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Maximum Likelihood Estimation for Line
Parameters in Distribution Grids Based on
Expectation Maximization Algorithm

Shubhankar Kapoor, Adrian G. Wills, Johannes Hendriks, and Lachlan Blackhall

Abstract—This paper proposes a method for obtaining nonlin-
ear models of distribution grid based on available measure-
ments from the power grid. We formulate a maximum likeli-
hood estimation (MLE) problem that estimates unknown line
parameters—specifically, the impedance between nodes—using
measured voltage magnitudes and net active and reactive power
injections at each node. The nonlinear model for the distribu-
tion grid uses a nonlinear approximation of the DistFlow mod-
el, which includes line losses and is parameterized by the un-
known line impedances. We solve the resulting MLE problem
using an expectation maximization (EM) algorithm, tailored for
the nonlinear model, and provide a numerically robust imple-
mentation. The proposed method is demonstrated on the IEEE
37-node test network, and we compare it with the state-of-the-
art methods. The proposed method achieves a 70% reduction in
voltage error and an error for state variables that is more than
10000 times smaller. A final comparison uses data from a real
network, and the proposed method achieves parameter esti-
mates with errors 100 times smaller than competing methods.

Index Terms—Maximum likelihood estimation (MLE), distri-
bution grid, parameter estimation, expectation maximization
(EM).

I. INTRODUCTION

A rapid transition to a carbon-neutral economy is re-
quired to limit global warming to 2 °C [1], [2]. This
will require shifting from fossil fuel-based electricity genera-
tion to renewables-based ones [3]. With the shift towards re-
newable energy, the uptake of solar, batteries, controlled
loads, and electric vehicles, also referred to as distributed en-
ergy resources (DERs), has been increasing in Australia [4].
Integrating DERs plays a pivotal role in the advancement of
smart grids. However, the increase in DERs poses new chal-
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lenges for the distribution grid (DG). For example, larger
negative demand during sunny days results in negative pow-
er flows, which are not accommodated in the DG design [5].
This issue is known as the duck curve [6]. In 2023, the Na-
tional Electricity Market achieved a record low demand, and
the rooftop and grid-scale solar power contributed 57% of
the total electricity supply [7]. This event marked one of the
largest negative demand occurrences in the power grid. The
scenarios characterized by the duck curve can result in insta-
bility and voltage issues on the DG [6]. To manage these is-
sues, we need improved control capabilities for the DG that
effectively utilizes DERs [8] for advanced distribution net-
work management and operation strategies.

To improve the control of DERs, it is often required that
the current state of DG is known [9], [10]. However, in
many cases, the state information is not readily available and
needs to be estimated [9], [11], [12], which is known as
state estimation. Importantly, the majority of state estimation
studies assume that the line parameters are known [13], [14].
However, these parameters are typically either unknown or
inaccurate for a given DG [15], [16]. Therefore, it is crucial
to estimate the line parameters for the success of state esti-
mation approaches [10], [17] and maintaining grid stability
[18]. This paper proposes a method independent of phasor
measurement unit (PMU) data, aiming to fill a gap where
such devices are not present.

There are several important studies that address the estima-
tion of line parameters [10], [16], [19]-[22]. Some studies
tackle the estimation of line parameters by assuming voltage
phase angles are available [10], [16], [21]. However, the volt-
age phase angles are obtained using PMUs or micro-PMUs
(WPMUs) that are expensive and cannot be found widely in
the DG [20].

In [22], the active power p, reactive power ¢, and voltage
magnitude ¥ are used as measurements. However, this way
still necessitates the derivation of voltage angle using a pseu-
do power flow analysis to accurately estimate the line param-
eters. By contrast, [20] does not use voltage angles but con-
siders noise-free measurement data and estimates only the
line lengths. Additionally, the line current measurements are
required, which may be expensive to obtain [22]. In [18],
the noisy data from smart meters are used to estimate line
lengths and impedances. Reference [23] uses a linear power
flow model that ignores line losses for estimating system
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state variables and line parameters. However, ignoring the
line losses compromises the accuracy.

