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Abstract——Sending-end multi-terminal high-voltage direct cur‐
rent (MT-HVDC) systems are well-suited for large-scale renew‐
able energy collection and transmission. However, the capacity 
planning for converter stations (CSs), which is directly correlat‐
ed with their ability to convert renewable energy, remains a 
critical issue. In this paper, an optimal capacity planning meth‐
od for CSs is proposed to maximize the converted energy (CE). 
The proposed method considers the uncertainties of photovolta‐
ic (PV) generation and derives analytical formulas for stochas‐
tic CEs. The equal incremental rate (EIR) principle is employed 
to calculate the optimal capacity planning scheme, and then a 
general guideline for the capacity planning in stochastic scenari‐
os is presented. Case studies are conducted to validate the effec‐
tiveness of the proposed method and the proposed guideline. 
The results demonstrate that the proposed method converts 
more renewable energy than the deterministic method.

Index Terms——Optimal capacity planning, converter station 
(CS), multi-terminal high-voltage direct current (MT-HVDC), 
equal incremental rate (EIR), renewable energy, uncertainty.

I. INTRODUCTION 

WITH the increasing global warming trend along with 
rapidly growing energy demand, the effective integra‐

tion of renewable energy sources (RESs) has become a key 
challenge for nations worldwide. However, there exists a sig‐
nificant spatial gap between renewable-energy-rich regions 
and power load centers, particularly in China [1]. Multi-ter‐
minal high-voltage direct current (MT-HVDC) systems are 
well-suited to meet the demands for large-scale utilization of 

renewable energy and economical electricity transmission 
[2]. Nowadays, MT-HVDC projects have achieved remark‐
able success across the world. For example, in China, the 
Zhangbei [3] and Kunliulong [4] MT-HVDC projects are put 
into operation. In Europe, the NordLink MT-HVDC project 
connects the power grids of Germany and Norway via sub‐
marine cables, facilitating the exchange of renewable energy 
and the integration of the European energy market [5].

The MT-HVDC systems can be divided into three parts ac‐
cording to their roles and functions: the sending-end MT-
HVDC system, the DC transmission corridor, and the receiv‐
ing-end MT-HVDC system. Among these, the sending-end 
MT-HVDC system is responsible for collecting renewable 
power output and delivering it through the DC transmission 
corridor. In the sending-end MT-HVDC system, energy is 
collected by converter stations (CSs), and the sending-end 
MT-HVDC system delivers the converted energy (CE) to the 
load center for consumption. The inappropriate capacities of 
CSs can lead to negative effects, such as reducing CE and in‐
creasing project costs [6], [7]. Hence, it is worthwhile to ex‐
plore the optimal capacity planning for MT-HVDC systems 
composed of CSs.

The planning of MT-HVDC system is a mathematical opti‐
mization problem, which can generally be solved using 
mixed-integer nonlinear programming (MINLP) or other 
models. Previous studies mainly focus on the interconnec‐
tion planning of MT-HVDC systems. In [8], a topology plan‐
ning method for voltage source converter based MT-HVDC 
(VSC-MT-HVDC) from a reliability perspective is intro‐
duced. A bi-level and multi-objective nonlinear model is de‐
veloped to tackle the optimal allocation problem of the pow‐
er flow controller. Reference [9] examines the dynamic con‐
struction of offshore infrastructures and proposes an nonlin‐
ear model to optimize the MT-HVDC system. The model 
proposed in [9] maximizes the revenues of the power grid 
throughout economic lifetime. A mixed-integer nonlinear op‐
timization model is proposed in [10] to plan the grid topolo‐
gy of a submarine MT-HVDC system. The computational re‐
sults demonstrate the effectiveness of the model proposed in 
[10]. Regarding the capacity planning method, [11] proposes 
a two-layer multi-objective optimization model to determine 
the optimal capacity planning scheme of CSs in a DC distri‐
bution system. Reference [12] investigates an optimal plan‐
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ning method for a bundled wind-thermal MT-HVDC system. 
A nonlinear model is presented to address the coordinated 
planning of the optimal rated voltage, capacities of CSs, and 
transmission capacity of the MT-HVDC system. The results 
of case studies demonstrate that the model proposed in [12] 
effectively minimizes the unit generation cost.

The aforementioned studies have addressed the planning 
problem for MT-HVDC systems by mathematical modeling, 
whereas the optimized results are all calculated in determinis‐
tic scenarios. However, due to the complex weather condi‐
tions in the natural world, the output power of RESs is inher‐
ently volatile and unpredictable [13]. To address these uncer‐
tainties, stochastic optimization methods are employed in 
previous research, which can be categorized into two main 
methods: the scenario-based numerical method and the ana‐
lytical method [14]. Reference [15] presents an optimal dis‐
patch model, which is established to mitigate the negative 
impact caused by wind fluctuation. A two-stage stochastic 
planning model is developed and the uncertainties are ad‐
dressed through analytical method. In [16], a scenario-based 
probabilistic sizing method is applied in the MT-HVDC sys‐
tem to reduce the operation cost. This method uses probabili‐
ty distribution functions (PDFs) to represent the uncertainties 
of RESs and the validity of the method is verified through 
numerical calculation. Robust optimization methods are also 
employed to handle the uncertainties. Reference [17] applies 
the robust optimization method to tackle the transmission ex‐
pansion planning (TEP) problems of the MT-HVDC system. 
The unpredictability and intermittency of RESs are incorpo‐
rated into the optimization, and the worst scenario is investi‐
gated. Reference [18] proposes a robust framework for secu‐
rity-constrained unit commitment (SCUC) dispatch, consider‐
ing the regulation of MT-HVDC system. Extreme uncertain‐
ties of RESs are taken into account and an MINLP model is 
presented for security operation. Comparing stochastic opti‐
mization method and robust optimization method, stochastic 
optimization method depends on PDFs for model construc‐
tion and scenario generation, whereas robust optimization 
method utilizes bounded intervals to represent the uncertain‐
ties. Given that the stochastic photovoltaic (PV) generation 
can be described using PDFs, the scenario-based numerical 
method is adopted in this study.

