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Abstract——High-reliability double-sided ring collector systems 
have been widely implemented in offshore wind farms (OWFs). 
It is challenging to achieve a globally optimal network topology 
and a cable capacity rating for the OWF collector system (CS) 
simultaneously. This paper proposes an optimal collector system 
planning (CSP) method for OWF with double-sided ring topolo‐
gy based on bidirectional flow conservation method to minimize 
cable costs and total power losses. By analyzing the power flow 
direction after faults, all fault scenarios are summarized into 
two fault conditions. The bidirectional flow conservation meth‐
od is developed to reveal the matching mechanism between dif‐
ferent cable sequence positions and their optimal ratings, con‐
sidering the minimal rating requirements. The complex high-di‐
mensional CSP problem, which involves the coupling character‐
istics of different cable parameters and system power flows, is 
convexified by equivalent alternative methods into a mixed-inte‐
ger quadratic programming (MIQP) to guarantee a global opti‐
mal solution within feasible computation time, improving the 
solvability and practicality. The effectiveness of the proposed opti‐
mal CSP method has been validated in MATLAB.

Index Terms——Collector system planning (CSP), offshore wind 
farm, cable capacity rating, network topology, mixed-integer 
quadratic programming (MIQP), power flow.

I. INTRODUCTION 

WIND energy has emerged as a mainstream clean ener‐
gy source, driven by its low life-cycle emissions and 

economic competitiveness [1], [2]. Offshore wind farms 
(OWFs) have attracted considerable global attention com‐

pared with onshore wind farms due to superior wind condi‐
tions and more favorable locations for capturing wind ener‐
gy resources [3]. The global installed capacity of offshore 
wind power has reached 8.8 GW, marking a 16% year-on-
year increase [4]. However, the high investment, operation, 
and maintenance costs associated with OWFs pose signifi‐
cant challenges for the offshore wind power industry.

The costs associated with collector and transmission sys‐
tems typically constitute 20% of the total investment cost in 
OWFs [5]. Collector system planning (CSP) is particularly 
variable, involving decisions on network topology, selection 
of cable type, etc. [6]. CSP also influences the power loss 
and operation costs. Therefore, numerous studies have focused 
on designing an optimal collector system (CS) for OWFs.

Radial topology is a favored choice for offshore wind 
farm collector systems (OWF-CSs) owing to its simplicity 
and low investment costs [7], [8]. In [9], a graph-theoretic 
minimum spanning tree algorithm is used to compute the 
minimum total trenching length of the CS. In [10], a bi-level 
optimization framework is proposed to jointly optimize the 
wind turbine (WT) micro-siting and cabling based on the 
non-dominated sorting genetic algorithm-III and binary parti‐
cle swarm optimization algorithm. To obtain the global opti‐
mal cabling topology, the Benders decomposition algorithm 
is used for the CSP [5], [11]. Large-scale OWFs include 
more than 100 WTs, which make the CSP problem more dif‐
ficult to solve. The mathematical program solver (IBM 
ILOG CPLEX Optimization Studio [12]) is used to solve the 
large and difficult mixed-integer quadratic programming 
(MIQP) problem [13], [14]. However, the radial topology 
fails to ensure the uninterrupted operation of downstream 
WTs in the event of a cable failure within an OWF [15]. 
Due to the transmission distance between offshore and on‐
shore substations, which often exceeds 80 km [16], the mean 
time to restoration is extended, resulting in increased power 
losses.

High-reliability double-sided ring CSs have been commer‐
cialized and widely implemented for long-distance and large-
scale OWFs (e. g., London Array OWF). The sweep and 
Clarke-Wright saving algorithm is introduced to optimize the 
cable topology and minimize investment cost [17]. In [18], 
the single parent genetic algorithm and multiple traveling 
salesman solution technique are integrated and applied. A 
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multi-substation incorporation structure is designed to reduce 
transformer capacity within each substation to enhance eco‐
nomic and reliability benefits for OWFs with multiple substa‐
tions [19]. Moreover, a two-layer hybrid CSP is proposed to 
improve economic efficiency and stabilized outputs of an 
OWF with 160 Vestas 112 3.0 MW WTs [20]. The optimiza‐
tion effects by the heuristic algorithms depend on the initial 
network and algorithmic framework, and the global optimal 
solution cannot be obtained. A global optimal algorithm 
based on an MIQP model is proposed to minimize cabling 
costs and power losses to address this issue [21]. However, 
only one type of cable is considered. The unified rating 
matching leads to excessive flow redundancy and higher in‐
vestment costs.

When planning OWF-CS with a double-sided ring topolo‐
gy, it is common practice to quantify the operation costs 
over the entire service life in terms of network losses. In the 
realm of related research, the DisFlow model has been uti‐
lized, which calculates losses based on the mixed-integer sec‐
ond-order cone programming (MISCOP) and is employed to 
design the optimal CSs with a radial topology structure [22]. 
The DC power model is used to calculate power losses with‐
in single-cable wind farm collection systems [23]. Further‐
more, for single-substation wind farms, a pre-processing 
strategy is integrated into the integer linear programming 
(ILP) to handle the multi-cable applications [24]. However, 
network losses do not directly influence the CSP result.

The cable optimal rating (COR) can be defined as the min‐
imum capacity that can support all its downstream WTs in 
the event of a single-cable fault, which means that the cable 
needs to meet the COR requirements [18]. Figure 1 illus‐
trates the double-sided ring topology of OWF-CS with two 
different rating requirements of cable: one with a unified rat‐
ing requirement of cable and the other with a COR require‐
ment. For the unified rating requirement, all the cables need 
to support all the WTs in the loop. The rating requirements 
of all cables are the same. The COR of each cable is sym‐
metrical in a ring topology and increases as the cable is clos‐
er to the substation [20]. For instance, in Fig. 1(b), if cable 
Br1 fails, the collection route for wind power is Br2-Br3-
Br4-Br5-Br6-Br7-Br8-S, where S denotes the substation. Ca‐
ble Br8 must support 7 WTs, while Br7 needs to support 6 
WTs. Therefore, the COR design can reduce redundancy and 
improve economic efficiency.