In this paper, we present a method by formulating a maxi-
mum likelihood estimation (MLE) problem to estimate the
line parameters, which has the following distinct differences
from previous works.

1) We propose a nonlinear approximation of the DistFlow
model [1] that considers line losses, and we assume the
availability of noisy measurements of active power p, reac-
tive power ¢, and voltage magnitude V across the network
[24], [25].

2) To solve the MLE problem, we employ an expectation
maximization (EM) algorithm [26]-[29] and provide a numer-
ically robust implementation of the resulting EM algorithm.
To use this EM algorithm, we must adapt it to the nonlinear
model, which is non-trivial and thus a major contribution of
this paper. It is important to highlight that this is a signifi-
cant departure from applying EM algorithm to the linear ap-
proximation of the DistFlow model used in [23], which can-
not be applied to the nonlinear model adopted in this paper.

3) The line parameters can be accurately estimated with
smart meter data of less than half a day without the need for
expensive devices like PMUs or uPMUs and devices used to
measure line currents/power. This makes the proposed meth-
od highly suitable and realistic for real-world applications.
The impact lies in the significantly improved accuracy and
robustness of the proposed method, which is validated on
the IEEE 37-node test network [30] with noisy measure-
ments using both simulated and real-world data. We consider
noisy measurements at all nodes for testing, and this assump-
tion is utilised in similar studies in [10], [16], [18], and [20]-
[22]. The proposed method achieves a 70% reduction in volt-
age error and an error for state variables that is more than
10000 times lower. Furthermore, by comparing the results
with [18], the robustness of the proposed method is demon-
strated.

In summary, this paper presents the following significant
contributions.

1) We propose a modified DistFlow model, i.e., nonlinear
approximation of the DistFlow model, enhancing the accura-
cy by accounting for line losses.

2) We demonstrate that the proposed method relies only
on commonly available measurements, such as voltage mag-
nitude and power, without the need for phase angle.

3) We provide an EM algorithm tailored to the nonlinear
model and detail a numerically stable implementation.

4) We demonstrate the performance of the proposed meth-
od using both simulated and real-world data.

In Section II, we introduce the power flow model and de-
fine the MLE problem. In Section IlI, we explain the use of
the EM algorithm to solve the MLE problem, including com-
putational implementation details. In Sections IV and V, we
demonstrate the performance of the proposed method based
on the simulated and real-world data, respectively. Section
VI summarizes our findings and discusses potential future re-
search.
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II. POWER FLOW MODEL AND MLE PROBLEM STATEMENT

A. Power Flow Model

The DG is represented as a tree, which is a valid assump-
tion as most DGs are radial. G=(N,, ) is a special type of
directed graph [13], where N is the set of nodes in the tree;
and & is the set of edges in the tree. The nodes represent
points of power injection/consumption to/from the grid or
points of joining different branches, and the edges represent
distribution lines between the nodes. Mathematically, the
nodes are collected as integers in the set N,=
{0,1,....i,j.k ....,N} with cardinality ’./\/0’ =N+1. The set N'=
N0} is also defined. The edges are integer pairs (i,j) that
define a physical line connection between nodes i and j.
Since the network is a tree, |£]| =N, and G=(N,,€) is acy-
clic and connected [13]. Node 0 is the slack node, which is
connected to the upstream network defined as the co node
(also called the head node of the tree), as shown in Fig. 1.
For node i, U, is the square of voltage magnitude; and p,
and ¢, are the net injected active and reactive power, respec-
tively. For line (i,j)e &, P, and Q; are the active and reactive
power flows, respectively; /; is the square of current magni-
tude flowing from node i to node j; and z;=r;+jx; is the im-
pedance, where r; and x, are the resistance and reactance, re-
spectively.

0 1 J
O——O0——O0— -
Fig. 1. Model of distribution network as a graph.

B. MLE Problem Statement

In this paper, we focus on estimating the impedance z,; for
all (i,j)e € based on the following 7 measurements: (1 U,
Vie Ny @ p, and g, Vie N; and @ P, and Q,, of line
(0, 1). Note that a measurement device obtains P, and Q,, at
the slack node, which are readily available in the DG rather
than through a measurement device on the line.