Our previous work [19] investigates the optimal capacity 
planning method for a sending-end MT-HVDC system with 
a deterministic background. A multi-constrained quadratic 
programming model is proposed in [19] to derive the plan‐
ning scheme. However, this model is grounded in determinis‐
tic scenario and ignoring the stochastic PV generation. Exist‐
ing studies focus on the stable and economic operation of 
MT-HVDC systems in stochastic scenarios, but none of 
them targets the maximization of CE for CSs. Therefore, in 
this study, the uncertainties of PV generation are considered, 
and an optimal capacity planning method is proposed to de‐
termine the optimal capacity planning scheme for CSs in the 
sending-end MT-HVDC system.

The contributions can be summarized as follows.
1) Analytical formulas for stochastic CEs are derived 

based on the Beta-distributed PV generation.

2) Considering the Lagrange multiplier method based on 
Karush-Kuhn-Tucker (KKT) conditions, the equal incremen‐
tal rate (EIR) principle is applied to determine the optimal 
capacity planning scheme for CSs.

3) A guideline for capacity planning is proposed, consider‐
ing uncertainties of PV generation.

The remainder of this paper is organized as follows. Sec‐
tion II presents the deterministic method for capacities of 
CSs. In Section III, the capacity planning in stochastic sce‐
narios is presented. Subsequently, the guideline for optimal 
capacity planning in stochastic scenarios is presented in Sec‐
tion IV. Section V examines case studies to validate the pro‐
posed method and the guideline. Finally, Section VI con‐
cludes this paper.

II. DETERMINISTIC METHOD FOR CAPACITIES OF CSS

A. Model of Sending-end MT-HVDC System

The typical structure of four-terminal sending-end MT-
HVDC system investigated in this paper is shown in Fig. 1, 
where several CSs are interconnected to form a ring net‐
work. 

The local AC grid aggregates the energy generated by PV 
plants and transmits it to the CS for energy conversion, as il‐
lustrated in Fig. 2(a). The input power of CS is defined as 
the AC power from local AC network, whereas the output 
power of the CS is defined as the DC power injected into 
the sending-end MT-HVDC system.

Considering the capacity constraint of CS, the relationship 
between input AC power and output DC power is shown as 
(1). The higher the power flowing through the system, the 
greater the relative loss of CS.

P CSout
Ct =

ì
í
î

ῆP CSin
t      ῆP CSin

t £C

C              otherwise
(1)

where C is the capacity constraint of CS, which refers to the 
maximum converted power; ῆ is the efficiency of CS, taking 
0.98-0.99 as the typical values [6]; P CSin

t  is the input AC 
power of CS at time t; and P CSout

Ct  is the output DC power 
under capacity constraint C at time t.

In this paper, CE denotes the DC energy injected into the 
sending-end MT-HVDC system from CSs. As shown in Fig. 
2(b), CE refers to the integral of the output DC power curve 
with respect to time, i.e., the area of the shaded part. The in‐
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Fig. 1.　Typical structure of four-terminal sending-end MT-HVDC system.
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tegral of the continuous curve can be transformed into the 
sum of discrete quantities by using the infinitesimal element 
method. Thus, the CE of a CS is expressed as:

ECEdtm (C)= ∫
t1

tn

P CSout
Ct dt =∑

t = 1

n

P CSout
Ct Dt =∑

t = 1

8760

P CSout
Ct (2)

where ECEdtm (C) is the CE during time t1 and tn under capac‐
ity constraint C; Dt is the time interval; and n is the maxi‐
mum number of time intervals. In (2), we set Dt as 1 hour 
and n as 8760. Therefore, (2) denotes the one-year CE under 
capacity constraint C.

For a deterministic input AC power data, a different 
ECEdtm (C) can be calculated with a different C according to 
(1) and (2). Based on this one-to-one corresponding relation‐
ship between ECEdtm (C) and C, the converted energy-capaci‐
ty (CE-C) curve is plotted. The flow chart of CE-C curve 
plotting is shown in Fig. 3 and an example of the CE-C 
curve is shown in Fig. 4. In Fig. 4, the x-axis indicates dif‐
ferent calculation scenarios with different capacity con‐
straints and y-axis indicates the corresponding CEs. When 
the gaps between discrete points are small enough, the ap‐
pearance of the CE-C curve tends to be smooth.

B. Optimal Capacity Planning Based on EIR Principle

The sending-end MT-HVDC system consists of several 
CSs, each of which corresponds to a different CE-C curve. 
For the highest profit, one must maximize the total CEs of 
all CSs through an optimal capacity planning scheme con‐
strained by the planned capacity threshold. The mathematical 
model is illustrated as follows.

The objective function is to maximize the sum of each CE 
from all CSs, which is given as:

max E =∑
i = 1

m

ECEi (Ci ) (3)

s.t.