The CSP for double-sided ring topology is typically for‐
mulated as a two-dimensional NP-hard capacitated vehicle 
routing problem (CVRP). When the COR is considered, 
three new challenges arise. ① The cable variable will be‐

come a three-dimensional (3D) variable incorporating the 
start point, end point, and cable type. ② The resistor and 
conductance of each cable cannot be predetermined, result‐
ing in power loss being a high-degree function. ③ Cables in 
the same location can be of different types depending on the 
entire OWF-CS topology. The cable type influences invest‐
ment cost, which in turn affects the OWF-CS topology. This 
coupled relationship between cable type and OWF-CS topol‐
ogy further complicates the CSP problem. Therefore, optimal 
CSP is a high-dimensional, high-degree, and strongly cou‐
pled problem, currently lacking a suitable global optimal so‐
lution. The heuristic cable rating matching method [18]-[20], 
which avoids complex mathematical modeling, appears to be 
the first choice and even the only viable choice for the opti‐
mal CSP with double-sided ring topology.

To address the above issues, this paper proposes an opti‐
mal CSP method for OWFs with double-sided ring topology 
based on bidirectional flow conservation method. The main 
contributions of this paper are as follows.

1) An optimal CSP method based on bidirectional flow 
conservation method is proposed to minimize the cable costs 
and total power losses over the service life for OWF-CS 
with the double-sided ring topology. Compared with the tra‐
ditional CSP, the proposed optimal CSP can ensure the theo‐
retically global optimality of the solution and avoid exces‐
sive flow redundancy, thereby improving the economic effi‐
ciency of the OWF.

2) All fault scenarios are first summarized into two fault 
conditions by analyzing the power flow direction after a 
fault. The bidirectional flow conservation method is devel‐
oped to establish the matching rules between the different ca‐
ble sequencing positions and CORs, which can plan the 
OWF-CS topology while satisfying the COR requirements. 
Regardless of the change of OWF-CS topology, the cable 
type can be determined on its sequencing position.

3) The equivalent alternative methods are implemented to 
achieve cable sequencing position and power loss convexifi‐
cation. The complex high-dimensional non-linear problem in‐
volves the coupling characteristics between different cable 
parameters and system power flows, which can be formulat‐
ed as the MIQP for achieving an exact optimal solution with‐
in a feasible computation time, while enhancing solvability 
and practicality.

The remainder of this paper is organized as follows. Sec‐
tion II presents the framework of CSP. Section III outlines 
the bidirectional flow conservation method. Section IV de‐
scribes the CSP formulation. Section V describes the model 
convexification and solution. Section VI discusses case stud‐
ies, followed by the conclusion in Section VII.

II. FRAMEWORK OF CSP

For a practical OWF, the elements including the offshore 
substation, WTs, and cables can be analogous to the depot, 
customer points, and routes of the capacitated vehicle rout‐
ing model [25]. The three-stage planning framework of the 
OWF-CS is illustrated in Fig. 2, including the pre-determinis‐
tic stage, computational stage, and verification stage. The 
planning method can avoid excessive flow redundancy and 
enhance the economic efficiency of the OWF.
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Fig. 1.　Double-sided ring topology of OWF-CS. (a) Unified rating require‐
ment. (b) COR requirement.
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In the pre-deterministic stage, to facilitate maintenance 
and prevent failure expansion [26], the cable length con‐
straints and cable crossing-avoidance (CCA) constraints be‐
tween medium-voltage (MV) and high-voltage (HV) cables 
can be predefined. Cables that violate these constraints are 
considered non-candidate cables and are addressed to reduce 
topological connection variables, which will be detailed in 
Section IV-C.

In the computational stage, the CVRP, cable sequencing, 
and power flow constraints, and the investment and opera‐
tion cost functions are formulated into the MIQP model. The 
bidirectional flow conservation method is developed to real‐
ize matching between cables and their COR, and obtain the 
most economical solution. The investment and operation cost 
functions are convexified using equivalence alternative meth‐
ods. The output power of each WT is calculated based on 
the wake model and wind rose diagram to determine the 
power flow of the OWF-CS.

The number of CCA constraints associated with MV-MV 
cables is significant, so these constraints are treated as evalu‐
ation criteria in the verification stage to avoid extended mod‐
elling time. If cable crossings occur in the optimization re‐
sult, the corresponding CCA constraints are added to recalcu‐
late the CSP problem.

III. BIDIRECTIONAL FLOW CONSERVATION METHOD

The model of flow conservation [27] is widely studied 
and applied in the topology reconfiguration of radial distribu‐
tion networks [28] and the topology planning of radial wind 
farm CS [29]. The flow conservation model not only ensures 
the radial structure of the network, but also calculates the 
flow of each cable. Unlike the fixed unidirectional power 
flow in radial networks, which flows from the feeder end to‐
wards the substation, the power flow direction in ring topolo‐
gy changes based on the location of the fault point. There‐
fore, a new model is needed for ring topology to ensure that 
each cable can support all its downstream WTs in the event 

of any single-cable fault.

A. The Maximum Sequencing Position of Cable

In a ring topology, when a cable fails, the circuit breakers 
at both ends of the cable operate to isolate the fault [23]. 
The network operates in a radial topology structure after 
fault isolation. The sequencing position of a cable is defined 
as the number of downstream WTs that it must support. For 
example, if cable Br8 fails, Br1 has 7 downstream WTs, and 
Br2 has 6. On the other hand, if cable Br7 fails, Br2 has 5 
downstream WTs, and Br8 has 1. The maximum sequencing 
position of a cable is the highest sequencing position that 
the cable attains in all fault scenarios. By making sure that 
the rating of each cable is equal to its maximum sequencing 
position, it can be ensured that each cable can support all its 
downstream WTs in the case of any single-cable fault.

Analysis through all examples shows that only when the 
cables connected to the substation fail may the cables have 
the maximum sequencing position. Therefore, it is only nec‐
essary to discuss two fault conditions. Assuming the cable 
Br1 fails, the sequencing position of cable Br1 is 0; while 
for cable Br8, it is 7. Conversely, if the cable Br8 fails, the 
sequencing position of cable Br1 is 7; while for cable Br7, it 
is 0. This maximum sequencing position of cables Br1 and 
Br2 is 7. The maximum sequencing position of each cable 
can directly correspond to its COR requirement.