To solve this line estimation problem, we require a rela-
tionship between the line impedances and measurements. We
accomplish this using a mathematical model, i.e., a modified
version of the Distflow model in [31] and [32], where the
latter provides a relationship between impedance z; and mea-
surements U, p,, q,, P;, O, according to the nonlinear equa-
tions:

jeN (1)

i=Pa(j) (2)

U= U,—Z(FU.Pij+xijQij)+(rijz.+x§-)ll-j 3)

Py=p;+ryly+ 2 Py 4)
k(e &

Qy=q;+x;l;+ 2 o (5)

k(i.oe&
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where i=Pa(j) represents that node i is the parent node of
node ;.

A major challenge in using this Distflow model is that U,
P,, and Q, are implicitly defined and solving these equa-
tions often requires an iterative method, such as Newton’s
method. In this paper, we instead employ an approximation
to (6) that yields explicit equations for U, P;, and O, rather
than implicit ones. The primary benefit is that the resulting
model can be used directly for the purposes of estimation
and does not require computationally intensive iterative solv-
ers. In particular, the current /; from (6) is replaced with the
following approximation:

2

zpk

kEN”D

(]

ke N,/D

@

lijzli]: U,
where N, f is the union of node j and nodes descendent from
node j; and ll./. is the approximated value of /;. By definition,
a node k is a descendent node of node j if there is a path
[33] from node j to node k and the depth of node & is great-
er than that of node ;j with respect to the root node 0. This
approximation is justified as follows.

1) The voltage U, in (6) is approximated as U, U, ...~
U,, which is justified since the line losses are typically 1% -
5% [34]. The acceptable nominal AC voltage tolerance in
Australia is —6% to 10% of the nominal voltage. If there is
a line loss of 5% with a maximum voltage error of 10%,
this accounts to line loss error of 0.5%. With this small er-
ror, we get a tractable form for the line loss term rather than
ignoring it.

2) The active and reactive power flows P; and O; in (6)
are approximated as:

P i~ z P

keN;

Qijz 2 9

keN?

®)

This is based on the assumption that the line losses are
small [35] and can be approximated as the sum of loads
downstream of the line. Note that this assumption is only
made for P; and Q; in the loss term in (6).

Replacing (6) with the approximation (7) results in a sys-
tem of explicit equations, referred to as modified Distflow
model:

2 2

z Pi| t z qx
5 5 keNf keN,f’
Up=U,= 20y Py+x,;Q5) + (g +x;) U,
)
2 2
z Pi| * 2 q
keN} keNp (10)
Py=p;+ry U + > Py
0 kG.Re&
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+ >0,

k(jk)e &

Q;=q;+x; U,

Using a straightforward (but tedious) application of alge-
bra, we can express these equations in the following com-
pact form using functions g, (,2), g,(%.2), and g, (3 2).

u=g,(%z)
P=g,(32) (12)
0=g,%.2)
|
z= li‘l} (13)
r
o]
uz[Ui]
P=[P;] (15)
0=[0;]

where p=[p;]; g=[q,], r=[r;]; and x=[x].

Returning to the problem we are addressing in this paper,
we assume noisy measurements of z, Py, O, and u, and
note that the models for P, and Q, are presented as the
first elements of g,(&z2) and g, (& z), respectively. Recalling
that ¢ indicates a time instant, then we can stack all the mea-
surements into a vector y,, and we have the following model
for demonstrating how the impedances & and net injected
power z, relate to the available measurements at time ¢, re-
flecting that we measure P, and Q,, instead of the remain-
ing line power flows.

Z,
&p, &z,)
ng (g,zt)
£.082) ]
| —
8%z,)
g, 8z)=[1 0 0]g,(%z,) 17

2o, @z)=[1 0 0]g,(82,) (18)

Further, e, is a random variable that models uncertainty in
the measurements and we employ the commonly used as-
sumption (see [16], [18], [21], [22]) that it has a multivariate
normal distribution and is independently and identically dis-
tributed (i.i.d.):

V.= +e,eR"

(16)

e N(©.5) (19)

where X e R"*" is a positive-definite and symmetric covari-
ance matrix. Since X' is not generally known, we will esti-
mate this matrix along with impedances $.

