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Abstract——Feeder routing and reliability assessment are essen‐
tial for effective distribution network planning. However, exces‐
sively long feeders can lead to increased costs and decreased re‐
liability. To enhance economic and reliability performance, this 
paper proposes a reliability-centered planning method for feed‐
er routing and conductor sizing. Specifically, a graph-based fic‐
titious power flow model is constructed within the geographic 
graph. Overlapping feeder routes powered by fictitious power 
flows from multiple sources are designated as line connection. 
These feeder routes, constrained by the geographic graph, are 
interconnected via line connection to form a mesh network 
structure. To meet the requirements of reliability-centered opti‐
mization, the affiliation variables are introduced. Based on the 
affiliation variables, the algebraic formula is embedded into the 
fictitious power flow model to enable the calculation of reliabili‐
ty during the optimization process. By incorporating custom‐
ized reliability-related constraints in the model, the specific reli‐
ability objectives can be achieved. In addition, the non-convex 
terms in the fictitious power flow model are relaxed into convex 
forms, and certain variable products are replaced with auxilia‐
ry variables, allowing the problem to be solved by an off-the-
shelf solver. Finally, the proposed method is tested on two case 
studies, demonstrating its effectiveness.

Index Terms——Distribution network planning, analytical reli‐
ability assessment, feeder routing, geographic graph, mixed-inte‐
ger linear programming (MILP), conductor sizing.
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Index of load levels

Set of all possible edges of representing graph

Set of edges ending at node i

Set of all edges directly connected to a substa‐
tion (source) node

Set of edges starting at node i

Indices of nodes

Indices of branches

Set of all nodes of representing graph

Set of load nodes

Set of substation (source) nodes

Indication of power flow in direction of edge ij

Indication of power flow in direction of edge ji

Interest rate

Duration of load level b

Customer interruption duration (CID) require‐
ment of node i

Customer interruption frequency (CIF) require‐
ment of node i

Unitary failure rate of edge ij

Cost coefficient for expected energy not sup‐
plied under branch outages

Loading factor of load level b

Duration of repair-and-switching interruptions 
associated with failure of edge ij

Duration of switching-only interruptions associ‐
ated with failure of edge ij

Present worth factor calculated by δ over a pe‐
riod of t years

Investment cost of conductor type a

Maintenance cost of conductor type a

Length of edge ij

Thermal limit of conductor type a

A sufficiently large positive constant

Number of customers at node i
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Reactive load demand of node i
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The maximum voltage limit for nodes
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Resistance and reactance of edge ij

Unit length installation cost of conductor type 
a on edge ij

System average interruption duration index

System average interruption frequency index

Capacity of edge ij when conductor a is in‐
stalled

Square voltage at node i

Upper and lower limits of nodal voltage for 
feeder connected nodes

I. INTRODUCTION

FEEDER routing (FR) optimization plays an important 
role in achieving the economical and reliable perfor‐

mance of power distribution networks [1]. The FR optimiza‐
tion is complicated due to the large number of variables and 
constraints related to geographic characteristics, reliability 
evaluation, electrical criteria, etc. According to these prob‐
lems, existing research works [1], [2] usually plan the spatial 
network layout based on geographic information systems 
(GISs), followed by security and reliability verifications. 
However, the reliability evaluation is carried out after deter‐
mining the spatial network layout, attempting to reduce the 
computational complexity in problem solving. The absence 
of reliability consideration in FR optimization may lead to 
the uncontrolled reliability performance of the planning re‐
sults. For instance, [3]-[5] overlook the reliability evaluation 
during the optimization process, resulting in a solution with 
low reliability. To address the issue of low reliability expec‐
tations, [6] calculates the reliability indices and associated 
costs for each solution based on the regulatory model, pro‐
viding decision-makers with a diverse set of plans for selec‐
tion. However, [6] fails to influence the network layout de‐
signed in the sequential process, consequently yielding a lo‐
cally optimal solution. On the other hand, simulation-based 
methods are implemented by alternating optimization and re‐
liability evaluation to generate feasible solutions, which in‐
volve a massive number of iterations [7]. Consequently, this 
method entails a significant computational burden due to the 
excessive number of iterations required. Besides the compu‐
tational burden, these posterior reliability evaluation methods 
also fail to meet customized reliability requirements in the 
optimization process.