B. Illustration of Bidirectional Flow Conservation Method

As illustrated in Fig. 3, assuming that the positive direc‐
tion of virtual power flow is clockwise and the output power 
of a WT is 1, (1) and (2) indicate that the power flowing out 
of it is one more than that flowing into it for each WT i in 
the positive and negative directions, respectively. The posi‐
tive and negative sequencing positions refer to the sequenc‐
ing position of each cable when Br1 and Br8 fail, respective‐
ly. k is a positive integer from 0 to |ϕSe |, which represents 
the value of the cable sequencing position. For each cable 
(i j), wk

ij = 1 indicates that the sequencing position is k in the 
positive direction, while vk

ij = 1 indicates that the sequence po‐
sition is k in the negative direction. For cable Br3, w2

23 and 
v5

23 are equal to 1, while wk ¹ 2
ij  and vk ¹ 5

ij  are equal to 0. The 
maximum sequencing position of cable (2 3) Lmax

se23 is equal 
to 5, and the COR of cable (2 3) is equal to 5 WTs. There‐
fore, each cable can match with its maximum sequencing po‐
sition and meet the COR requirement. Equation (3) defines 
the number of the cable sequencing positions |ϕSe |. For ex‐
ample, if the capacity of a WT PWT is 5 MW and the maxi‐
mum cable rating P max

Ca  is 39.4 MW, then |ϕSe | is 7, which 
means that the cable with the maximum rating supports up 
to 7 WTs. Equation (4) indicates the expression of maximum 
sequencing position of each cable.

∑
(ij)Î ϕ L

∑
k = 1

||ϕSe

kwk
ij - ∑

(ij)Î ϕ L

∑
k = 1

||ϕSe

kwk
ji = 1 (1)

∑
(ij)Î ϕ L

∑
k = 1

||ϕSe

kvk
ji - ∑

(ij)Î ϕ L

∑
k = 1

||ϕSe

kvk
ij = 1 (2)

|ϕSe | = ë ûP max
Ca /PWT (3)
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Fig. 2.　Three-stage planning framework of OWF-CS.
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Lmax
seij = ∑

khÎ ϕSe

max(kh)wk
ijv

h
ij (4)

where ϕSe and ϕL are the sets of cable maximum sequencing 
positions and cables, respectively; Lmax

seij is the maximum se‐
quencing position of cable (i j); and ëû·  denotes the lower 
bound.

IV. CSP FORMULATION 

A. Cost Function

Define a weighted graph G = (ϕN ϕL ϕSe ), where ϕN =
{ϕS ϕWT }, and ϕN, ϕS, ϕWT are the sets of nodes, substation 
nodes, and WT nodes, respectively. The total objective func‐
tion of OWF-CS includes investment costs and operation 
costs. The constraints of the CSP problem include the 
CVRP, sequencing position, and 3D DC power flow con‐
straints. The nonconvex nonlinear terms in the objective 
function and constraints are convexified to formulate the 
CSP problem into a standard MIQP function.

1) Objective 1: the first objective is to minimize the in‐
vestment cost finv, which is a function of cable length and ca‐
ble type.

finv = ∑
(ij)Î ϕL

( )∑
khÎ ϕSe

wk
ijv

h
ijc

max(kh)
ij Dij    "ijÎ ϕN (5)

where cmax(kh)
ij  is the cost of cable (i j) with the maximum se‐

quencing position k or h; and Dij is the distance of cable 
(i j).

2) Objective 2: the second objective is to minimize the op‐
eration cost floss, which is the function of the power loss.

floss = ∑
(ij)Î ϕL

( )∑
khÎ ϕSe

wk
ijv

h
ijr

max(kh)
ij P 2

ij Dij    "ijÎ ϕN (6)

where r max(kh)
ij  is the resistance of cable (i j) with the maxi‐

mum sequencing position k or h; and Pij is the power flow 
in cable (i j). As the voltage amplitude of each node can be 
regarded as 1 p. u. in the CSP, the current of each cable is 
equal to the power, thus the power loss P loss

ij  can be approxi‐
mately expressed as rij P

2
ij [21].

By combining (5) and (6), the cost function is expressed 
as:

min
ì
í
î

ü
ý
þ

f inv +∑
t = 1

T 1
(1 + r)t

hyearcloss f loss (7)

where closs = 120 $/MWh is the electricity price; T = 20 years 
is the planning time period; r = 0.08 is the discount rate; and 
hyear = 8760 is the total number of hours in a year.

B. Constraints

1)　CVRP Constraints
The basic CVRP constraints are that each customer point 

must be visited only once, and the route of each vehicle 
must start at the depot and end at the depot. The CSP also 
needs to meet the above constraints.∑

(si)Î ϕL

xsi =m    "iÎ ϕWT"sÎ ϕS (8)

∑
( js)Î ϕ L

xjs =m    "jÎ ϕWT"sÎ ϕS (9)

where xij is the binary variable of cable (i j); and m is the 
number of loops. Equations (8) and (9) represent that the 
numbers of outflow cables of substation node and the num‐
ber of inflow cables of substation node are equal to m, re‐
spectively.

m ³ é ùN WT/ ë ûP max
Ca /PWT (10)

where N WT is the total number of WTs; P max
Ca  is the maxi‐

mum rated power of all optional cables; and éù·  denotes the 
upper bound. PWT is obtained by a typical wind power case 
using the fuzzy c-means (FCM) algorithm. Equation (10) 
can improve the convergence by defining the minimum val‐
ue of m. For example, the number of loops should not be 
less than 5 for an OWF comprising 30 WTs, each with a ca‐
pacity of 5 MW and a maximum cable rating of 39.4 MW.∑

(ij)Î ϕL

xij = 1    "ijÎ ϕWT (11)

∑
(ij)Î ϕL

xji = 1    "ijÎ ϕWT (12)

Equations (11) and (12) represent that the outflow and in‐
flow cables of each WT node are equal to 1, respectively, to 
guarantee the ring topology of the CS.

ui - uj + 1 £ ë ûP max
Ca /PWT (1 - xij )    "ijÎ ϕN (13)

where ui is the order of WT i on the cable, with the trans‐
former as the starting point. Equation (13) is known as the 
Miller-Tucker-Zemlin (MTZ) [30] formulation constraint to 
eliminate the subtours, which can also limit the number of 
WTs in a ring.
2)　Cable Sequencing Constraints

The cable sequencing constraints (14)-(17) are the original 
constraints for CSP to ensure that each cable autonomously 
matches its maximum sequencing position and meet the 
COR requirement.