We will henceforth refer to z, as the state vector. Since z,
is not known exactly, we assume that it is a random variable
following a multivariate normal distribution with mean g,
and covariance II,, which is also a commonly employed as-
sumption [14], [36].
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o~ N, 11,) (20)

Since the mean u, and covariance I, are typically not
known, we will also estimate these terms along with $ and

2. It will be convenient to collect all the unknown parame-
ters into a single object @ as:

0=[p.n
B=lu,r 11, ;] (1)
n=[42]
where pt,.,={p,},_; and I, ={I1,};_,.
Problem statement Given the measurements y, .=

{y,},, construct the MLE problem of unknown parameters
0 as:

0ML = arg ;naX logpo (yI:T) (22)

where p,(y,.;) is the probability distribution function param-
eterized by unknown . A similar notation is used for other
distributions in this paper.

III. PROPOSED SOLUTION

This section explains how the EM algorithm can be ap-
plied to solve the MLE problem (22). Additionally, this sec-
tion provides the implementation details that maintain numer-
ical robustness.

A. EM Algorithm

The main challenge in solving (22) arises from the un-
availability of log p,(y,r). The EM algorithm begins by in-
specting MLE problem (22) to determine whether, hypotheti-
cally, extra data would render the problem tractable. These
extra data are often called the “missing” data. In the current
scenario, if we are additionally provided with the states z, .,
then the log-likelihood problem would become:

A

0= arg max logpy(¥17:21.7) (23)

According to our assumptions in (12)-(21), (23) can be ex-
pressed as a nonlinear least-squares problem and this can be
solved using off-the-shelf optimisation routines. Of course,
we do not have the desired “missing” data z,.,, but it seems
tantalising to replace the missing data with an estimate so
that we can update the unknown @ variables by solving a
tractable problem like (23). It may be tempting to replace
the states z,., with the data from y,, related to these states
(refer to (16)), but this is well-known to produce poor esti-
mates [37].

Therefore, a natural question is how to choose an accurate
estimation of the missing data to solve problem (22), which
is our primary concern in this paper. To answer this, we note
that there is an important link between the log-likelihood
logp,(y,7) and the joint log-likelihood logp,(¥ .7 2:.r)
which are related via conditional probability as:

logpy(¥,.r)=10gpy(¥,.2-21.7)—10g Py (Z14ly, 1) (24)

Further, we may take expectations of both sides with re-
spect to any distribution over z,.4, i.e., ¢(z,.;) for the sake of
exposition.
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f(logpﬂ(.yl:T))(“I(zlzT)dzl:T: f(logpﬂ(yl:T’zlzT))(’I(zlzT)dzl:T_

JGogp, Gy Dz )z, (25)
Since log p,(y,,) is not a function of z,.,, we have:
J 1082y (31 0tz Mz, =1ogpy(91) [0tz Mz, =
log 2, (71,) T e
log py (71.1)= [ (108 (973111 )
Jogp, Gy Ve )z @7)

If we make the careful choice for the distribution ¢(z,.;)
as (28), then we have (29).

49z11)=Poy @1 1V1r) (28)
logpy(y,.r)=0(0.0")-1(0.0") (29)

where #' is a parameter estimate of unknown parameter 6,
00.0")= f(logpb'(yl:T’zl:T))p{i’(z]:lel:T)dzl:T; and V(0.0")=

f(logpa @i ))Po @1y ir)dzy
Therefore, the difference of the two log-likelihoods can be
expressed as:
log py(y,.r)—10g py(¥17)=00.0")— 00", 0")+
V(@',0")-V(0,0")
>0

The inequality V(@',60")—V(6,0')>0 holds because the dif-
ference in V is the Kullback-Leibler divergence, which is al-
ways non-negative. Importantly, since our primary aim is to
maximise logp,(y,r), one possible strategy is to find a 6
that increases Q(6,0")— Q(@',0"). This is the main strategy of
the EM algorithm: compute the Q-function via expectation,
and then maximise Q to obtain a new parameter vector that
also guarantees the increase of log-likelihood. This process
is repeated until no practical increase in the log-likelihood
can be achieved.