To overcome the defects of massive computing tasks and 
inaccurate reliability evaluation, some linear formula-based 
algebraic reliability assessment methods have been proposed 
in [8] - [10], which can be combined with electrical condi‐
tions in the planning model. In [11], a reliability evaluation 
method based on linear programming is proposed, where the 
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fictitious power flow is modeled to derive system reliability 
indices under specific fault interruptions. Inspired by [11], a 
mixed-integer linear programming (MILP) model of FR in‐
corporating reliability criteria is proposed in [12], where the 
reliability evaluation method is applied during the optimiz‐
ing process. In the MILP model, the common reliability indi‐
ces such as the system average interruption frequency index 
(SAIFI), the system average interruption duration index 
(SAIDI), the average service availability index (ASAI), and 
the expected energy not supplied (EENS) are constrained in 
the optimization process, and EENS is added to the objec‐
tive function multiplied by a weighting coefficient. However, 
the post-fault load restoration strategies between feeders are 
not considered in this method, which may lead to overinvest‐
ment for specific reliability requirements. To further formu‐
late the calculation of reliability indices considering post-
fault load restoration, [10] presents an algebraic method for 
the analytical predictive reliability evaluation, which calcu‐
lates the standard network-dependent reliability indices with‐
out simulation or optimization. Based on [10], a multi-stage 
distribution network expansion planning model is proposed 
in [8], which models the economic reward-penalty scheme 
for lessening the gap between the theoretical and real reli‐
ability costs. Nevertheless, these methods [8], [12] neglect 
the spatial network layout requirements, which may affect 
the economic and reliability performances in graph-based 
planning [13], [14]. References [15] and [16] apply the ras‐
ter map to integrate optimal electrical line routing and net‐
work reliability evaluation by defining line linkages as pow‐
er flow direction variables in the network-dependent reliabili‐
ty evaluation. However, the reliability-related constraints and 

reliability-centric objective function are not taken into con‐
sideration. It is unable to enhance the reliability in spatial 
network planning. Similarly, embedded reliability constraints 
are still rarely applied in the existing graph-based planning 
models due to the complexity of integrating algebraic reli‐
ability formulas. This complexity is caused by the lack of es‐
sential relationships between different branches.

To reduce the complexity, several methods integrating al‐
gebraic reliability formulas with geographical constraints 
have been proposed [17]. Additionally, this paper introduces 
a reliability-centered planning method for optimal FR and 
conductor sizing. This paper models fictitious power flow 
and implements reliability evaluation on the edges of the 
graph, which improves the spatial layout and reliability in 
the optimization process. Then, the mesh layout requirement 
would be satisfied by connecting the feeder routes powered 
from diverse sources. Meanwhile, the conductor sizes are de‐
termined through the maximum fictitious power flow on 
each edge. In contrast to the graph-based FR followed by se‐
curity verification and reliability re-evaluation, the proposed 
method adds the reliability-centered objective function and 
constraints through the affiliation variable to the fictitious 
power flow model. Furthermore, the reliability calculation is 
performed by integrating affiliation variables and algebraic 
formulas, which significantly enhances the spatial network 
layout. Finally, various methods in this paper and [2] - [9], 
[11], [14]-[18] are compared, as shown in Table I, showing 
that this paper can provide a comprehensive planning meth‐
od for FR and conductor sizing considering reliability re‐
quirement and geographic constraints.

The major contributions of this paper are listed as follows.
1) A graph-based fictitious power flow model is devel‐

oped, which replaces the lines of the power grid with the 
edges in geographic graph. These discrete edges are utilized 
to splice into feeder routes, while certain geographic graph-
constrained edges are removed to meet realistic requirements.

2) The overlapping feeder routes with fictitious power 
flows from multiple sources are designed as line connection, 
connecting the radial network into the mesh network. More‐
over, the conductor sizing is optimized through the thermal 
stability limit on each edge, improving the economic efficien‐
cy of planning.

3) The affiliation variable is introduced to define the up‐
stream and downstream relationships between edges, facilitat‐
ing the integration of algebraic reliability formulas within 
the model. Customized reliability requirements are achieved 
by incorporating specific reliability index constraints into the 
model through calculation formulas.

The remainder of this paper is organized as follows. Sec‐
tion II introduces the problem statement in which the associ‐
ated assumptions for graph-based fictitious power flow mod‐
el and reliability calculation are described. Section III details 
the fictitious power flow model based on mixed-integer sec‐
ond-order cone programming (MISOCP) in the geographic 

TABLE I
COMPARISON OF DIFFERENT METHODS FOR GRAPH-BASED FR AND CONDUCTOR SIZING WITH RELIABILITY CONSTRAINTS

Method

[2], [7]

[4]

[6]

[3], [5]

[8], [9]

[11], [15]

[14], [16]

[17], [18]

This paper

Technique

Metaheuristics

Metaheuristics

Heuristics

Mathematical programming

Mathematical programming

Mathematical programming

Mathematical programming

Mathematical programming

Mathematical programming

Reliability assessment

Simulation

Simulation

Analytical method

Linear programming

Linear programming

Analytical method

Linear programming

Graph-based FR

Automatic street map generation

Subgraph of discretized map

Gathering based on alternative routes

Optimized in model

Subgraph of discretized map

Conductor sizing

Optimized in objective function

Optimized in objective function

Obtained via model constraints

Obtained via model constraints
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graph. Section IV emphasizes the process of improving the 
model by using affiliation variables and algebraic reliability 
formulas. Section V conducts case study on two test sys‐
tems. Finally, Section VI concludes this paper.