(1) (2) (14)

∑
kÎ ϕSe

wk
ij = xij    "(ij)Î ϕL (15)

∑
kÎ ϕSe

vk
ij = xij    "(ij)Î ϕL (16)

∑
khÎ ϕSe

wk
ijv

h
ij = xij    "(ij)Î ϕL (17)

Equations (15) - (17) represent that if a cable exists be‐
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Fig. 3.　Bidirectional flow conservation method.
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tween two WTs, then only one positive and negative se‐
quencing position exists.
3)　3D DC Plow Flow Constraints

The DC power flow model has linearized the voltage 
phase angle with respect to the active power. The optimal 
power flow for minimizing the power losses can be directly 
solved based on the MIQP when considering the unified rat‐
ing matching. However, the CSP with autonomous cable rat‐
ing matching cannot be directly calculated by using the 
above method. The 3D DC power flow model for OWF is 
established as:

(26)-(29) (18)

θs = 0    "sÎ ϕS (19)

θmin £ θi £ θmax    "iÎ ϕWT (20)

where θi is the voltage phase angle of WT i. Equation (19) 
and (20) are the voltage phase angle constraints. Equation 
(19) denotes that the substation node is the slack node. Equa‐
tion (20) denotes that the phase angle remains within a feasi‐
ble range. ∑

(ij)Î ϕL

Pij =P WT
i + αi    "ijÎ ϕWT (21)

| Pij | £Mxij    "(ij)Î ϕL (22)

|

|

|
||
|
|
||

|

|
||
|
|
| ( )∑

khÎ ϕSe

wk
ijv

h
ij B

max(kh)
ij Dij (θ j - θi )-Pij £(1 - xij )M    "(ij)Î ϕL

(23)

where αiÎ[00.01] is the relaxing factor for the power bal‐
ance at each WT node; M is a large number; and Bmax(kh)

ij  is 
the conductance of cable (i j) with the maximum sequencing 
position. Equations (21) and (22) are the constraints on the 
power collected on the cables. Equation (21) denotes the 
power balance at each WT node; (22) denotes that the power 
remains within a feasible range; and (23) defines the relation‐
ship between the voltage phase angle of WT and the active 
power collected in cable (i j) (xij = 1) with the big-M meth‐
od. If xij = 0, the active power is independent of the voltage 
phase angle.

C. Rationality Model of MV Cable Route

1)　Cable Crossing-avoidance Constraints
Cables can be regarded as line segments. If two line seg‐

ments intersect at any point other than their endpoints, the 
two cables have crossed. Assuming that xij and xmn represent 
a set of crossing cable pairs (CCPs), the CCA constraint can 
be expressed as [20]:

xij + xji + xmn + xnm £ 1    "(ijmn)Î ϕCCP (24)

where ϕCCP is the set of CCPs.
2)　Cable Length Constraints

The maximum connection distance Dmax is defined to limit 
the cable length between two WTs, e. g., cables crossing 
more than 3 WTs. The cable length constraints can be ex‐
pressed as:

xij = 0    "Dij ³Dmax (25)

Figure 4 displays the route rationality model of the MV 

cable in the pre-deterministic stage. MV cables with length 
exceeding the maximum connection distance or those 
crossed with HV cables are considered non-candidate cables 
to reduce topological connection variables and save computa‐
tional time.

D. Wake Effect Model and Wind Power Calculation

The wake effect, originating from WT-atmosphere interac‐
tions, has long-term impacts on power loss and operation 
costs of the OWF [1]. The wake effect has been considered 
in some heuristic algorithms [10], [19], [31] to improve the 
applicability of CSP to the real-world OWF. The Jensen 
wake model is widely used to calculate the wind speed at 
each WT because it is fast and meets engineering accuracy 
requirements [32].
1)　Jensen Wake Model

The Jensen wake model is described as:

é
ë
êêêê ù

û
úúúúX

Y
= é

ë
êêêê ù

û
úúúúcos θWD sin θWD

-sin θWD cos θWD

é
ë
êêêê

ù
û
úúúú

x
y (26)

vij = vi

é

ë

ê
êê
ê
ê
ê
1 - 1 -Cti (1 + αDij

R ) -2
Aij

s

A0

ù

û

ú
úú
ú
ú
ú

    "ijÎ ϕWT (27)

vj = v2
0 -∑

jÎΓi

(v2
i - v2

ij )     "ijÎ ϕWT (28)

where x and y are the coordinates in x-y plane; X and Y are 
the coordinates in X-Y plane; vi is the wind speed of WT i; 
Cti is the thrust coefficient of WT i; α is the wake expan‐
sion coefficient; R is the rotor radius of WT; A0 = πR2 is the 
rotor swept area; Aij

s  is the wake shadow area of WT i 
caused by WT j; θWD is the angle between x-axis and X-axis; 
Γ i is the set of WTs that have wake effect on WT i; and v0 
is the freestream wind speed. Equation (26) decomposes a 
given wind direction into the X-axis and Y-axis; (27) de‐
scribes the effect of WT i on the wind speed of WT j; and 
(28) denotes the wake superposition model. The wind speed 
of each downstream WT is affected by multiple upstream 
WTs.
2)　Wind Power Calculation

PWT (v)=

ì

í

î

ï
ïï
ï

ï
ïï
ï

0                               v £ vinv > vout

1
2
ρA0Cpmaxv3η    vin < v £ vr

P WT
r                          vr < v £ vout

(29)

where v, vin, vr, and vout are the current, cut-in, rated, and cut-
out wind speeds of WTs, respectively; ρ, Cpmax, and η are 
the air density, wind power utilization factor, and WT gener‐
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Fig. 4.　Route rationality model of MV cable.
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ator efficiency, respectively; and PWT and P WT
r  are the output 

active power and rated active power of the WT, respectively. 
Equation (29) denotes the segmented wind power curve of a 
WT.

Based on the historical wind speed and direction data of 
the OWF, the output power of all WTs can be calculated us‐
ing (26) - (29). To reduce computational burden, a typical 
wind power case is derived using a weighting method or the 
FCM algorithm as a proxy for calculating the output power 
of the WT over the service life of the OWF.

V. MODEL CONVEXIFICATION AND SOLUTION

After considering the COR requirements for CSP, the 
above optimization planning model includes one binary vari‐
able with another multiplication term of binary variable, ac‐
cumulated multiple binary variables with a multiplication 
term of continuous variable, and even accumulated multiple 
binary variables with a quadratic multiplication term of con‐
tinuous variable. Therefore, it is essential to implement the 
equivalence alternative methods to convexify the non-convex 
objective functions and constraints and guarantee the accura‐
cy and solvability of the solution process.