To convert this idea into an algorithm, we note that @' can
be replaced by the current parameter estimate 6, at the k™ it-
eration, and then ,,, is obtained by maximising 0(6,6,)
over 6. This is summarised as follows.

Step 1: let k=1 and initialise ,.

Step 2: repeat the following steps for k=1,2, ....

(D Expectation step (E-step): form the Q-function Q(0,0, ).

(2) Maximization step (M-step): solve 8, ,= arg max Q(6, 0,).

0

(30)

B. E-step

In this subsection, we form the Q-function Q(@, 8, ), which
can be written as:

00.0,)= f(lnga D120 DPo, @rgly1r) A2y =

> [@0g(po vz )poGOVPY GG BD)

where the second equality comes from the independence as-
sumptions on z, and e, and their associations with y,. Exploit-
ing properties of the logarithmic function, we can express

0@0,0,) as:
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0(0.0,)=0, (£.0,)+ 0,.0,) (2)
0,(.0,)= Y [Gogp,@py Glr)dz,  (33)
0,(1.0,)= ¥ [(ogp, (1l )ps Gl )z, (34)

Po,(zly,) is generally intractable, and it is therefore not
trivial to compute these expectations. Since the system is
nonlinear, the linear regression techniques cannot be used to
determine the p, (zly,) distribution. Consequently, this
makes the entire EM algorithm different from that in [23].
This paper investigates a multivariate normal approximation
to p,, (z,lv,) based on a first-order Taylor expansion. Towards
this, the first-order Taylor expansion of g(9,,z,) about the
prior mean g, is given by:

ylzg(‘qk’”t)+ct(zt_”t)+et (35)
8(%-2,)
C = 2"kt
“Tar | (36)

It is well known [38], [39] that p, (z[y,) can be adequate-

ly approximated with a multivariate normal distribution with
mean p,, and covariance I, ;:

pﬁ,l(zlbjl)z'/\/(ﬂt‘t’nf‘t) (37)
My =u AL (CIC 2 (,-8%0n,)  (38)
I, =11-1,C/ (CIC/+X)'CII, (39)

This approximation can then be utilised within (31) to ap-
proximate the Q-function. This is summarised in Lemma 1.

Lemma 1 Assuming that p, (zly,)*N(u,.11,,) with
mean and covariance given by (38) and (39), respectively,
we have:

0(0.0,)~ 0, (B.0,)+0,(1.0,) (40)

O, (B.00)= ¢, 3 DartHl, Gu, =, Yot~y )1}~
%log ||+ {01 1, ) (41)
0,1.0,)=c,~ Slog| Z| - Jur(Z ' 1@} (42)

where ¢, and ¢, are the constants; and /°(9) is expressed as:

r('g): Z(yt_g('gnut\t))(yt_g('gnut\z ))T + Ct\t(‘g)Ht\rCtTt (3)
(43)

Ct‘[(s): ag(9k7zt)

oz (44)

=4,
Proof of Lemma 1 See Supplementary Material A.

Lemma 1 relies on the mean p,, and covariance II,,.

These terms can be computed in a numerically robust man-
ner using the square-root form [40], [41] as outlined in Lem-
ma 2.

Lemma 2 Given the QR factorization in (45), the mean
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1
#,, and the Cholesky factor I7,

t)t

can be computed by (46)

and (47), respectively.
1

R R 220
Q[ol Rz}z R “3)
s \mact omp
My =n+RR(y,—-8%.n,) (46)
1
11 =R, 47)

where Q is an orthogonal matrix; R, and R, are the upper
triangular matrices; and R, is a block matrix.

Proof of Lemma 2 See Supplementary Material B.