II. PROBLEM STATEMENT

As demonstrated in [5], FR optimization without geo‐
graphic constraints may result in doubled feeder length. To 
avoid excessive costs caused by lengthy feeders, this paper 
embeds geographic constraints into the fictitious power flow 
model through a geographic graph. Specifically, the pro‐
posed method treats each edge of the geographic graph as an 
independent candidate, with its selection determined by solv‐
ing the FR optimization. The feeders would be routed along 
graph edges that meet realistic requirements, including spa‐
tial conditions and mesh layout constraints. However, a sig‐
nificant challenge lies in integrating reliability evaluation in‐
to the fictitious power flow model. To address this, we add 
the existing algebraic reliability formulas into the fictitious 
power flow model, realizing a reliability-centered planning 
optimization [10]. The reliability formulas rely on network 
topology and power flow direction during the optimization 
process. But there is no predefined upstream/downstream re‐
lationship among the edges during problem solving. Conse‐
quently, the proposed method introduces affiliation variables 
to represent the upstream/downstream relationship, enabling 
the integration of reliability formulas into the fictitious pow‐
er flow model. Moreover, the reliability calculation with cus‐
tomized reliability constraints are implemented through these 
affiliation variables, which will be detailed in Section IV.

A. Assumptions

To implement FR optimization with geographic graph con‐
straints, a representative geographic graph is constructed in 
the Euclidean plane to simulate the actual geographic graph, 
as illustrated in Fig. 1(a). On the two-dimensional Euclidean 
plane, the vertices and edges correspond to the nodes and 
wiring of the circuit, respectively. In the geographic graph, 
the vertices are categorized into three types: normal nodes, 
substation nodes, and load nodes, based on the presence of 
substations or loads in their vicinity. Moreover, edges trans‐
ferring power in the fictitious power flow must be equipped 
with an appropriate conductor size to ensure the load de‐
mand and cost effectiveness. Specifically, the vertices and 
edges in FR are also required to meet the following condi‐
tions and assumptions, based on the geographic graph con‐
straints and security limits.

1) To illustrate the characteristics of spatial FR, a simple 
grid plane graph is shown in Fig. 1(a). For vertices without 
substation or load around them, they are deemed as normal 
nodes. Except for the vertices, the feeders and branches of 
the distribution network are replaced by discrete edges in the 
grid plane graph. To distinguish the opposite power flow di‐
rections on the same branch of different topologies, two ref‐
erence directions are set for each edge. Only one direction 
functions when the distribution network radially operates. 
On the other hand, two directions may respectively function 
in diverse topologies. For the network reconfiguration, feed‐

ers are assumed to be equipped with circuit breakers and 
both ends of each branch are also assumed to be equipped 
with switches, as shown in Fig. 1(a). Once the fault occurs, 
the distribution network performs topology reconfiguration 
through tie-lines to ensure the supply of the load, where the 
power transferred from different sources may flow in differ‐
ent directions on the same branch.

2) To ensure the operational security of selected edges 
supplied by an individual substation, the fictitious power 
flow is modeled on the edges to simulate the power transmis‐
sion between two adjacent vertices. Through power transmis‐
sion edges carrying fictitious power flow, the normal nodes, 
load nodes, and substation nodes are interconnected in a radi‐
al configuration. To meet the mesh requirement, the pro‐
posed method models fictitious power flow for all substa‐
tions. All the edges carrying power flow originating from 
various substations form a mesh network topology, ensuring 
reliable power transmission. Therefore, this paper introduces 
the fictitious power flow model according to the number of 
substations. For instance, a mesh network is shown in Fig. 
1(b) with two substations and two fictitious power flows. 
Meanwhile, the red and blue dotted edges represent the ficti‐
tious power flows. The substation node supplies power 
through these edges. Finally, all the edges applied in the fic‐
titious power flow are selected in the distribution network 

(b)

Substation node; Load node;
GIS node

B

A

B

A

B

A

j

k

A

B

A

B

Circuit breaker
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Fictitious substation node

(c)

GIS node

…

Fig. 1.　Feeder planning and type selection process. (a) Geographic graph 
constructed in Euclidean plane. (b) Two fictitious power flows of mesh net‐
work. (c) Various conductor sizes for one edge.
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planning.
3) The edges applied in FR should be equipped with a 

suitable conductor size. As shown in Fig. 1(c), it is assumed 
that there are various conductor sizes to be selected for an 
edge. Each conductor type has its unique thermal stability 
limit. To ensure the safe operation, only one conductor size 
will be determined for the edge by optimizing multiple ficti‐
tious power flows among the substations. Specifically, once 
an edge is applied to FR, the conductor size on the edge 
should be selected as the type with an adequately large ca‐
pacity to meet the requirements of safe operation.