A. Convexification of the Maximum Sequencing Position

The expression of the maximum sequencing position of  
cable related to the positive and negative sequencing posi‐
tion is nonlinear. Define a binary auxiliary variable yl

ij =wk
ijv

h
ij, 

which is the element of a 3D matrix with size of (N S +
N WT )´(N S +N WT )´N T, where N S, N WT, and N T are the num‐
bers of substations, WTs, and cable types, respectivley.

ì

í

î

ïïïï

ï
ïï
ï

yl
ij £wk

ij

yl
ij £ vh

ij

yl
ij ³wk

ij + vh
ij - 1

    "khÎ ϕSe"lÎ ϕ l (30)

|

|

|
||
|
|
| ( ∑

lÎ ϕ lkhÎ ϕSe

yl
ij B

max(kh)
ij Dij ) (θ j - θi )-Pij + δ

l
ij

|

|

|
||
|
|
|
£(1 - xij )M

"(ij)Î ϕL(31)

where ϕ l and δij are the auxiliary variable and the relaxing 
factor of cable (i j) for the branch power flow equation. 
Equation (30) linearizes the multiplication term. Equations 
(5) and (17) can also be converted to a linear expression. 
Equation (23) is converted to (31). The CSP problem re‐
mains non-convex when considering the power loss over the 
service life of OWF.

B. Convexification of Power Loss

Since the resistance and conductance of the cable are relat‐
ed to the maximum sequencing position, the power loss is a 
quintic function of both the maximum sequencing position 
of the cable and the voltage phase angle of the WT. A 
straightforward approach is to introduce four new variables 
to successively transform the quintic function into a linear 
function. Nevertheless, this gives rise to circular nesting, 
which in turn leads to an excessive amount of modelling ef‐
fort and computation time. In some cases, it may even ren‐
der the problem intractable.

To address the above issues, we multiply both sides of 
(29) simultaneously by the square root of the cable resis‐
tance to derive (32) and (33).

P loss
ij = ( ∑khÎ ϕSe

yl
ij r max(kh)

ij ) Pij (32)

P loss
ij = ( ∑khÎ ϕSe

yl
ij r max(kh)

ij ) ( ∑khÎ ϕSe

yl
ij B

max(kh)
ij Dij ) (θ j - θi )

(33)

where P loss  is an auxiliary continuous variable, denoting 
the square root of power loss.

The linear relationship between the square root of the 
power loss with respect to θ and y is established for each ca‐
ble and its maximum sequencing position by:

r max(kh)
ij Bmax(kh)

ij Dij (θ j - θi )-M (1 - yl
ij )+ σ

l
ij £ P loss

ij £

r max(kh)
ij Bmax(kh)

ij Dij (θ j - θi )+M (1 - yl
ij )+ σ

l
ij (34)

where σij is the relaxing factor of cable (i, j) for the square 
root of the branch power loss equation.

C. Solution Method for CSP

The convexified objective function can be expressed as:

finv = ∑
(ij)Î ϕL

( )∑
khÎ ϕSe

yl
ijc

max(kh)
ij Dij    "ijÎ ϕN"lÎ ϕ l (35)

floss = ∑
(ij)Î ϕL

( )P loss
ij

2

    "ijÎ ϕN (36)

frel =M∑(δl
ij + σ

l
ij )    "iÎ ϕWT (ij)Î ϕLlÎ ϕ l (37)

Equations (35) and (36) represent the convexified invest‐
ment cost and convexified operation cost, respectively.

Therefore, the compact form of the CSP solution method 
can be expressed as:

min{(7), (35)-(37)} (38)

s.t.

(8)-(22), (24)-(25), (30)-(34) (39)

The MIQP model can be solved by using the mathemati‐
cal program solver Gurobi [33].

D. Reliability Assessment for Radial Topology

In a radial topology, if a submarine cable fails, all the 
WTs located downstream will be cut off from the grid. As a 
result, it is necessary to factor in reliability indicators when 
dealing with a radial network. The reliability of a radial to‐
pology is also assessed by computing the cost of the expect‐
ed energy not generated (EENG). This computation takes in‐
to account the probability of outages and the mean time to 
repair (MTTR) of the submarine cable, which can be defined 
as:

fEENG = closs ×MTTR × T × fr × ∑
(ij)Î ϕ L

Dij xij Pij    "ijÎ ϕ N (40)

where fEENG is the cost of EENG; MTTR = 1440 is the mean 
time to repair; T is the service life of OWF; and fr = 0.00917 
is the failure rate of submarine cables in the OWF.
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E. Verification and Calculation of Short-circuit Current

There are two reasons for the significant increase in cur‐
rent during the fault. ① The reactive power is injected from 
WTs. ② The equivalent impedance between the short-circuit 
point and the power source will decrease. Therefore, it is of 
great significance to consider the short-circuit current in 
fault scenarios [34].

Equation (41) takes into account the increase in the output 
current of the WTs and is used to calculate the voltage at the 
WT nodes after the fault. Equation (42) is used to calculate 
the increased current output of the WTs after the fault. First, 
define the increment of the output current of all WTs as 0, 
substitute it into (41), and then substitute the node voltage 
solved by (41) into (42). Keep iterating until the voltage dif‐
ference calculated by the voltages of the two consecutive it‐
erations is less than 0.001. Substitute the converged current 
increment into (43), and the short-circuit current can be cal‐
culated.

U(1)kWj =
UkW0 j

3
- Zij( cUn

3 Zii

+
1
Zii
∑

jÎ ϕWT

ZijDI(1)kWj ) +∑
mÎ ϕWT

ZmjDI(1)kWm (41)
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Ik = 3 ( 1.5Un

3 Zii

+
1
Zii
∑

jÎ ϕWT

ZijDI(1)kWj ) (43)

where c is the voltage coefficient; U(1)kWj and UkW0 j are the 

voltage magnitudes of the jth WT after and before the fault, 
respectively; U(1)kW is the voltage magnitude after the fault; 
Un is the rated voltage; Zij is the magnitude of the element 
in the ith row and jth column of the nodal impedance matrix; 
DI(1)kWj is the positive-sequence current increment magnitude 
of the jth WT before and after the fault; Dİ(1)kW is the positive-
sequence current increment before and after the fault; Pref0 
and Qref0 are the reference values of the active and reactive 
power output before the fault, respectively; K(1)L is the posi‐
tive-sequence reactive current coefficient, usually with a val‐
ue range of 1.0-3.0; UL1 and UL2 are the voltage thresholds 
for entering the low voltage ride-through control state and 
the voltage reference value for calculating the low voltage 
ride-through reactive current, respectively, usually taken as 
0.9 times the rated voltage; SN and IN are the rated capacity 
and current of the WT, respectively; I(1)dref and I(1)qref are the 
reference values of the post-fault d- and q-axis positive-se‐
quence currents, respectively; Imax is the maximum allowable 
output current value; and Ik is the short-circuit current.