∑
i = 1

m

Ci -Ctotal = 0 (4)

where E is the objective function; ECEi (Ci ) is the CE of CS 
i, whose capacity is Ci; Ctotal is the planned capacity thresh‐
old of a sending-end MT-HVDC system, which is kept un‐
changed; and m is the number of CSs.

Lagrange multiplier method based on the KKT conditions 
is introduced. The incremental rate (IR) of the CE-C curve 
is defined as (5). According to differential-element method, 
the straight-line slope of two adjacent discrete points on the 
CE-C curve is taken as the IR.

IR(Ci )=
ECEi (Ci + 1 )-ECEi (Ci )

Ci + 1 -Ci

=
dECEi (Ci )

dCi
(5)

where IR(Ci ) is the IR of the CE-C curve at capacity Ci.
Because of the single-peak shape of the PV output curve, 

as the capacity increases, the increase in shadow of Fig. 2(a) 
(i.e., the IR of CE-C curve) gradually decreases.

Given that the objective function increases monotonically, 
the Lagrange multiplier λ is introduced for the constraint (4), 

N

Calculate CE according to (2)

Is C equal to the maximum iteration?

Determine the capacity constraint (C=1)

Y

C=C+1

Plot CE-C curve using point-tracing method

Start

End

Prepare hourly input AC power data (365×24×1) of CS

Plot result in form of scatter diagram

Fig. 3.　Flow chart of CE-C curve plotting.
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and the objective function in (3) is extended to ΦM, which is 
given as:

ΦM =max ( )∑
i = 1

m

ECEi (Ci )- λ ( )∑
i = 1

m

Ci -Ctotal (6)

Thus, solving the extremum problem of the objective func‐
tion (3) under constraint (4) is transformed into the non-ex‐
tremum problem of ΦM, where the variables to be solved are 
Ci and λ. All the partial derivatives of ΦM for ECEi (Ci ) are 
found, assuming that they are equal to zero. The conditions 
for the existence of extreme values of ΦM are shown in (7), 
namely the KKT conditions.

ì

í

î

ï
ïï
ï

ï
ïï
ï

¶ΦM

¶Ci

=
ECEi (Ci )
¶Ci

- λ = 0     i = 12m

¶ΦM

¶λ
= 0

(7)

It is assumed that:
¶ECEi (Ci )

¶Ci

=
dECEi (Ci )

dCi

= λi (8)

where λi is the IR of ECEi (Ci ).
By solving (7) and (8), the condition for the existence of 

extreme values is equivalent to (9).

λ1 = λ2 = = λm = λ (9)

Formula (9) indicates that the objective function, i.e., the 
sum of CEs, reaches its extreme value when IRs of all 
ECEi (Ci ) are equal. Given the convex shape and monotoni‐
cally increasing feature of the CE-C curve, its extreme value 
is equivalent to the global maximum value. This approach of 
identifying the extreme points using IR is known as the EIR 
principle [20]. The schematic diagram of EIR principle ap‐
plied in this study is illustrated in Fig. 5, where θ denotes 
the IRs of points C1, C2, and C3. In Fig. 5, the equal IRs of 
three curves at points C1, C2, and C3 indicate that the plan‐
ning scheme [C1C2C3 ] is optimized.

III. CAPACITY PLANNING IN STOCHASTIC SCENARIOS 

A. Probabilistic PV Generation

Owing to unpredictable weather conditions, such as 

clouds passing over the PV plants and rainy days, the PV 
output at a specific time frame in each day tends to be vari‐
able and uncertain. In this study, a set of hourly PV output 
data in northwest China [21] is used, as shown in Fig. 6.

Figure 6(a) shows the daily PV output curve with mean μ 
and standard deviation σ. Do the distribution test for the his‐
torical data at 15:00. The results are shown in Fig. 6(b). The 
histogram of PV output at 15:00 shows that the PV output at 
15:00 can be modelled by a function following Beta distribu‐
tion, which is widely used for probabilistic solar irradiance 
and PV generation in [22]-[24]. In this paper, the hourly PV 
output across different days is assumed to follow a Beta dis‐
tribution, whose PDF is shown as:

fPDF (st )=
Γ(αt + βt )
Γ(αt )Γ(β t ) ( st

stmax ) αt - 1(1 - st

stmax ) βt - 1

(10)

αt = μt

é

ë

ê
êê
êμt (1 - μt )

σ 2
t

- 1
ù

û

ú
úú
ú

(11)

βt = (1 - μt )
é

ë

ê
êê
êμt (1 - μt )

σ 2
t

- 1
ù

û

ú
úú
ú

(12)

where st is the Beta-distributed random variable for PV out‐
puts at time t; stmax is the maximum value of st; fPDF (st ) is 
the PDF of the random variable st; Γ(×) is the Gamma func‐
tion; αt and βt are the shape parameters of the Beta distribu‐
tion, and their values are determined by historical data; and 
μt and σt are the mean value and standard deviation of the 
PV output at time t, respectively.

B. Stochastic CEs Considering Uncertainties

Based on the assumption of probabilistic PV generation, 
the input AC power of CS at the same time each day is re‐
garded as a Beta-distributed random variable, as shown 
in (13).

ῆP CSin
thtd

      Beta (αth
βth

) (13)

where th = 1224 denotes the hour; td = 12365 de‐
notes the day; and P CSin

thtd
 is the stochastic input AC power of 
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Fig. 6.　Probabilistic PV generation. (a) Daily PV output. (b) Histogram of 
PV output at 15:00.
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CS at hour th in day td, which obeys the Beta distribution 
with parameters αth

 and βth
 Beta (αth

βth
).