B. Reliability Assessment Descriptions

It is assumed that the feeders and branches of the distribu‐
tion network are equipped with circuit breakers and switch‐
es. When a fault occurs, the first circuit breaker upstream 
the fault trips to isolate the fault. After the switching-only in‐
terruption, switches and circuit breakers are operated to re‐
configure the network topology to curtail the unsupplied en‐
ergy. In [10], for repair-and-switching interruptions, the dis‐
tribution network should restore the power supply after the 
fault recovery. Different from the repair-and-switching inter‐
ruptions, the switching-only interruptions only need time to 
isolate the faulted components and reconfigure the topology. 
Based on the above two situations, the existing algebraic 
method can be used to formulate the calculation of reliabili‐
ty indices. Then, according to the method proposed in [11], 
the reliability indices such as customer interruption duration 
(CID), customer interruption frequency (CIF), SAIFI, 
SAIDI, ASAI, and EENS of the distribution network under 
the fixed topology are also calculated using the algebraic for‐
mulas, which are not repeated in this paper due to space lim‐
it. But the analytical reliability expressions under different 
conditions are shown in Fig. 2, and the reliability calculation 
is represented as:

ì

í
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In Fig. 2(a) and (b), the existing calculation methods ap‐
ply the power flow direction (α+ij and α-ij) of each branch in 
the fixed topology to calculate the reliability indices for re‐
pair-and-switching interruptions and switching-only interrup‐
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Fig. 2.　Illustrative examples of analytical reliability expressions. (a) Analyt‐
ical reliability calculation of repair-and-switching interruptions without geo‐
graphic graph. (b) Analytical reliability calculation of switching-only inter‐
ruptions without geographic graph. (c) Analytical reliability calculation of re‐
pair-and-switching interruptions with geographic graph. (d) Analytical reli‐
ability calculation of switching-only interruptions with geographic graph.

2078



LI et al.: RELIABILITY-CENTERED PLANNING WITH GEOGRAPHIC GRAPH CONSTRAINTS FOR FEEDER ROUTING AND...

tions, respectively. In Fig. 2(a), the expected rate of repair-
and-switching interruptions affecting load node i (Π RS

i ) 
should be calculated by (2), e.g., Π RS

2 =Π RS
1 + λ12d12. Howev‐

er, the feeders and branches are replaced by edges in the 
geographic graph. In Fig. 2(c), branch (12) between two 
load nodes is divided into two edges (1g) and (g2). Thus, the 
reliability calculation changes accordingly, and Π RS

2 =Π RS
1 +

λ12d12α
+
12 is replaced by Π RS

2 =Π RS
1 + λ1gd1gα

+
1g + λg2dg2α

+
g2, 

where α+12 = 1 is changed to α+1g = 1, α+g2 = 1. Moreover, to inte‐
grate the formula into the fictitious power flow model, the 
power flow directions α+ij and α-ij of branches should also be 
replaced by the fictitious power flow directions f +

ij  and f -
ij  of 

the edges, respectively, and λ1gd1gα
+
1g and λg2dg2α

+
g2 are 

changed to f +
1g λ1gd1g and f +

g2 λg2dg2, respectively. However, it 
is not sufficient to only replace the fictitious power flow di‐
rection to integrate the reliability calculation of the switch‐
ing-only interruption into the fictitious power flow model. 
For example, it is unable to calculate the reliability indices 
of switching-only interruptions affecting nodes near the sub‐
station like Π SO

1  and Π SO
6  in the solving process, as they are 

merely related to their downstream edges that are undeter‐
mined in the optimization. Thus, this paper introduces the 
affiliation variable k ij

ij  to represent the upstream and down‐
stream relationship between edges. In Fig. 2(d), the edge (6,
7) is the downstream of the edge (0, 6) and is represented 
by k 06

67 = 1. In addition, for the affiliation of edge (0,6) and 
other edges except (67), the affiliation variables k 06

ij = 0 
(ij)ÎB (ij)¹ (06). If the edge (ij) is selected during the op‐
timization process, k ij

ij  will be 1, such as k 06
06 = 1. Therefore, 

based on the affiliation variables, the formulas of switching-
only interruptions affecting nodes near the substation in Fig. 
2(b) are reformulated as constraints and embedded into the 
graph-based fictitious power flow model. As an illustration, 
Π SO