VI. CASE STUDY

A. Test Systems

The OWF-CS is implemented using Gurobi and MATLAB 
R2019a with an Intel Core i7-12700F 2.10 GHz CPU and 
32 GB RAM processor. Three test systems, namely 20-, 30-, 
and 42-WT OWFs, are derived by adapting the Saint-Brieuc 
OWF [35]. The real historical wind rose diagram in 2023 at 
Cape San Martin (55 NM West NW of Morro Bay) is depict‐
ed in Fig. 5, where the abbreviations such as N, NNE, and 
NE around the circle indicate the 16 wind directions; and 
the percentile values indicate the frequency of wind speed. 
Table I describes the detailed steps of CSP solution method.

Table II outlines the specifications of 33 kV aluminum 
cross linked polyethylene (XLPE) cables, including cross-
sectional areas ranging from 70 to 630 mm² and their corre‐
sponding rated capacity, resistance, inductance, and cost 
[36]. The thrust coefficient of each WT Cti, wake expansion 
coefficient α, air density ρ, wind power utilization factor 
Cpmax, and WT generator efficiency η are set to be 0.8, 0.04, 
1.2231 kg/m3, 0.46, and 0.0944, respectively. Table III dis‐
plays the parameters of WTs with capacities of 5 MW and 
6.25 MW [37]. The base voltage is 33 kV, and the base pow‐
er is set according to the WT capacity.

B. Comparison Analysis of Different Planning Methods

Three cases are used to compare different planning meth‐
ods. In Cases a-c, the OWF-CS test systems with 20, 30, 
and 42 WTs are used. Four different planning methods are 
used: ① MIQP method to construct the radial topology, ② 
sweep + Clark and Wright saving algorithm (CW) [19] and 
ant colony optimization (ACO) [38] (CW/ACO) method, ③ 
CSP with unified rating requirements (method without 
COR), and ④ the proposed optimal CSP method.

The sweep algorithm divides the WTs into clusters coun‐
terclockwise from the direction of the HV cable to prevent 
cable crossings [19]. CW and ACO are heuristic for solving 
the VPR problem and are applied to CSP. The method with‐
out COR [21] is also compared with the proposed optimal 
CSP method.
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Fig. 5.　Wind rose diagram in 2023 at Cape San Martin.
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Table IV displays the economic comparison of OWF-CS 
test systems with 20, 30, and 42 WTs. The radial topology 
constructed by MIQP method features a simple and straight‐
forward connection pattern. Although the investment costs of 
the radial topology account for only 45%-48% of those of 
the ring topology, the radial topology incurs higher operation 
costs and also generates the EENG costs. In the OWF-CS 

test systems with 20, 30, and 42 WTs, the total cost of the 
radial topology is 1.9%, 3.9%, and 25.9% higher than those 
of the ring topology, respectively. As the scale of the test 
system increases, the advantages of the ring topology be‐
come more prominent. This is because cable failures will 
have a greater impact on the wind farm. The costs of CW 
and ACO are the same, with CW having a shorter solution 
time. Compared with the two heuristic methods, the invest‐
ment costs of the proposed optimal CSP method are saved 
by 9.92%, 9.40%, and 2.37% for the test systems with 20, 
30, and 42 WTs, respectively; and the total costs of the pro‐
posed optimal CSP method are saved by 9.45%, 8.89%, and 
1.76%. The economic similarity between the proposed opti‐
mal CSP method and the two heuristic methods in the OWF-
CS test system with 42 WTs can be attributed to its superior 
effectiveness of sweep partitioning. Compared with the meth‐
od without COR, the investment costs of proposed optimal 
CSP method are saved by 18.57%, 13.55%, and 9.27% for 
the test systems with 20, 30 and 42 WTs, respectively. The 
proposed method outperforms heuristic methods and the 
method without COR in terms of investment costs and total 
costs. Although the proposed method has a longer calcula‐
tion time, it is acceptable for the CSP problem. The gap for 
test system with 20 WTs is 0, indicating that a globally opti‐
mal solution is determined to be found. The gaps for 30 and 
42 WTs are 4.72% and 7.21%, respectively. It is worth men‐
tioning that even if the gap is not 0, the solution may be 
globally optimal.

Figure 6 displays the planning topology results using dif‐
ferent methods. The maximum connection distances Dmax of 
OWF-CS test systems with 20, 30, and 42 WTs are 1.5 km, 
1.7 km, and 4.0 km, respectively. The WT capacities of 
OWFs with 20, 30, 42 WTs are 5 MW, 5 MW, and 6.25 
MW, respectively. The characteristics of the MIQP method 
lie in that the connection method is simple and straightfor‐
ward, and the required cross-sectional area of the cables is 
relatively smaller. The ring topology has enough redundancy. 
Even if a certain section of the cable fails, electricity can 
still be transmitted through other parts. By comparing the to‐

TABLE IV
ECONOMIC COMPARISON OF OWF-CS TEST SYSTEMS WITH 20, 30, AND 42 

WTS

Number 
of WTs

20

30

42

Method

MIQP

Sweep +CW/ACO

Without COR

Proposed

MIQP

Sweep +CW/ACO

Without COR

Proposed

MIQP

Sweep +CW/ACO

Without COR

Proposed

Investment
cost (k$)

868.8

1780.8

1969.9

1604.1

1774.9

3691.3

3868.4

3330.7

4660.7

9151.6

9847.3

8934.8

Operation
cost (k$)

346.5

103.4

79.6

102.1

760.5

233.5

189.3

238.9

3929.2

1158.9

1052.1

1194.6

EENG
(k$)

546.0

0

0

0

1185.1

0

0

0

5080.3

0

0

0

Total
cost (k$)