C. M-step

After approximating the O-function and the distribution of
system state variables p, (z,ly,) in the E-step, we would max-
imize the Q-function approximation to obtain the unknown
parameters:

0= arg max (©0,(8.0,)+0,(1.0,))

The optimal solution of (48) 8" can be provided according
to Lemma 3.

Lemma 3 The optimal solution of (48) is provided by
0" =[p".y ], where " is given by (49); and 5 =[$",X]. Re-
calling the definition of 7°($) in (43), 8" and X" are given in
(50) and (51), respectively.

(43)

/)’*z[ﬂm,...,ﬂm,ﬂm,...,Hm] (49)
9 = ar minzlo ‘lF(S)‘ 50

« 1 .
2= ?F(S ) D

Proof of Lemma 3 See Supplementary Material C.

The optimisation problem (50) is differentiable and can be
solved using any appropriate optimisation routine. For the
experimental results in this paper, we use the fmincon func-
tion in MATLAB [42].

D. Process of EM Algorithm

In this subsection, we bring together all the components
of the EM algorithm, as demonstrated in Algorithm 1.

IV. EXPERIMENTAL RESULTS: SIMULATED DATA

In this section, we evaluate the proposed method on the
IEEE 37-node test network [30], which functions as a stan-
dard network for testing this problem (even smaller net-
works have been used for similar problems [16], [21]). The
network topology is known, but the information about line
impedances is unavailable.

In this case, the load profiles are simulated for the analy-
sis. Subsequently, we obtain measurements by running the
full AC power flow as described in [43]. We assume that
these measurements are subject to Gaussian noise corruption
with a standard deviation of 0.001, which is consistent with
[10].
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Algorithm 1: EM algorithm

Input: noisy measurements y,.,, initial parameter estimate #,, and the max-
imum number of iterations K
Output: 6,
for k=1 to K do
Begin E-step
for t=1to T do
1
Obtain Hy, and HI‘Z/ from Lemma 2 using 6,
1 1
Set H/\IZ(Hr-\r/ )? ”/\21
end for
end E-step
Begin M-step
Set By =[uyps -ty A1 -
Solve (50) and set &,,,=9"

"HT\T]

Set 2\ =I"(9., )T
end M-step
end for

The introduced standard deviation represents a 10% rela-
tive error, in accordance with similar studies in [16] and
[21]. Additionally, the added noise introduces a mean error
of 4.5% following Gaussian distribution, exceeding the maxi-
mum values of 2% in [22] and 0.5% in [18].

All nodes have available measurements, consistent with
similar studies in [10], [16], [18], [20], and [21]. Although
we have assumed the measurement noise distribution to be
the identical for each measurement, the proposed method
does not require this assumption.

In this section, we will compare our experimental results
with those presented in our recently published work [23],
which employs an EM method with a linear power flow
model (referred to as EM-LIN for simplicity, and the vari-
ables of which will be denoted with a subscript /irn). Both
studies use the same test setup. We will compare the results
for estimating line parameters (» and x) and state variables
(p, and ¢,). Additionally, we will analyze the voltage errors.

Furthermore, we will delve into the convergence analysis
of the EM algorithm concerning line parameters. We con-
duct the test on 7=600 timestamps, representing a dataset of
less than half a day with 1-min resolution. 7=600 has been
chosen to represent a realistic case. In comparison, the study
in [10] utilized measurements over three weeks to estimate
line parameters. This paper randomly initializes the line pa-
rameters with values greater than 4 to 20 times the original,
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while [10] initialized them based on the utility database,
which might not be easily available. The selection of the
variable K in Algorithm 1 could be dynamically determined
based on the difference in log-likelihood threshold at each it-
eration. We can set a threshold in the order of 107". Another
way to choosing the value of K is to set it sufficiently high
to ensure the algorithm convergence. The relevance of Algo-
rithm 1 lies in its ability to estimate new line parameters,
namely resistance and reactance with limited data, a crucial
aspect when changes occur in the line parameters.

A. Line Parameter Estimate

In this subsection, we discuss the results of the line param-
eter estimate. We present a comparison of the mean absolute
error in line parameter estimates, as listed in Table 1.