1 = λ12d12 + λ23d23 + λ34d34 + λ45d45 and Π SO
6 = λ67d67 are 

changed to Π SO
1 = ∑

(ij)ÎB

k 01
ij λijdij - k 01

01 λ01d01 and Π SO
6 = 

∑
(ij)ÎB

k 06
ij λijdij - k 06

06 λ06d06, respectively. Then, the reliability-re‐

lated parameters representing the rate and duration of inter‐
ruptions are applied to (6)-(11) to calculate the reliability in‐
dices. By embedding these equations, the customized reliabil‐
ity requirements can be set as constraints in the fictitious 
power flow model. The modeling process and the reliability 
constraints based on these formulas are discussed in Section 
IV.

III. FICTITIOUS POWER FLOW MODEL

As demonstrated in Section II-A, when modeling on a 
geographic graph, the branches of the distribution network 
are replaced by discrete edges. Consequently, the branch 
power is substituted with edge power. This paper has modi‐
fied the branch-based power flow constraints in the second-
order cone programming (SOCP), and represents the edge-
based power flow constraints proposed in Section III-C. This 
power flow constraint ensures that the power flow model for 
FR is constructed based on the fictitious model, which is a 
convex SOCP. Moreover, by introducing integer variables in 
the conductor size constraints in Section III-B, the proposed 

model is transformed into an MISOCP.

A. Objective Function

The objective function for the proposed model consists of 
three components: the installation cost cI, the maintenance 
cost cM, and the reliability cost cR. cI and cM mainly depend 
on the feeder length and the conductor size, where the cost 
per unit length differs for differing conductor sizes [18]. 
Moreover, the reliability cost cR is defined as the product of 
the reliability index EENS and the unit reliability cost of 
EENS μ. The objective function C with three investment 
components is presented by:

min C = cI + cM + cR =

∑
(ij)ÎΒ( )dij∑

aÎA

sa
ij +ω

é

ë

ê
êê
ê∑

(ij)ÎΒ( )dij∑
aÎA

ma
ij + μ ×EENS

ù

û

ú
úú
ú

(12)

ω =
(1 + δ)t - 1
δ(1 + δ)t (13)

B. Conductor Size Constraints

Based on the assumption in Section II-A, the fictitious 
power flow direction variables are specified for each edge in 
the model as two binary variables f +

ij , f -
ij . The binary variable 

f +
ij  indicates that the flow direction is the same as the refer‐

ence direction (from i to j), and the binary variable f -
ij  indi‐

cates that the fictitious flow from j to i is opposite to f +
ij . 

Once the power is transferred by the edge (i, j) in the ficti‐
tious power flow, the edge (i, j) would be selected. The se‐
lectable conductor size for each edge must be chosen from a 
predefined set of candidate options. Each conductor size is 
associated with distinct installation cost, maintenance cost, 
as well as specific power and current limits. The constraints 
are given by (14)-(16).

f +
ij + f -

ij = fij    "(ij)ÎB (14)

fij =∑
aÎA

Y a
ij     "(ij)ÎB (15)

ì

í

î

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

sa
ij =∑

aÎA

cconductor
a Y a

ij     "(ij)ÎB

ma
ij =∑

aÎA

cmaintenance
a Y a

ij     "(ij)ÎB

S max
ij =∑

aÎA

S max
a Y a

ij     "(ij)ÎB

I max
ij =∑

aÎA

I max
a Y a

ij     "(ij)ÎB

rij =∑
aÎA

r a
ijY

a
ij     "(ij)ÎB

xij =∑
aÎA

xa
ijY

a
ij     "(ij)ÎB

(16)

Constraint (14) shows whether the edge (i, j) transfers the 
fictitious power flow. fij = 1 indicates that edge (i,j) is select‐
ed. Otherwise, fij = 0 indicates that edge (i, j) is not selected. 
Equation (15) dictates that only one type of conductor size 
should be selected in the edge (i, j). Moreover, (16) implies 
that different conductor sizes have their corresponding unit 
costs and thermal stability limits. The binary variable Y a

ij  in‐
dicates that the edge (i, j) is equipped with the conductor 
type a.
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C. Power Flow Constraints in Geographic Graph

In the geographic graph, the branch-based power flow con‐
straints could be modified to edge-based power flow con‐
straints, which are combined with the directional binary vari‐
ables of fictitious power flow to meet the node power bal‐
ance in (17) - (20) [16]. Apart from the convex constraints, 
each edge should also abide by the voltage constraints and 
thermal limits:

P out
i = ∑

(ij)ÎBstart
i

(P +
ij -P -

ij + I -
ij rij )+ ∑

(ij)ÎBend
i

(P -
ij -P +

ij + I +
ij rij )    "iÎN

(17)

Qout
i = ∑

(ij)ÎBstart
i

(Q+
ij -Q-

ij + I -
ij xij )+ ∑

(ij)ÎBend
i

(Q-
ij -Q+

ij + I +
ij xij )    "iÎN

(18)

P g
i =P out

i +P load
i     "iÎN (19)

Qg
i =Qout

i +Qload
i     "iÎN (20)

Equations (17) and (18) represent the active and reactive 
power outflows of each node through the edges connected to 
the node, respectively. Equations (19) and (20) concern the 
active and reactive source power inflows (P g

i Q
g
i ) of each 

node, which should be equal to the sum of active and reac‐
tive power outflows (P load

i P out
i Qload

i Qout
i ) of the node, re‐

spectively.

-Mf +
ij £Vi -Vj + 2(P +

ij rij +Q+
ij xij )+ I +

ij (r 2
ij + x2

ij )£Mf +
ij     "(ij)ÎB

(21)

-Mf -
ij £Vj -Vi + 2(P -

ij rij +Q-
ij xij )+ I -

ij (r 2
ij + x2

ij )£Mf -
ij     "(ij)ÎB

(22)

4(P +
ij )2 + 4(Q+

ij )
2 + (I +

ij -Vi )
2 £ I +

ij -Vj    "(ij)ÎB (23)

4(P -
ij )2 + 4(Q-

ij )
2 + (I -

ij -Vj )
2 £ I -

ij -Vi    "(ij)ÎB (24)

Formulas (21) - (24) indicate the convex fictitious power 
flow constraints on each edge according to the second-order 
cone relaxation technique.

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

- 2 S max
ij £(P +

ij +P -
ij )+ (Q+

ij +Q-
ij )£ 2 S max

ij     "(ij)ÎB

- 2 S max
ij £(P +

ij +P -
ij )- (Q+

ij +Q-
ij )£ 2 S max

ij     "(ij)ÎB

P +
ij P

-
ij Î[0S max

ij ]    "(ij)ÎB

Q+
ijQ

-
ijÎ[0S max

ij ]    "(ij)ÎB

(25)

ì

í

î

ïïïï

ï
ïï
ï

0 £ I +
ij + I -

ij £ I max
ij     "(ij)ÎB

0 £ I +
ij £Mf +

ij     "(ij)ÎB

0 £ I -
ij £Mf -

ij     "(ij)ÎB

(26)

V min
i £Vi £V max

i     "iÎN (27)

The appropriate conductor size would be determined by 
thermal stability constraints. As indicated in (25) and (26), 
the model adheres to these thermal stability limits, ensuring 
that both the power flow and current for each edge remain 
below their respective upper limits. Moreover, (27) establish‐
es voltage constraints for each node.

IV. MODEL IMPROVEMENT USING AFFILIATION VARIABLES 
AND ALGEBRAIC FORMULAS

A. Affiliation Variables

As proposed in [19] and [20], there may be a large num‐
ber of downstream branches of a feeder in the distribution 
network. Similarly, there is also an upstream-downstream re‐
lationship of edges in the fictitious power flow, where the 
upstream-downstream relationship is represented by affilia‐
tion variables of edges k ij

xy in the fictitious power flow mod‐
el. For instance, k ij

xy = 1 is used to represent that edge (xy) is 
the downstream edge of edge (ij). As shown in Fig. 3, a ra‐
dial fictitious power flow is illustrated to clarify the use of 
affiliation variables. In Fig. 3, six edges are selected, and the 
affiliation variables of these six edges are shown in (28). In 
(29), k ij

ij = 1 is applied when the edge (ij) is selected in the 
fictitious power flow.

ì

í

î

ïïïï

ïïïï

k 04
04 = k 04

46 = k 04
45 = 1              Edge04

k 01
01 = k 01

12 = k 01
13 = 1              Edge01

k 46
46 = k 12

12 = k 13
13 = k 45

45 = 1    Edge46121345

(28)

To determine the affiliation variables in the optimization 
process, direction variables f +

ij , f -
ij  of the fictitious power 

flow are added to the constraints. The affiliation variables-re‐

lated constraints are expressed as:
k ij

xy = 0    "(ij)ÎBsource"(xy)ÎBsource (ij)¹ (xy) (29)

∑
(ij)ÎBsource

∑
(xy)ÎB

k ij
xy = ∑

(ij)ÎB

fij (30)

Referring to edges Edge04 and Edge01, (29) indicates that 
there is no affiliation of different edges connected to the 
source node. From (30), the sum of the downstream edges 

1 2

3

Edge46 Edge04

Edge13 Edge2g3

5

46
Edge01 Edge12

Edge45 Edge0g2
Edge6g1

Edge5g1
Edge5g2

g1 g2 g3Edge3g2
Edge3g3

g3

Edge4g2

Edge05

Edge56

Edge4g1

Edge03

Edge1g2

Edge1g3

Edge23

0

Substation node; Load node; GIS node

Fig. 3.　Subordination between feeder and branches.
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of the edges connected to the source node is equal to the to‐
tal number of edges applied in FR.