αth
 and βth

 in (13) are obtained through statistical analysis 

of the historical PV output data. It is noted that the probabili‐
ty distributions of ῆP CSin

thtd
 and P CSin

thtd
 are regarded as the same 

because of the high efficiency of the CS.
Considering the capacity constraint, the probability distri‐

bution of output power of CS P CSout
Cthtd

 is shown in Fig. 7. Ac‐

cording to (1), the analytical formulas for PDF of P CSout
Cthtd

 are 

derived as follows.

When P CSin
thtd

 is less than C, the PDF fPDF (P CSout
Cthtd

) is denot‐

ed as:

fPDF (P CSout
Cthtd

)=
Γ(αth

+ βth
)

Γ(αth
)Γ(β th

)
(ῆP CSin

thtd
)αt - 1 (1 - ῆP CSin

thtd
)βt - 1    (14)

s.t.

ì
í
î

ïï

ïï

ῆP CSin
thtd

£C

P CSout
Cthtd

= ῆP CSin
thtd

(15)

When P CSin
thtd

 is greater than C, the PDF fPDF (P CSout
Cthtd

) is de‐

noted as:

fPDF (P CSout
Cthtd

)= ∫
C

1 Γ(αth
+ βth

)

Γ(αth
)Γ(β th

)
(ῆP CSin

thtd
)αt - 1 (1 -

ῆP CSin
thtd

)βt - 1dῆP CSin
thtd

(16)

s.t.

ì
í
î

ïï

ïï

ῆP CSin
thtd

>C

P CSout
Cthtd

=C
(17)

In (14)-(17), P CSin
thtd

 is normalized within the interval of 

[01]. In addition, C is also normalized, with its value deter‐
mined relative to that of P CSin

thtd
. Formulas (14)-(17) analytical‐

ly express the distribution shape of Fig. 7. The expectation 
and variance of P CSout

Cthtd
 are shown in (18) and (19), respec‐

tively. The detailed derivation process and the numerical evi‐
dences are provided in Supplementary Material A.

E[P CSout
Cthtd

]=
αth

αth
+ βth

FCDF (C; αth
+ 1βth

)+

C(1 -FCDF (C; αth
βth

)) (18)

D[P CSout
Cthtd

]=
αth

(αth
+ 1)

(αth
+ βth

)(αth
+ βth

+ 1)
FCDF (C; αth

+ 2βth
)+C2 ×

(1 -FCDF (C; αth
βth

))]- (E[P CSout
Cthtd

])2 (19)

FCDF (x ; αβ)=
Γ(α + β)
Γ(α)Γ(β) ∫0

x

tα - 1 (1 - t)β - 1dt (20)

where E[P CSout
Cthtd

] and D[P CSout
Cthtd

] are the expectation and vari‐

ance of P CSout
Cthtd

, respectively; and FCDF (x ; αβ) is the Beta cu‐

mulative distribution function (CDF) with distribution param‐
eters α and β; and FCDF (C; αβ) is the CDF value where x 
equals to C.

In (2), the CE of a CS during one year is expressed by 
the sum of P CSout

Cthtd
, which is classified according to hours and 

days. The classification for P CSout
Cthtd

 is shown in Fig. 8, where 

CLT is short for central limit theorem. 

Due to the highly correlated weather conditions (including 
solar irradiance) at adjacent moments [25], P CSout

Cthtd
 (td remains 

unchanged) at adjacent hours tends to be dependent. Hence, 
the Pearson correlation coefficient ρXY is employed to indi‐
cate this relationship, as shown in (21).

ρXY =
Cov(XY )

D[X ]D[Y ]
=
E[XY ]-E[X ]E[Y ]

D[X ]D[Y ]
(21)

where X and Y are two random variables; E[X ] and D[X ] 
are the expectation and variance of X, respectively; and 
Cov(XY ) is the covariance between X and Y. 

The value interval of ρXY is [-11], where -1 indicates ab‐
solutely negatively correlated, 1 indicates absolutely posi‐
tively correlated, and 0 indicates no correlation.

To quantify the temporal correlation of PV output, numeri‐
cal calculation is conducted. The process is as follows.

1) Prepare hourly PV output data (365 ´ 24 ´ 1) and classi‐
fy these data into 24 sets according to hours.

2) For each set of data, apply fast Fourier transform 
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(FFT) method [26] to filter the seasonal periodic component 
and classify these data into 24 sets according to hours.

3) Calculate the daily fluctuations (actual daily values mi‐
nus the mean of a year) for each set of data.

4) Select the daytime sets and calculate the Pearson corre‐
lation coefficients. Choose the data at 15:00 and do the auto‐
correlation test. The results of correlation test are shown in 
Fig. 9.

Figure 9(a) is the heatmap of Pearson correlation coeffi‐
cient matrix, representing the temporal correlation of the PV 
fluctuation at different hours, i. e., the temporal correlations 
between P CSin

7td
P CSin

8td
...P CSin

21td
 (td remains unchanged). Ac‐

cording to the results, the adjacent hours have the highest 
correlation level (with Pearson correlation coefficient ex‐
ceeds 0.6) compared with other moments. Such results align 
with the theoretical findings in [27]. Figure 9(b) depicts the 
results of autocorrelation test of a daily PV fluctuation at 15:
00, i. e., the correlation between P CSin

151 P CSin
152 ...P CSin

15365. The 
results indicate a relatively weak correlation (with Pearson 
correlation coefficient below 0.3) between the PV output at 
the same moment across different days. Regarding this, the 
PV generation at the same moment in different days are as‐
sumed to be independent, whereas the correlation between 
adjacent hours is considered.