1761.26

1884.24

2049.47

1706.17

3720.49

3924.78

4057.72

3569.60

13670.20

10310.50

10899.40

10129.40

TABLE II
SPECIFICATIONS OF 33 KV ALUMINUM XLPE CABLES

Cross-sectional area 
(mm2)

70 (3-core MV)

95 (3-core MV)

150 (3-core MV)

185(3-core MV)

240 (3-core MV)

300 (3-core MV)

400 (3-core MV)

500 (single-core MV)

630 (single-core MV)

0.5 s short 
current (kA)

9.35

12.70

20.04

24.72

32.07

40.08

53.44

66.81

84.17

Rated capacity
(MVA)

11.1

13.1

16.6

18.9

21.7

24.3

27.4

34.9

39.4

R (Ω/
km)

0.568

0.410

0.265

0.211

0.161

0.129

0.102

0.080

0.063

X (Ω/
km)

0.129

0.122

0.114

0.110

0.106

0.102

0.098

0.104

0.100

Cost 
($/m)

64

71

87

96

103

109

114

121

131

TABLE I
DETAILED STEPS OF CSP SOLUTION METHOD

Step

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Description

Initialize: acquire information about the offshore substation lo‐
cation, location of HV cables, WT locations, WT capacities, 
cable types, and the wind rose diagram of the OWF. Use a 
binary varaible cross_cable = 1 to indicate cable crossing.

Calculate the wind speed at each WT using the wake model 
and the wind rose diagrams. Employ the FCM algorithm to 
obtain a typical wind scenario, which serves as a substitute 
for calculating the WT output power throughout the service 
life of OWF.

while cross_cable = 1 do

Define reference power, reference voltage, and cable length 
constraints. Define binary variables such as x, w, v, integer 
variables such as u, m, and continuous variables such as P, θ.

Calculate the distance matrix and the node conductance matrix. 
Reduce the topological connection variables in the pre-deter‐
ministic stage.

In the computational stage, the optimization result can be ob‐
tained based on the MIQP with the objective (38) and con‐
straint (39).

if no cable crossing situation in verification stage and the verifi‐
cation of the short-circuit current is successful then

cross_cable = 0 
     Output the optimal topology, investment, and operation    

costs.
else
      Add the constraints of cable crossing situation to computa‐

tional stage.
end if

end while

TABLE III
PARAMETERS OF WT WITH CAPACITIES OF 5 MW AND 6.25 MW

WT capacity (MVA)

5.00

6.25

Rotor radius (m)

63.0

85.5

vin (m/s)

3.0

2.5

vr (m/s)

11.4

10.2

vout (m/s)

25

24
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pologies among the three test systems, it can be observed 
that the test system with 42 WTs has the highest similarity 
and the most effective sweep partitioning. The sweep parti‐
tions of WTs 18, 26, 35, 24, and 37 deviate from the pro‐
posed optimal CSP method. In the OWF with 42 WFs, since 
the total number of WTs in the OWF is divisible by the max‐

imum number of WTs that a feeder can accommodate, the to‐
pological results obtained by the sweep method and the pro‐
posed method are similar. Additionally, there are no instanc‐
es of excessively long cables as observed in the test system 
with 20 WTs with the cable S-WT5 or the test system with 
30 WTs with the cable WT21-WT25.

C. Discussion on Power Loss Function

The topology with 20 WTs without considering power 
loss (refered to as “method without loss”) is shown in Fig. 

7. The investment and operation costs of the proposed opti‐
mal CSP method in OWF-CS test system with 20 WTs are 
1602.1 k$ and 114.28 k$, respectively. Although the invest‐
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Fig. 6.　Planning topology results obtained using different methods. (a) 20 WTs using MIQP method. (b) 30 WTs using MIQP method. (c) 42 WTs using 
MIQP method. (d) 20 WTs using sweep +CW/ACO method. (e) 30 WTs using sweep +CW/ACO method. (f) 42 WTs using sweep +CW/ACO method. (g) 
20 WTs using method without COR. (h) 30 WTs using method without COR. (i) 42 WTs using method without COR. (j) 20 WTs using proposed optimal 
CSP method. (k) 30 WTs OWF using proposed optimal CSP method. (l) 42 WTs using proposed optimal CSP method.
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ment costs of the proposed optimal CSP method are higher 
by 0.12% than the method without loss in the OWF-CS test 
system with 20 WTs, the total cost of the proposed optimal 
CSP method is saved by 0.59%. The topology and costs for 
the OWF-CS test systems with 30 and 42 WTs using the 
method without loss are the same as those obtained using 
the proposed optimal CSP method, as shown in Fig. 6(f) and 
(i). Consequently, topology diagrams are not presented. The 
computation time of the proposed optimal CSP method in 
OWF-CS test systems with 20, 30, 42 WTs are 29987 s, 
36000 s, 54000 s, respectively.

However, the computation time of the method without 
loss in OWF-CS test systems with 20, 30, and 42 WTs are 
81.6 s, 292.9 s, and 2553.9 s, respectively. The gaps in 
OWF-CS test systems with 20, 30, and 42 WTs are 0. The 
investment and operation costs are not inherently antagonis‐
tic. An escalation in one does not inexorably result in a dimi‐
nution of the other. It is essential to conduct a comprehen‐
sive assessment of the proportion of operation costs to total 
costs, the required computation time, and the required com‐
putational accuracy to determine whether to include or ex‐
clude the quadratic term of network losses.

D. Results of Verification Stage

The voltage of the HV cable is 132 kV, and the distance 
from the shore is 20 km. The resistance and the reactance of 
the cable are 0.0212 Ω/km and 0.117 Ω/km, respectively 
[37]. The positive-sequence reactive current coefficient K(1)L 
is set to be 1.5. The maximum allowable output current Imax 
is set to be 1.5. UL1 and UL2 are both set to be 0.9. In the  
OWF-CS test systems with 20, 30, and 42 WTs, assuming 
that a three-phase-to-ground short circuit occurs, the short-
circuit current is calculated. The results show that when the 
short circuit occurs at cable S8, S15, and S17, respectively, 
the short-circuit currents are the largest, and the maximum 
short-circuit currents are 5.03, 4.98, and 4.71 kA, respective‐
ly. There is an inverse relationship between cable length and 
short-circuit current. A shorter cable has lower resistance, 
which results in a higher magnitude of the short-circuit cur‐

rent of the cable. The currents of all cables during the short 
circuit do not exceed their rated short-circuit currents. There‐
fore, as long as the circuit breaker ensures that the faulty ca‐
ble is cut off within 0.5 s [15], the above three systems will 
be able to successfully ride through the fault.

