ÎΣM [z] (23b)

-V̇0a (z)- s̄1 (β - p(z))- λT
2G(z)- l2ÎΣM [z] (23c)

where l1 = σ1∑
i = 1

M

z d
i  and l2 = σ2∑

i = 1

M

z d
i , σ1 and σ2 are the suffi‐

ciently small positive numbers, and d is an even number sat‐
isfying d ³ 2; s̄j is an SOS polynomial with M variables; and 
λ j is a N-dimensional vector of polynomials with M vari‐
ables.

It is noted that different p(z) and β will give rise to differ‐
ent V0a (z). Generally, the region D̂ is selected to be small 
enough so that SOSP0a is feasible.

Since SOSP0a provides a feasible solution V0a (z), we will 
solve the following SOS program to obtain an initial estimat‐
ed DA:

SOSP0b: max
s̄2ÎΣM [z]λ3ÎPN

M [z]
c (24a)

s.t.

  -V̇0a (z)- s̄2 (c -V0a (z))- λT
3G(z)- l2ÎΣM [z] (24b)

SOSP0b can be solved by using a bisection search on c. 
Then, denoting the solution of SOSP0b as c0, an initial Lyapu‐
nov function and an initial DA are V(0) (z)=V0a (z)/c0 and 
D(0) (z)={zÎRM|V(0) (z)£ 1G(z)= 0}, respectively.

C. Expansion of Estimated DA via EAD Algorithm

For polynomial system (13) and a known estimated DA 
D(k) (z), if there exists a continuously differentiable polynomi‐
al function V(k + 1) (z), a positive number 0 < γ £ 1, and a bound‐
ed set D(k + 1) (z), we have:

ì
í
î

ïï
ïï

V(k + 1) (0)= 0

V(k + 1) (z)> 0 "zÎ{zÎRM|G(z)= 0}\{0}
(25a)
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V̇(k + 1) (z)< 0 "zÎ{zÎRM|V(k + 1) (z)£ 1V(k) (z)³ γG(z)= 0}
 (25b)

D(k) (z)ÌD(k + 1) (z) (25c)

where k is the iteration index.
Based on S-procedure and SOS programming, conditions 

in (25) can be transformed into the following SOS program:

SOSP1: search
V(k + 1) (z)ÎPM [z]V(k + 1) (0)= 0s̄3s̄4s̄5ÎΣM [z]λ4λ5λ6ÎPN

M [z]
V(k + 1) (z)    (26a)

s.t.

V(k + 1) (z)- λT
4G(z)- lÎΣM [z] (26b)

-V̇(k + 1) (z)- s̄3 (1 -V(k + 1) (z))- s̄4 (V(k) (z)- γ)- λT
5G(z)- q1ÎΣM [z]

    (26c)

-s̄5 (1 + q2 -V(k) (z))+ (1 -V(k + 1) (z))- λT
6G(z)ÎΣM [z] (26d)

where q1 and q2 are the sufficiently small positive numbers; 

and l = σ∑
i = 1

M

z d
i , and σ is a sufficiently small positive number.

Apparently, if the SOSP1 is feasible, then D(k + 1) (z) is a 
better estimated DA. Nevertheless, solving SOSP1 directly is 
NP-hard due to the bilinear term such as s̄3V(k + 1) (z) in (26c).

To address this issue, the coordinate-wise iterative method 
in [47] and [48] is used to transform the above bilinear con‐
straint into a linear one. Similar to SOSP2 in [33], we have:

SOSP2: search
s̄3s̄4ÎΣM [z]λ5ÎPN

M [z]
s̄3 (27a)

s.t.

-V̇(k) (z)- s̄3 (1 -V(k) (z))- s̄4 (V(k) (z)- γ)- λT
5G(z)- q1ÎΣM [z]

    (27b)

Then, we save the output of SOSP2 s̄3 as s3. Combining 
SOSP2 with SOSP1, we have the following SOS program:

SOSP3: search
V(k + 1) (z)ÎPM [z]V(k + 1) (0)= 0s̄4s̄5s̄6ÎΣM [z]λ4λ5λ6λ7ÎPN

M [z]
V(k + 1) (z)

   (28a)

s.t.