In other words, P CSin
th1

P CSin
th2

...P CSin
th365 (th remains un‐

changed) are assumed to be independent, with the same Be‐
ta-distributed parameters in (13). After being constrained by 
the capacity of CS, P CSout

Cth1
P CSout

Cth2
...P CSout

Cth365 are also regard‐

ed as independent- and identically-distributed random vari‐
ables, whose distribution shape is shown in Fig. 7. Accord‐
ing to the Lindburg-Levy CLT illustrated in Fig. 8, the sum 
of P CSout

Cthtd
 (th remains unchanged) can be regarded as normal-

distributed random variables, with analytical formulas 
in (22).

∑
td = 1

365

P CSout
Cthtd

N(μ th
σ 2

th
) (22a)

μth
=∑

td = 1

365

E[P CSout
Cthtd

]  (22b)

σ 2
th
=∑

td = 1

365

D[P CSout
Cthtd

] (22c)

where N(μσ) denotes to the normal distribution.
As depicted in Fig. 8, CE is denoted by the sum of 24 cor‐

related normal-distributed random variables. Hence, the ana‐
lytical formulas for stochastic CEs ECEsto (C) are shown in 
(23), with analytical expectation and variance.

ECEsto (C)=∑
th = 1

24 ∑
td = 1

365

P CSout
Cthtd

N(μσ2 ) (23a)

μ =∑
th = 1

24

μ th
(23b)

σ2 =∑
th = 1

24

σ 2
th
+ ∑

1 £ p < q £ 24

2Cov ( )∑
td = 1

365

P CSout
Cptd

∑
td = 1

365

P CSout
Cqtd

(23c)

where ECEsto (C) is the expectation of stochastic CEs.
The stochastic CEs (i.e., the CE results considering PV un‐

certainties) are assumed to follow normal distribution. The 
reason is demonstrated as follows. For Fig. 9(a), the compu‐
tational results show that the Pearson correlation matrix is a 
positive definite correlation matrix. This means, the PV out‐
puts at different hours, i. e., P CSin

ptd
 and P CSin

qtd
 (p ¹ q), are not 

absolutely correlated (ρ ¹1 or ρ ¹-1). In this study, weather 
conditions are regarded as the primary factor driving tempo‐
ral correlations. Consequently, it is approximated that only 
linear correlations exist between P CSin

ptd
 and P CSin

qtd
. Under the 

aforementioned two conditions (i.e., the positive definite cor‐
relation matrix and the linear correlation), the joint distribu‐
tion of these 24 normal variables is modeled as a normal dis‐
tribution. Based on the properties of the joint normal distri‐
bution, any linear combination (including the sum) of these 
variables follows a normal distribution. Therefore, the sto‐
chastic CEs can be represented by a new normal-distributed 
random variable, as shown in (23a). The normal-distributed 
stochastic CEs are confirmed in Supplemental Material B, 
which validates the aforementioned explanation.

Actually, the assumption for the derivation of CLT can be 
further generalized. As long as the uncertainties of the PV 
output can be described using analytical formulas, such as 
Gaussian and Weibull, the same final conclusion can be de‐
rived. By modifying (18) and (19) to align with the assump‐
tion, the normal-distributed variables of the stochastic CE 
can be obtained through (22) and (23). Moreover, even if the 
uncertainties cannot be described by a single PDF, the nor‐
mal-distributed results can still be derived through the expan‐
sion form of the CLT [28], which posits that the distribution 
shapes of different stochastic formulas are sufficiently simi‐
lar. These analyses demonstrate that the theoretical findings 
in this work have the potential for broader applicability in 
different scenarios.

C. EIR Principle Based on Stochastic CE-C Curves

In the deterministic scenario, the CE-C curve is calculated 
based on the historical data. When considering uncertainties, 
the PV output data vary in different scenarios, leading to the 
corresponding changes in the optimal planning scheme. Nev‐
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ertheless, it is possible to confirm a planning scheme accord‐
ing to the stochastic assumption, maximizing the expected 
profit in stochastic scenarios.

Based on the analysis in Section III-B, the stochastic CEs 
are modeled as normal-distributed variables. Using this prob‐
abilistic framework, the stochastic CEs under different capac‐
ities are obtained according to (18) and (23). The stochastic 
CE-C curve, which represents the expected value with confi‐
dence interval, is derived from the computational results of 
stochastic CEs for different capacities. Since the IR of the 
stochastic CE-C curve decreases monotonically (shown in 
Supplemental Material A), the methodology of EIR is still 
valid. Consequently, the optimal capacity planning method 
proposed in this paper can be summarized as follows.

1) First, identify the CSs in the sending-end MT-HVDC 
system and obtain the historical PV output data for each CS.

2) Then, calculate the stochastic CE-C curves for different 
CSs according to their respective historical data and stochas‐
tic assumptions.

3) Finally, EIR principle is employed to calculate the opti‐
mal capacity planning scheme based on the stochastic CE-C 
curves.

Figure 10 depicts the deterministic CE-C curve and sto‐
chastic CE-C curve. The deterministic CE-C curve is plotted 
using the deterministic method demonstrated in Section II, 
while stochastic CE-C curve is obtained through the pro‐
posed method in Section III. These two curves are computed 
based on the same historical data, which explains why the re‐
sults of CEs calculated by the two methods tend to be equal 
when the capacity is sufficiently large.