TABLE I
MEAN ABSOLUTE ERROR IN LINE PARAMETER ESTIMATES

Method Mean absolute error in r Mean absolute error in x
Proposed 1.45x107 220x107
EM-LIN 1.50x 107> 5.33x107*

In Table I, the proposed method shows an improvement of
100 times on the mean absolute error in » and more than
twice on the mean absolute error in x compared with the
EM-LIN. The proposed method outperforms EM-LIN partic-
ularly when considering a limited number of measurements.
This observation aligns with our focus on accounting for
line losses, a factor overlooked by EM-LIN. While it is
worth noting that the EM-LIN can achieve higher accuracy
with an increased number of measurements, it still falls
short of the level of accuracy achieved by the proposed
method. The proposed method delivers accurate results even
with fewer measurements and compensates for the systemat-
ic error introduced by accounting for losses. It is important
to highlight that the proposed method is tested with various
initializations of the estimates, and we consistently achieve
accurate results in all cases.

B. Voltage and State Variable Estimates

In this subsection, we analyze the errors in voltage and
state variable estimates p and ¢, as shown in Table II.

TABLE I
ERRORS IN VOLTAGE AND STATE VARIABLE ESTIMATES

Voltage p q
Method
MSE MAE MSE MAE MSE MAE
Proposed 1.96x 1077 1.66x107° 1.44x107° 4.63x107° 2.53x107° 5.66x107°
EM-LIN 7.14x 1077 3.87x107° 1.75x 1072 5.85x107" 1.53x107? 4.80x107!

From Table II, it should be noted that the mean square er-
ror (MSE) in voltage of the proposed method is 3.5 times
lower than that of the EM-LIN, which highlights the superi-
ority of the proposed method. This is equivalent to a reduc-
tion in error by 72%. Also, the maximum absolute error
(MAE) in voltage of the proposed method is half as high as
that of EM-LIN.

It is worth noting that the errors in voltage of EM-LIN
are not relatively high when compared with those in the line
parameters and state variables. This aligns with the expected
behaviour for EM-LIN because the &,, line estimates com-
pensate for the line losses overlooked by the linear power
flow model. In contrast, the proposed method incorporates
the line losses into the power flow model, leading to im-
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proved estimates without compensating for line losses in the
estimates.

In Table II, the MSE in active power of the proposed
method is lower by a factor of 10000 when compared with
that of EM-LIN. A similar trend is observed for reactive
power. The MAE of the proposed method is also lower by a
factor of over 100 in both active power and reactive power.
This demonstrates that the proposed method is well-suited
for estimating system state variables p and ¢ and performs
exceptionally well in this context.

Figure 2 presents the voltage error distribution across all
cases, with a maximum error of only 1.66x 107 These re-
sults further validate the accuracy and reliability of the pro-
posed method.
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Fig. 2. Voltage error distribution.

For the IEEE 37-node test network, the proposed method
requires approximately 5 hours on a single Intel Core Ultra
7 155H CPU. This remains within practical limits for line pa-
rameter estimation. Additionally, the proposed method pri-
marily depends on the convergence behaviour of the EM al-
gorithm and the solver used for parameter updates. The pro-
posed method scales up with the number of nodes quadrati-
cally times a factor of 1/2 in a radial network.

C. Convergence of EM Algorithm

In this subsection, we demonstrate the convergence of EM
algorithm by visually representing the log-likelihood values
in Fig. 3 at each iteration.
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Fig. 3. Demonstration of convergence of EM algorithm. (a) Log-likelihood
value. (b) Convergence of line parameter estimate.

As discussed in Section III-A, maximizing the Q-function
corresponds to maximizing the log-likelihood. This behav-
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iour is evident in Fig. 3, where the log-likelihood consistent-
ly increases with each EM iteration, confirming the conver-
gence of EM algorithm. For an illustration, we provide one
specific instance in Fig. 3 to showcase the convergence of
the line parameter estimate, where it converges to the true
value.