V(k + 1) (z)- λT
4G(z)- lÎΣM [z] (28b)

-V̇(k + 1) (z)- s3 (1 -V(k + 1) (z))- s̄4 (V(k) (z)- γ)- λT
5G(z)- q1ÎΣM [z]

    (28c)

-s̄5 (1 + q2 -V(k) (z))+ (1 -V(k + 1) (z))- λT
6G(z)ÎΣM [z] (28d)

-s̄6 (γ -V(k) (z))+ (γ -V(k + 1) (z))- λT
7G(z)ÎΣM [z] (28e)

Note that SOSP3 is a linear SOS program and can be 
solved efficiently with linear SDP techniques. Then, 
D(k + 1) (z)={zÎRM|V(k + 1) (z)£ 1G(z)= 0} is a larger estimated 
DA.

Remark 4  From condition (25), we notice that during 
DA expansion, the derivative of Lyapunov function is re‐
quired to be negative definite in an annular DA 
{zÎRM|V(k + 1) (z)£ 1V(k) (z)³ γG(z)= 0}, not the entire DA 
{zÎRM|V(k + 1) (z)£ 1G(z)= 0}. This implies that condition 
(25b) in the EAD algorithm is more relaxed compared with 
that in the expanding interior algorithm based on convention‐
al Lyapunov stability theory [31], [32], which facilitates ob‐
taining a tighter estimated DA with less conservativeness.

Remark 5  The EAD algorithm can provide the estimated 
DA with an entire boundary for lossy power systems, which 
contributes to addressing a group of contingencies. Regard‐
ing traditional methods, only numerical energy function 
based on the closest UEP method can estimate an entire DA 
for lossy power systems. Therefore, we will compare the 
EAD algorithm with expanding interior algorithm [32] and 
numerical energy function based on the closest UEP method 
[42] in Section V to ensure that comparisons are fair.

The flowchart of EAD algorithm for DA estimation is il‐
lustrated in Fig. 5, where V =[V1V2V10 ]T is the vector 
for voltage magnitudes of GFM-VSCs; and p0 (z) and β0 are  
the known initial values of p(z) and β, respectively. When 
SOSP3 is infeasible and k > 0, D(k + 1) (z)={zÎRM|V(k + 1) (z)£
1G(z)= 0} is the optimal estimated DA of polynomial sys‐
tem (13). Then, the optimal estimated DA of reduced-order 
model (11) is obtained with polynomial transformation (12), 
denoted as Db ={xÎRN|V (h(x))£ 1}.

V. CASE STUDY 

A modified 39-bus system with 10 GFC-VSCs (10-VSC 
39-bus system) [13], [38], [39] is presented in Fig. 6. The 

Is SOSP0a feasible? N

Y

Set p(z)=p0(z), β =β0, and
solve SOSP0a

Input V0a(z), solve SOSP0b, and save the resulting c as c0.
Let V(0)(z)=V0a(z)/c0, k =0, and set D(0)(z) as initial estimated DA

 

Input V(k)(z) and s3, and then solve SOSP3

Y

N

Save the resulting V(k+1)(z) and obtain a larger
estimated DA D(k+1)(z)

Y

N

Save V(k+1)(z) as V(z)

Output V(h(x)) by polynomial transformation, and then
Db={x|V(h(x)) ≤1} is the optimal estimated DA

Start

End

Input V(k)(z) and solve SOSP2, and save the resulting s3 as s3

Is SOSP3 feasible?k = k+ 1

k = 0?

Reset deg(V ),
p0(z), β0, σ1, 

and σ2

Reset deg(V ),
p0(z), β0, γ,
σ1, σ2, and σ

Save the resulting V0a(z)

Fig. 5.　Flowchart of EAD algorithm for DA estimation.
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parameters of GFM-VSCs are provided in Table I [9], [23], 
[36], and GFM-VSC 1 is selected as the reference machine 
with ωb = 2π ´ 60 rad/s and Sb = 100 MVA.