IV. GUIDELINE FOR OPTIMAL CAPACITY PLANNING IN 
STOCHASTIC SCENARIOS

A. Quantitative Relationship Between Stochastic and Deter‐
ministic CE-C Curves

According to Fig. 7, the capacity constraint limits the 
probability of output DC power. Consequently, the expected 
value of CE is lower than that in the deterministic scenario, 
where such constraints are absent. This explains why the sto‐
chastic CE-C curve is lower than the deterministic CE-C 
curve in Fig. 10. When the capacity of CS is sufficiently 

large or small, these two CE-C curves converge to the same 
one.

Since the capacity planning scheme is computed based on 
the EIR principle, particular attention is given to the relation‐
ship of IRs of the above-mentioned two CE-C curves. To 
quantify the relationship between the two CE-C curves, the 
analytical formula for the IR of stochastic CE-C curve is ex‐
pressed as:

IRsto (C)=
¶ECEsto (C)

¶C
=∑

th = 1

24 ∑
td = 1

365 ¶E[P CSout
Cthtd

]

¶C
(24)

where IRsto (C) is the IR of stochastic CE-C curve under ca‐
pacity constraint C.

According to (18), the partial differential of P CSout
Cthtd

 is ex‐

pressed as:

¶E[P CSout
Cthtd

]

¶C
=

αth

αth
+ βth

fPDF (C; αth
+ 1βth

)+ 1 -

FCDF (C; αth
βth

)-CfPDF (C; αth
βth

) (25)

For deterministic CE-C curve, the IR IRdtm (C) is ex‐
pressed as:

IRdtm (C)=ECEdtm (C + 1)-ECEdtm (C)=∑
t = 1

8760

(P CSout
C + 1t -P CSout

Ct )  (26)

where IRdtm (C) is the IR of deterministic CE-C curve.
In addition, P CSout

Ct  is represented in forms of the piece‐
wise function, as shown in (1). Hence, the IR values of 
P CSout

Ct  also need to be discussed categorically. When the in‐
put AC power is lower than C, the output DC power increas‐
es linearly with the input AC power. When input AC power 
exceeds C, the output DC power remains the same as the in‐
put AC power. This relationship is described as:

P CSout
C + 1t -P CSout

Ct =
ì
í
î

ῆ      ῆP CSin
t £C

0      otherwise
(27)

Given that the loss of CS is small enough, ῆ is approxi‐
mated to 1 in the following context.

By performing the subtraction between (24) and (26), the 
incremental rate difference (IRD) IRD(C) is calculated as:

IRD(C)= IRsto (C)- IRdtm (C) (28)

According to (28), the IRD of CE-C curves is computed. 
By changing the value of C to cover all points in the CE-C 
curve, the corresponding relationship between IRD and C is 
obtained. The numerical evidences in Supplementary Materi‐
al C validate (24)-(28).

B. Analysis for IRD Curve and Guideline for Capacity Plan‐
ning

Based on the proposed analytical formulas, two IRD sam‐
ples are plotted in Fig. 11(a). The fluctuation amplitude of 
PV resource is considered, according to Beta-distributed pa‐
rameters in (10)-(12). By changing the parameters of the Be‐
ta distribution, scenarios under different PV fluctuations can 
be represented. In high PV fluctuation scenario, the variance 
is larger, whereas in low PV fluctuation scenario, it is re‐
versed. In both the high and low PV fluctuation scenarios, 
the expectations of the Beta distributions remain the same.
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Fig. 10.　Deterministic CE-C curve and stochastic CE-C curve.
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In Fig. 11(a), the IRD curves show an evident trend. With 
the increase of capacity, the IRD decreases from zero to neg‐
ative, then increases to positive, and finally decreases to ze‐
ro. This variation process corresponds to the relative position 
of two CE-C curves in Fig. 10. When the capacity is suffi‐
ciently large or close to zero, the deterministic and stochas‐
tic CE-C curves tend to converge. However, in the middle 
range, the stochastic curve falls below the deterministic 
curve because the capacity restricts the PDF of P CSout

Cthtd
. To 

achieve the aforementioned variation, the IRD starts as nega‐
tive, causing the stochastic CE-C curve to gradually fall be‐
low the deterministic CE-C curve. Subsequently, as the sto‐
chastic CE-C curve starts to align with the deterministic CE-
C curve, the IRD shifts from negative to positive. After the 
two curves coincide, the IRD returns to zero.

The trend of the IRD curve can also be explained in terms 
of the CE revenue with increasing capacities. The IR, which 
denotes the increase in CE per unit of increased capacity, al‐
so indicates the revenue gained from the expanding capacity 
of CS. When the capacity is small (i.e., the output AC pow‐
er is mostly constrained by the capacity of CS), increasing 
capacity of CS results in a smaller expected CE increment. 
This occurs as the capacity limits the probability of the input 
AC power, causing the negative impact of the uncertainties 

(reducing PV output) to be reflected in CE, while its posi‐
tive impact (increasing PV output) is hindered by the capaci‐
ty. In other words, enlarging the capacity of CS result in a 
smaller CE increase using the proposed method relative to 
the deterministic method, giving rise to the negative segment 
of the IRD curve. Conversely, when the capacity is large 
(i.e., the output power is mostly below the capacity of CS), 
the positive impact of the uncertainties is less likely to be 
limited by the capacity threshold. Therefore, the proposed 
method incorporates potential positive benefits, producing a 
larger expected CE increment, thereby accounting for the 
positive segment of the IRD curve.