E. Approximation Error of Power Losses

In the realm of OWF-CSP, the linear DC flow model is 
used to calculate network losses, which may not be suffi‐
ciently accurate. The effectiveness and accuracy of the DC 
power flow model in calculating network losses need to be 
evaluated. The non-convexity AC power flow model is for‐
mulated in MATPOWER [39], with the reactive power from 
all WTs set to be zero. Then, the calculation errors of opera‐
tion costs between the proposed optimal CSP method and the 
benchmark are compared. The results are presented in Table V.

When the DC power flow model is employed in the pro‐
posed optimal CSP method, and the approximated operation 
costs are incorporated into the objective function, the errors 
in operation costs for the OWF-CS test systems with 20, 30, 
and 42 WTs are determined to be 1.01%, 1.79%, and 0.20%, 
respectively. Such minimal error values are considered negligi‐
ble in the planning stage. Considering that the non-convexity 
of the AC power flow model and the associated computational 
burden in the optimization process are taken into account, the 
DC power flow model is reasonably adopted in the CSP.

F. Economic Results with Fully Linear AC Power Flow Mod‐
el

The fully linear AC power flow is often applied in the op‐
eration stage after the planning. Compared with the method 
based on the DC power flow, using the fully linear AC pow‐
er flow model can obtain more accurate total transfer capa‐
bility values to evaluate the reliability of power transactions 
[40]. In the subsequent safety operations of the wind farm, 
the grid code requirements for reactive power need to be 
met. Therefore, the results of the fully linear AC power flow 
equations are supplemented and discussed. In the model, the 
influences of both active power and reactive power on the 
voltage magnitude and phase angle are taken into account. 
After the fully AC power flow equations for the planning of 
OWF-CSs are established, the model is convexified to linear‐
ize the calculation expressions of network losses in the same 
way as the convexification method for the DC power flow 
model, and this problem is also transformed into an MIQP 
problem.

The results of the MIQP problem based on the fully linear 
AC power flow model for the OWF-CS test systems with 
20, 30, and 42 WTs after running for 36000 s are obtained, 
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Fig. 7.　Topology of OWF-CS test system with 20 WTs using method with‐
out loss.

TABLE V
CALCULATION ERRORS OF OPERATION COSTS BETWEEN PROPOSED 

OPTIMAL CSP METHOD AND BENCHMARK

Number of WTs

20

30

42

Operation cost (k$)

Proposed

103.1

227.3

1192.2

Benchmark

102.1

231.5

1194.6

Error (%)

1.01

1.79

0.20
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as shown in Table VI. The power factor is set to be 0.95. 
For the OWF-CS test systems with 20 WTs, the investment 
cost is the same as that of the proposed optimal CSP meth‐
od. Since the reactive power output of the WTs is also taken 
into account, the cable current and network losses will in‐
crease. For the OWF-CS test systems with 30 and 42 WTs, 
due to the excessive complexity of the calculation problems, 
it is obvious that the global optimal solutions have not been 
obtained, and the investment costs are higher than those of 
the proposed optimal CSP method. Among them, the optimal 
gap for the OWF-CS test system with 42 WTs is 46.75%, 
which indicates that an immeasurable amount of time is re‐
quired to reach the global optimal solution. Therefore, in the 
case of planning problems for small-scale OWF-CS test sys‐
tem with sufficient calculation time, the fully linear AC pow‐
er flow model can be adopted for more accurate calcula‐
tions. However, as the scale of the OWF-CS test system ex‐
pands, it is supported to use the DC power flow model.

G. Evaluation of Expected Service Life

To make the paper applicable in the real world, the Monte 
Carlo method is used to provide a reasonable estimation on 
the expected service life of OWF-CS without replacing ca‐
bles. The failure rate of submarine cables is set to be 0.0045 
time/(km·year). Since an OWF-CS with double-ring topolo‐
gy can still operate normally when only one cable on the 
ring fails, the wind farm is considered to have reached its ex‐
pected service life when two cables on the ring fail.

Table VII displays the evaluation results of expected ser‐
vice life of the OWF-CS test systems with 20, 30, and 42 
WTs. Each OWF-CS test system has undergone 10000 simu‐
lations, and the service life of an OWF-CS is set to be 20 
years. Without considering cable replacement, in the test sys‐
tems with 20, 30, and 42 WTs, the wind farms reach their 
expected service life in 1646, 3761, and 8612 cases, respec‐
tively. The year when the wind farm reaches its expected ser‐
vice life is recorded. For the wind farms that do not reach 
their expected service life, their service life is assumed to be 
20 years. By taking the average of the 10000 simulations, 
the simulated average expected service lives are 18.93 years, 
17.28 years, and 12.00 years, respectively.

VII. CONCLUSION

This paper proposes the optimal CSP method in OWFs 
based on a bidirectional flow conservation method which 
aims at minimizing cable costs and total power losses while 
considering the COR requirements. Case studies yield four 
key conclusions.

1) The autonomous cable matching method outperforms 
heuristic methods in terms of investment cost and total cost, 
and guarantees a globally optimal solution for the OWF with 
20 WTs. The investment costs of the proposed optimal CSP 
method are saved by 2.37%-9.92%. The total costs of the 
proposed optimal CSP method are saved by 1.76%-9.45%.

2) The COR requirements are proven to be more cost-ef‐
fective in both investment and total costs compared with uni‐
fied redundancy requirements. The investment and total cost 
savings decrease with the system size. The investment costs of 
proposed optimal CSP method are saved by 9.27%-18.57%. 
The total costs of the proposed optimal CSP method are 
saved by 7.06%-16.75%.

3) In the OWF-CS test system with 20 WTs, the solution 
time of the method without COR is shorter than that without 
loss. However, in the OWF-CS test systems with 30 and 42 
WTs, the solution time of the method without COR is longer 
than that without loss. It shows that as the system grows, the 
quadratic term of network loss becomes the primary factor 
that influences the solution difficulty.

4) In OWF-CS test systems with 30 and 42 WTs, topolo‐
gies obtained with and without loss remain the same, yet the 
solution time varies significantly. Hence, the quadratic term 
of network loss can be either retained or discarded in the 
CSP stage based on actual needs.
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