-Mf +
ij £ ∑

(xy)ÎB

k ij
xy - ∑

( jz)ÎBj
(ij)¹ ( jz)

∑
(xy)ÎB

k jz
xy - 1 £Mf +

ij     "(ij)ÎB
(31)

-Mf -
ij £ ∑

(xy)ÎB

k ij
xy - ∑

(iz)ÎBj
(ij)¹ (iz)

∑
(xy)ÎB

k iz
xy - 1 £Mf -

ij     "(ij)ÎB
(32)

k ij
ij = fij    "(ij)ÎBijÏN source (33)

k xy
ij + k ij

xy £( fij + fxy )/2    "(ij)ÎB"(xy)ÎB(ij)¹ (xy) (34)

Formulas (31) and (32) indicate that the affiliation vari‐
able of edge (ij) is one more than the total number of all af‐
filiation variables of downstream edges connected to (ij). In 
(33), once an edge (ij) is selected in fictitious power flow, 
k ij

ij = 1. Formula (34) ensures that the interrelationship of up‐
stream and downstream between any two edges is disal‐
lowed.

B. Calculation of Reliability Indices

According to the algebraic reliability formula in [10], the 
reliability indices are constrained as:

Γ RS
i Γ SO

i Π RS
i Π SO

i Î[0Mni ]    "iÎN (35)

Γ RS
i =Π RS

i = Γ SO
i =Π SO

i = 0    "iÎN source (36)

From (35), the reliability indices of the nodes not used in 
FR are constrained to be zero. For the nodes used in FR, the 
reliability indices are constrained to be greater than zero. 
However, the expected duration and rate of interruptions af‐
fecting source node i are constrained to be zero in (36) [21].

To estimate the reliability indices in the optimization pro‐
cess, the constraints on each edge are given as:

-Mfij £ Γ
RS
j - Γ RS

i - τ RS
ij λijdij ( f +

ij - f -
ij )£Mfij    "(ij)ÎB (37)

-Mfij £Π
RS
j -Π RS

i - λijdij ( f +
ij - f -

ij )£Mfij    "(ij)ÎB (38)

-Mfij £ Γ
SO
i - Γ SO

j - τ RS
ij λijdij ( f +

ij - f -
ij )£Mfij    "(ij)ÎB\Bsource

(39)

-Mfij £Π
SO
i -Π SO

j - λijdij ( f +
ij - f -

ij )£Mfij    "(ij)ÎB\Bsource (40)

Formulas (37) - (40) indicate that the load-nodal reliability 
indices are constrained by the fictitious power flow direction 
variables, meaning that the reliability formulas on the edge 
(ij) are available when the fictitious power flow direction 
variable is available (f +

ij = 1 or f -
ij = 1). However, since the ex‐

pected nodal rate and durations of switching-only interrup‐
tions of the source nodes are equal to zero, the edges con‐
nected to the source nodes are not required to meet con‐
straints (39) and (40).

As proposed in [10], Γ SO
i  and Π SO

i  of source nodes and 
their adjacent nodes are merely related to their downstream 
edges. These reliability indices are unable to be constrained 
by (39) and (40) due to Γ SO

source = 0 and Π SO
source = 0, respectively. 

Therefore, the proposed method improves the corresponding 
constraints based on the introduced affiliation variables. The 
improved constraints of edges connected to the source nodes 
are set as:

-Mfij £ ∑
(xy)ÎB

τ RS
ij λijdijk

ij
xy - Γ

SO
j - τ RS

ij λijdij ( f +
ij - f -

ij )£Mfij

"(ij)ÎBsource"iÎN source (41)

-Mfij £ ∑
(xy)ÎB

λijdijk
ij
xy -Π

SO
j - λijdij ( f +

ij - f -
ij )£Mfij

"(ij)ÎBsource"iÎN source (42)

To ensure the customized reliability requirements of the 
FR, different reliability constraints for load nodes are repre‐
sented by:

CIFi £ ε
CIF
i     "iÎN load (43)

CIDi £ ε
CID
i     "iÎN load (44)