Here, the capacity corresponding to the zero-crossing 
point of the IRD curve in Fig. 11(a) is defined as the transi‐
tion capacity (denoted as CT). Plot CT in high PV fluctuation 
scenario (denoted as CTH) and low PV fluctuation scenario 
(denoted as CTL) with the typical PV output curve in the 
same graph, as shown in Fig. 11(b). According to Fig. 11(b), 
CTH and CTL are less than the peak value of the typical PV 
generation curve, and CTH is less than CTL. These results 
can be explained as follows. As observed in Fig. 10, the 
IRD reaches its maximum value when IR of the determinis‐
tic CE-C curve approaches zero. For both high and low PV 
fluctuation scenarios, the deterministic CE-C curve remains 
the same. Therefore, the maximum values of the IRD curves 
for high and low PV fluctuation occur at nearly the same ca‐
pacity (CGP in Fig. 11(a)). Meanwhile, the magnitude of the 
PV fluctuation determines the peak value of IRD. The high‐
er the PV fluctuation, the greater the peak value. Correspond‐
ingly, the higher fluctuation leads to a larger gap between CT 
and CGP. Hence, CTH is lower than CTL.

The IRD reflects the difference between the optimal capac‐
ity planning scheme calculated by proposed method (denoted 
by stochastic capacity, Csto) and the optimal capacity plan‐
ning scheme calculated by deterministic method (denoted by 
deterministic capacity, Cdtm). Assume that in a sending-end 
MT-HVDC system, the PV fluctuation varies in different re‐
gions where CSs are located. The CS with the highest PV 
fluctuation is analyzed and the graph of IRD can be plotted 
using analytical formulas. According to the EIR principle, 
the negative value of IRD indicates the lower planning ca‐
pacity in the stochastic scenario, whereas the positive value 
indicates the opposite. Taking Fig. 11(a) as an example, the 
capacity corresponding to the maximum and minimum val‐
ues of the IRD curve is defined as positive guideline capaci‐
ty CGP and negative guideline capacity CGN. The larger the 
absolute value of IRD, the greater the difference between the 
Csto and Cdtm. When Cdtm is approximate to CGP or CGN, the 
optimal capacity planning scheme calculated by the pro‐
posed method has a significant difference with that by deter‐
ministic method. When Cdtm is approximate to CT, the differ‐
ence is relatively small. To some extent, this difference indi‐
cates the superiority of the proposed method over the deter‐
ministic method. The closer the value of Cdtm is to the guide‐
line capacities, the greater the benefits offered by the pro‐
posed method.

Additionally, the IRD curve can also be utilized to infer 
the optimal total capacity (i.e., Ctotal) of the sending-end MT-
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HVDC system. In detail, the guideline capacities can be 
identified from the IRD curve. Subsequently, the IRs in the 
CE-C curve corresponding to the guideline capacities can be 
computed and used to determine the capacities of other CSs. 
Finally, summing the capacities of all CSs yields the optimal 
Ctotal of the sending-end MT-HVDC system. Although the op‐
timization of the total capacity of sending-end MT-HVDC 
system offers a promising direction for future investigation, 
it lies outside the scope of this study.

The guideline for capacity planning can be summarized as 
follows. First, the stochastic CE-C curves and the IRD curve 
can be plotted using analytical formulas. According to the 
IRD curve, CT, CGP, and CGN are confirmed. Then, the opti‐
mal capacity planning scheme considering uncertainties can 
be obtained through the EIR principle performed on the sto‐
chastic CE-C curves. For the CS with the highest PV fluctua‐
tion, its optimal planning capacity tends to decrease in the 
stochastic scenario when Cdtm is lower than CT, whereas it 
tends to increase when Cdtm is higher than CT.

V. CASE STUDIES 

Case studies are conducted to verify the validity of the 
proposed method for CSs. The proposed method is imple‐
mented in MATLAB R2022b, and executed on an Intel(R) 
Core(TM) i9-10850K CPU 3.6 GHz with 64 GB RAM.

A. Calculation Parameters and Process

Calculations are performed on the four-terminal sending-
end MT-HVDC system shown in Fig. 1. The typical PV out‐
put curves for different CSs are shown in Supplementary 
Material D Fig. SD1. The specific calculation process is 
demonstrated as follows, with corresponding flow chart 
shown in Fig. 12.

Step 1: obtain the typical PV output data (365 ´ 24 ´ 1).
Step 2: calculate the optimal capacity planning scheme us‐

ing deterministic method. The result is saved as the determin‐
istic planning scheme.

Step 3: calculate the optimal capacity planning using the 
proposed method. The result is saved as the stochastic plan‐
ning scheme.

Step 4: generate 10000 sets of probabilistic PV output da‐
ta. The spatial correlation is considered, with values shown 
in Supplementary Material D Table SDI. The longer the dis‐
tance, the smaller the Pearson correlation coefficient value 
[29]. The temporal correlation coefficients are shown in  
Supplementary Material D Fig. SD2. These spatial and tem‐
poral correlation coefficients are computed according to the 
historical data.

Step 5: select one set of generated PV output data and cal‐
culate the CEs according to the deterministic planning 
scheme and stochastic planning scheme, respectively.

Step 6: check CE results and calculate the gap between 
the two CEs.