By solving the power-flow-like equations, the state vari‐
able vector of the reduced-order model at the ASEP is:

xr =[θ21θ31θ(10)1 ]T =[0.03300.30810.33000.5920
0.38680.41380.33700.5565-0.0532]T   (29)

The vector for voltage magnitudes of GFM-VSCs is: 

V =[V1V2V10 ]T =[1.05581.12101.14261.1052
1.32751.16761.10671.07551.14811.1397]T (30)

The vector for active power reference of GFM-VSCs is: 

Pref =[Pref1Pref2Pref10 ]T =[4.002.506.506.32
5.086.505.605.408.304.86]T (31)

By shifting the ASEP to the origin and performing polyno‐
mial transformation (12), we can obtain a transformed state 
variable vector z =[z1z2z18 ]T. Besides, we set deg(V )= 2, 

p0 (z)= 9∑
i = 1

18

z 2
i , β0 = 3, γ = 0.7, q1 = q2 = 10-4, l = l1 = 10-6∑

i = 1

18

z 2
i , 

and l2 = 10-6∑
i = 1

18

z 4
i  as the inputs of the EAD algorithm.

A. Validity of Reduced-order Model for Multi-VSC Power 
Systems

To demonstrate the accuracy of reduced-order model for  
multi-VSC power systems, the exact DAs of reduced-order 
model and full-order model visualized in the {θ21θ31 }, 
{θ41θ51 }, {θ61θ71 }, and {θ81θ91 } planes are illustrated in 
Fig. 7(a)-(d), respectively. In Fig. 7(a)-(d), the exact DA of 
reduced-order model is the region surrounded by red dash 
curve, and that of full-order model is the region surrounded 
by green solid curve. Note that the precise boundary of ex‐
act DA relies on the calculation of all UEPs and their stable 
manifolds, which is extremely difficult and often inaccurate 
[31]. To address this issue, the time-domain simulation is 
used to sample state variables densely in different state 
planes to depict the rough boundary of exact DA [33], [49].

There are tiny tracking errors between the exact DA of re‐
duced-order model and that of full-order model, which dem‐
onstrates that the reduced-order model and full-order model 
have similar stability characteristics. Hence, we can con‐
clude that the errors between the reduced-order model and 
full-order model of multi-VSC power systems can be almost 
ignored, and the estimated DA of the reduced-order model 
can be regarded as an estimated DA of the full-order model. 
In this way, the dimension of solution space and computa‐
tional burden of DA estimation using SOS-based methods 
can be reduced significantly.

B. Transient Stability Analysis of Multi-VSC Power Systems

Next, we illustrate the effectiveness of EAD algorithm. It 
is noted that the EAD algorithm and expanding interior algo‐
rithm are based on reduced-order model (11), while the time-
domain simulation and numerical energy function using the 
closest UEP method are based on full-order model (3).

Figure 8 compares the estimated DAs with the EAD algo‐
rithm, expanding interior algorithm [32], and numerical ener‐
gy function using the closest UEP method [42] with the ex‐
act DA. Since it is difficult to portray the exact DA in the 
three-dimensional space, Fig. 8(a) - (c) merely compares the 
DAs estimated by the above three methods visualized in the 
{θ21θ31θ41 }, {θ51θ61θ71 }, and {θ81θ91θ(10)1 } spaces, respec‐
tively. The estimated DAs with the EAD algorithm, expand‐
ing interior algorithm, and numerical energy function using 
the closest UEP method are the regions surrounded by blue 
outer surface, green inner surface, and yellow inner surface, 
respectively.

From Fig. 8(a) - (c), we can observe that the EAD algo‐
rithm can provide tighter estimated DA than expanding inte‐
rior algorithm and numerical energy function using the clos‐
est UEP method. This is mainly because the expanding inte‐
rior algorithm requires too many iterative steps based on a 
more rigorous stability theory, whereas the EAD algorithm is 
implemented based on the modified Lyapunov stability theo‐
ry with more relaxed conditions. 
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Fig. 6.　Layout of a modified 10-VSC 39-bus system.