D. Comparison with a Latest Study

This subsection compares the proposed method with a re-
cent related method [18]. We replicate the test setup from
[18], which uses 7=200 timestamps and a measurement er-
ror of 0.5%. A difference exists in the state variables used:
[18] assumes branch currents and nodal voltage in rectangu-
lar coordinates as state variables, and the proposed method
uses p and ¢, which, as discussed earlier, are more readily
available in the DG.

The accuracy of voltage estimates of the proposed method
and the method in [18] is compared. The third quartile val-
ues of absolute voltage error with the method in [18] and
the proposed method are around 0.001 p.u. and 0.0005 p.u,
respectively, and the maximum values are 0.007 p.u. and
0.0012 p.u., respectively. This shows that the proposed meth-
od is highly robust.

V. EXPERIMENTAL RESULTS: REAL-WORLD DATA

In this section, we present the results of real-world loads
at the consumer end collected in the Australian Capital Terri-
tory (ACT). This dataset is known as the NextGen dataset
[44]. The customers here have solar panels and batteries, so
this dataset represents the modern DGs. Measurements are
available with a 5-min time resolution over multiple days.
However, the timesteps across different nodes are not uni-
form. To capture the behaviour of the grid at a specific point
in time, we filter the dataset to have common timesteps
across different nodes. The measurement timesteps included
are randomised to give a greater spread of real-world behav-
iour of loads. Additionally, to align with our previous test,
we only consider 600 load values, even with access to data
over multiple days. This corresponds to 600 timestamps. We
use a limited dataset to demonstrate the robustness of EM al-
gorithm under reduced data availability.

After obtaining the load data, we run the full AC power
flow and introduce the same Gaussian noise, as detailed in
Section IV, to generate the measurement set. We run the
power flow on the IEEE 37-node test network, using the
same test setup as described in the case study of Section IV.
The line parameters are randomly initialized, with each val-
ue exceeding the true values by a factor ranging from 4
to 20.

Table II1 compares the mean absolute error in line parame-
ter estimates, » and x, with the proposed method and EM-
LIN using real-world consumer loads. The mean absolute er-
ror in r with proposed method is 100 times less than that
with the EM-LIN and twice less for x.

The proposed method consistently delivers accurate results
for line parameter estimates, while demonstrating its accu-
rate performance across real-world consumer loads.
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TABLE III
MEAN ABSOLUTE ERROR IN LINE PARAMETER ESTIMATES USING
REAL-WORLD CONSUMER LOADS

Method Mean absolute error in Mean absolute error in x
Proposed 1.45x107 220x10™*
EM-LIN 1.50%x 107 5.33x107*

VI. CONCLUSION

In this study, we propose a state-of-the-art method to esti-
mate line parameters using the EM algorithm. This method
integrates the modified Distflow model to account for line
losses, enhancing model accuracy. As the power system is
nonlinear, we cannot estimate the state variables using
Bayesian regression. To tackle this, we approximate the dis-
tribution of state variables given measurements using the
first-order Taylor expansion and implement it computational-
ly efficiently using the square root form. We further approxi-
mate the Q-function and maximize it to solve the parame-
ters. Importantly, the proposed method uses measurements
casily available in the DG: voltage magnitude and node pow-
er.

We demonstrate the accuracy of the proposed method
through simulation on an IEEE 37-node test feeder and sub-
sequently compare the results with a previous method that
uses a linear power flow model. We demonstrate the perfor-
mance of the proposed method using simulated and real-
world data. The proposed method accurately estimates the
line parameters, system state variables, and voltage magni-
tude. Additionally, we show the algorithm convergence by
plotting the log-likelihood, which increases at each iteration
as we maximize the Q-function. Accurate results can be
achieved using data of less than half a day, showing the
practical utility of the proposed method.

The proposed method accurately determines the DG line
parameters. This information helps in having better state esti-
mation techniques. This will improve control capabilities to
mitigate issues from increasing DER integration. This will in-
crease DER adoption in DGs, aiding the reduction of carbon
emissions.

In future studies, we will examine the impact of missing
measurements and device placement on estimating system
state variables and line parameters. Additionally, the pro-
posed method will be evaluated under non-Gaussian noise
distributions to assess its robustness.
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