Step 7: once the last set of data is calculated (number of 
sets NS=10000), proceed to Step 8. If not, go to Step 5 and 
select a new set of data.

Step 8: analyze the results and plot the histogram of the 
CE difference between two methods.

Three cases are devised to demonstrate the superiority of 
the proposed method. Ctotal varies in three cases, namely 
9500, 15000, and 20000 MW for cases 1, 2, and 3, respec‐
tively. For each case, calculations are performed following 
the flow chart in Fig. 12, and the results are presented in Ta‐
ble I and Fig. 13.

B. Results and Discussions

Table I shows the optimal capacity planning schemes of 
the three cases. Figure 13 depicts the CE difference between 
two methods, where Cdtm corresponds to the capacity (using 
deterministic method) of CS 2 in Table I. The x-axis of Fig. 
13(b) indicates the CE calculated by the proposed method 
minus the CE of the deterministic method. The positive val‐
ue indicates that the proposed method can convert more ener‐
gy than the deterministic method. The results in histograms 
can be formulated by a normal distribution because of the 
normal-distributed stochastic CEs (Section III-B).

For case 1, the planning capacity of CS 2 using the pro‐
posed method is smaller than that of deterministic method, 
whereas the result is reversed in case 3. 
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Fig. 12.　Flow chart of calculation process.
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In addition, by comparing the histograms of case 1 and 
case 3 with that of case 2, the CE difference in case 2 has 
more negative values. The reason is that Cdtm in case 1 and 
case 3 is approximate to the guideline capacities CGN or 
CGP, and in case 2, it is approximate to CT. Nevertheless, 
the expectations of these results are all greater than zero. 
Such results correspond to the analysis for IRD curves in 
Section IV. Moreover, these results indicate that the pro‐

posed method performs better than the deterministic method, 
and the stochastic schemes can collect the most expected CE.

C. Practical Application Analysis

Due to unpredictable uncertainties in different scenarios, it 
is challenging to model probabilistic PV generation accurate‐
ly with predefined distributions [30]. This means the actual 
PV output tends to be more irregular and complex. There‐
fore, some noises are introduced into the Beta-distributed PV 
output data, as shown in Fig. 14(a). The detailed generation 
process of PV output data is shown as follows.

Step 1: generate a set of Beta-distributed PV output data.
Step 2: process the historical data to obtain the dataset of 

the PV fluctuation (actual values minus the mean).
Step 3: extract random samples from the fluctuation datas‐

et to produce the noise data.
Step 4: the noise data and the generated Beta-distributed  

PV output data are added together to create a new set of da‐
ta representing the actual scenarios.

The R2 value indicates the fitness of the generated data to 
a Beta distribution. Use these data to replace the calculated 
data in case 1 and do the same calculation process. The re‐
sults are shown in Fig. 14(b) and (c).

In Fig. 14(b), the CE difference calculated by the 75.5% 
R2 datasets (blue color results) is smaller than that of 99.2% 
R2 datasets (yellow color results). This means the noise in 
generated data has a negative impact on the CE profits, and 
this negative impact is represented by the ratio of the expect‐
ed CE of the data with noise to that of no-noise data. As 
shown in Fig. 14(c), the lower the ratio, the greater the nega‐
tive impact. Despite this, the expectation is still greater than 
zero, and this indicates that the proposed method is still su‐
perior to the deterministic method.

In practical projects, the rated capacities of CSs are usual‐
ly regulated to some typical discrete values, such as an inte‐
gral multiple of 500 MW. It indicates the theoretical optimal 
capacities calculated by the proposed method need to be re‐
vised to these typical values and this process may cause 
some differences in the planning schemes. Considering the 
large capacities of the CSs for practical projects, the differ‐
ences can be ignored in most cases. As a consequence, the 
method of selecting these typical values for practical proj‐
ects is not discussed in this paper and could be studied in fu‐
ture works.

TABLE I
OPTIMAL CAPACITY PLANNING SCHEME OF CASE STUDIES

Case No.

1

2

3

Calculation method

EIR performed on deterministic CE-C

EIR performed on stochastic CE-C

EIR performed on deterministic CE-C

EIR performed on stochastic CE-C

EIR performed on deterministic CE-C

EIR performed on stochastic CE-C

Capacity planning scheme (MW)

CS 1

2123

2235

3731

3714

5011

4882

CS 2

3326

3112

4506

4561

5737

6151

CS 3

1298

1350

2213

2209

3014

2921

CS 4

2753

2803

4550

4516

6238

6046

Expectation of CE (TWh)
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Fig. 13.　Results of three cases. (a) Values of transition capacity, determinis‐
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VI. CONCLUSION 

This paper presents an optimal capacity planning method 
for CSs, incorporating the uncertainties of PV generation. 
Analytical formulas are derived to describe the probabilistic 
results of CEs, and their correctness is verified through com‐
putational experiments. The optimal capacity planning 
scheme can be obtained through EIR principle, which is per‐
formed on the stochastic CE-C curves.

A general guideline for capacity planning is proposed, in 
which the optimal capacity of CS in stochastic scenarios 

tends to decrease when its Cdtm is smaller than CT, whereas 
it increases when Cdtm is larger than CT. This guideline vali‐
dates the capacity planning results and also indicates the val‐
ue brought by PV fluctuations. Finally, several case studies 
demonstrate the superiority of the proposed capacity plan‐
ning method.

In future works, the investment and construction costs of 
the CSs could be incorporated to develop a more comprehen‐
sive method for optimal capacity planning.
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