TABLE I
PARAMETERS OF GFM-VSCS IN MODIFIED 10-VSC 39-BUS SYSTEM

GFM-VSC

GFM-VSC 1

GFM-VSC 2

GFM-VSC 3

GFM-VSC 4

GFM-VSC 5

GFM-VSC 6

GFM-VSC 7

GFM-VSC 8

GFM-VSC 9

GFM-VSC 10

Lg (p.u.)

0.0060

0.0697

0.0531

0.0436

0.1320

0.0500

0.0490

0.0570

0.0570

0.0110

LT (p.u.)

0.008

0.010

0.010

0.006

0.008

0.004

0.012

0.010

0.006

0.010

Lline (p.u.)

0.0101

0.0150

0.0100

0.0082

0.0100

0.0103

0.0152

0.0132

0.0096

0.0100

Rline (p.u.)

0.0020

0.0026

0.0022

0.0016

0.0020

0.0016

0.0028

0.0025

0.0018

0.0010

H (s)

3.00

3.03

3.58

2.86

2.60

3.48

2.64

2.43

3.45

3.20

Kd

0.60

0.61

0.72

0.57

0.52

0.70

0.53

0.49

0.69

0.64
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Moreover, numerical energy function using the closest 
UEP method provides the most conservative estimated re‐

sults. In conclusion, the EAD algorithm can provide much 
tighter estimated DA than existing methods.

To further demonstrate the accuracy of EAD algorithm, 
the estimated DAs and exact DA visualized in {θ21θ31 }, 
{θ61θ71 }, and {θ81θ91 } planes are compared in Fig. 8(d)-(f), 
respectively. The DAs estimated by the EAD algorithm, ex‐
panding interior algorithm, and numerical energy function us‐
ing the closest UEP method are the regions surrounded by 
red solid curve, blue solid curve, and magenta solid curve, 
respectively. 

The rough exact DA of full-order model is the region sur‐
rounded by green solid curve, which is obtained from Fig. 
7(a), (c), and (d).

It is shown that the EAD algorithm can also provide bet‐
ter estimated DA than expanding interior algorithm and nu‐
merical energy function using the closest UEP method, 
which is consistent with the results in Fig. 8(a)-(c). Besides, 
the EAD algorithm will not give the optimistic estimated re‐
sults.

Note that local methods such as boundary of stability re‐
gion based controlling unstable equilibrium point (CUEP) 
method may give more accurate estimates than the EAD al‐
gorithm under some faults, but they depend on a specific 
fault and cannot address a group of contingencies. However, 
the EAD algorithm can provide the estimated DA with an en‐
tire boundary. This means that the estimated DA with the 
EAD algorithm is independent of specific faults and has the 
potential to deal with a group of contingencies. As long as 
the initial state of post-fault system (the fault-cleared state) 
is in the estimated DA, the post-fault dynamics are stable, 
and the computation of the entire post-fault trajectory is not 
required. This feature can reduce computational costs on sim‐
ilar dynamics of post-fault systems dramatically.

To further illustrate the accuracy of EAD algorithm, Table 
II compares the exact critical clearing time (CCT) using 
time-domain simulation and  estimated CCT using the above 
three methods, where a three-phase-to-ground fault occurs 
on different buses shown in Table II at t = 0.1 s.

Since exploiting fault-on trajectories can reduce the con‐
servativeness of estimated CCT, we check each state along 
the fault-on dynamics until the value of Lyapunov function 
V (x) at a state x(tc ) reaches the maximum estimated critical 
value, then the corresponding time tc is the estimated 
CCT [50].

As shown in Table II, the EAD algorithm enhances the ac‐
curacy of estimated CCT by about 16.71%, and 48.09% on 
average compared with those with expanding interior algo‐
rithm and numerical energy function using the closest UEP 
method, respectively. 

Such improvement mainly stems from the modified Lyapu‐
nov stability theory with less strict conditions. Among all 
the buses in column 1 of Table II, the estimated CCT for 
buses {6313539} has a high accuracy of over 95%. 

Note that the estimated CCT for bus 39 has the highest ac‐
curacy of 99.29%, whereas the estimated CCT for bus 2 has 
the lowest accuracy of 38.75%, and the average accuracy is 
about 79.02%. These results show the effectiveness of EAD 
algorithm.
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Fig. 7.　 Exact DAs of full-order model and reduced-order model. (a) In 
{θ21θ31 } plane. (b) In {θ41θ51 } plane. (c) In {θ61θ71 } plane. (d) In {θ81θ91 } 
plane.
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C. Influence of Parameters on Transient Stability

According to Remark 3, to ensure the accuracy of the re‐
duced-order model for multi-VSC power systems, parame‐
ters H and Kd of GFM-VSC need to meet conditions 
2Hωb and Kd 2H/ωb. 

To quantitatively provide the conditions of using singular 
perturbation theory, we compare the exact DAs of reduced-
order model and full-order model when parameters H and Kd 
vary. Figure 9(a) - (f) visualizes the exact DAs of full-order 

model and reduced-order model when parameters H and Kd 
vary in the {θ81θ91 } plane. Note that initial parameters H0 
and Kd0 take the values in columns 6 and 7 of Table I, re‐
spectively.

From Fig. 9, it is observed that as the equivalent inertial 
coefficient increases, the difference between the reduced-or‐
der model and full-order model also gradually rises. When 
the inertia emulation coefficient increases to [15H025H0 ] 
that is approximately equal to the inertia coefficient of SG, 
the gap between reduced-order model and full-order model 
is huge and cannot be ignored. In this case, the reduced-or‐
der modeling method based on singular perturbation theory 
will introduce large errors and is no longer suitable. Similarly, 
when the damping coefficient Kd0 decreases below Kd0 /5, the 
reduced-order modeling method will bring large errors as well.

In summary, when Kd >Kd0 /5 and H < 5H0 hold, the accu‐
racy of reduced-order modeling method based on singular 
perturbation theory can be guaranteed.

VI. CONCLUSION 

This paper uses singular perturbation theory to derive the 
reduced-order model of multi-VSC power systems and pres‐
ents an EAD algorithm to estimate the DA with an entire 
boundary. The main conclusions are as follows.

1) The exact DA of reduced-order model presents a nearly 
error-free approximation for that of full-order model when 
parameters H and Kd of GFM-VSC satisfy the conditions 
2Hωb, Kd 2H/ωb, respectively.
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Fig. 8.　Estimated DA with different methods and exact DA. (a) In {θ21θ31θ41 } space. (b) In {θ51θ61θ71 } space. (c) In {θ81θ91θ(10)1 } space. (d) In 
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TABLE II
COMPARISONS OF EXACT CCT UNDER THREE-PHASE-TO-GROUND FAULT OF 

MODIFIED 10-VSC 39-BUS SYSTEM

Bus

2

6

16

19

21

23

31

33

35

39

CCT (s)

Numerical 
energy function

0.123

0.333

0.138

0.125

0.192

0.148

0.476

0.109

0.132

0.161

Expanding 
interior algorithm

0.202

0.964

0.218

0.201

0.336

0.256

1.035

0.216

0.271

0.453

EAD 
algorithm

0.235

1.128

0.282

0.236

0.465

0.326

1.427

0.260

0.347

0.614

Time-domain 
simulation

0.607

1.139

0.521

0.317

0.717

0.414

1.470

0.300

0.357

0.618
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2) Compared with existing global DA estimation methods 
such as expanding interior algorithm and numerical energy 
function using the closest UEP method, the EAD algorithm 
can provide much better estimated DA and CCT. The high‐
est accuracy of estimated CCT can reach 99.29%.

In the future, the following directions will be explored.
1) A more detailed model of multi-VSC power systems 

considering the dynamics of VCL, CCL, and Q-V loop.
2) Robust DA estimation considering uncertain parame‐

ters, including uncertain active power reference, uncertain 
susceptance, and conductance of multi-VSC power systems.
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