C. Model Improvement

To determine which edges and vertices of the graph are 
applied in the FR, the fictitious power flow variables of edg‐
es and vertices are set to represent the states of edges and 
vertices. Specifically, these variables equal to 1 represent 
that the edges and vertices are used. Once they are equal to 
0, it means that the edges and nodes are not used in the FR.∑

iÎN

ni - 1 = ∑
(ij)ÎB

fij (45)

ni ³ fij    "(ij)ÎBi"iÎN (46)

ì
í
î

ïïV min
i = niV

min

V max
i = niV

max
    "iÎN (47)

P out
i Qout

i Î[-MniMni ]    "iÎN (48)

Equation (45) indicates that in the fictitious power flow 
model, the total number of discrete edges used is one less 
than the total number of discrete vertices, thereby satisfying 
the radial topology constraint. Formula (46) implies that the 
vertex i is used in the network when the fictitious power 
flow of the edges connected to vertex i is used. Equation 
(47) indicates that the upper and lower voltage limits are 
equal to the critical number when the vertices are used. 
Once the vertices are not used, the voltage upper and lower 
limits are equal to zero. Formula (48) indicates that the ac‐
tive and reactive power flowing out of the selected nodes is 
not limited, and the active and reactive power flowing out of 
the unapplied vertices is equal to zero.

For conductor sizing, the impedance should be set as vari‐
able, which is different for diverse conductor sizes in the op‐
timization process. However, the resistance and reactance of 
each edge are unavailable to be set as variable (rijxij) due to 
the inappropriate products of the variables such as P +

ij rij, 
Q+

ij xij, I +
ij (r 2

ij + x2
ij ). Meanwhile, as demonstrated in [22], the 

MISOCP model demonstrates that the relaxation error re‐
mains consistently below 0.1% in FR optimization. This em‐
pirical evidence substantiates the mathematical tightness of 
the proposed model. Therefore, auxiliary variables such as 
Pr +

ij, Qx+
ij, Ir

+
ij, Ix

+
ij are introduced in the constraints as:

Pr +
ij -P +

ij rijPr -
ij -P -

ij rijQx+
ij -Q+

ij xijQx-
ij -Q-

ij xijIr
+
ij - I +

ij rij
Ir -

ij - I -
ij rijIx

+
ij - I +

ij xijIx
-
ij - I -

ij xijIrx+
ij - I +

ij (r 2
ij + x2

ij )

Irx-
ij - I -

ij (r 2
ij + x2

ij )Î[-M (1 - fij )M (1 - fij )]    "(ij)ÎB
(49)
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ì
í
î

ïï

ïï

Pr +
ij Qx+

ijIr
+
ij Ix

+
ijIrx+

ijÎ[0Mf +
ij ]    "(ij)ÎB

Pr -
ij Qx-

ijIr
-
ij Ix

-
ijIrx-

ijÎ[0Mf -
ij ]    "(ij)ÎB

(50)

From (49) and (50), all the inappropriate products of vari‐
ables are transformed into the products of variables and data 
sets (e.g., r a

ij, x
a
ij). Based on the introduced auxiliary variables, 

(17), (18), (21), and (22) are improved, as represented in (51)-
(54), respectively.

P out
i = ∑

(ij)ÎBstart
i

(P +
ij -P -

ij + Ir -
ij )+ ∑

(ij)ÎBend
i

(P -
ij -P +

ij + Ir +
ij )    "iÎN

(51)

Qout
i = ∑

(ij)ÎBstart
i

(Q+
ij -Q-

ij + Ix-
ij )+ ∑

(ij)ÎBend
i

(Q-
ij -Q+

ij + Ix+
ij )    "iÎN

(52)

-Mf +
ij £Vi -Vj + 2(Pr +

ij +Qx+
ij )+ Irx+

ij £Mf +
ij     "(ij)ÎB (53)

-Mf -
ij £Vj -Vi + 2(Pr -

ij +Qx-
ij )+ Irx-

ij £Mf -
ij     "(ij)ÎB (54)

V. CASE STUDY

Two case studies based on a 28-node test system and a 
160-node large system are conducted to verify the effective‐
ness and applicability of the fictitious power flow model. It 
is assumed that the permissible range of voltage is between 
0.95 p.u. and 1.05 p.u.. Four types of candidate conductors 
are selected from [23] and [24] including Gopher, Ferret, 
Mink, and Raccoon. The cost coefficient for EENS μ is set 
to be 11200 $/MWh, and the mean value of the reliability 
cost of all the fictitious power flows from different source 
nodes is set as part of the objective function. Moreover, we 
assume that the annual load growth rate of each load node is 
5% and the feeder operation period is 20 years. The optimi‐
zation model is solved by the Gurobi solver on a 2.9 GHz 
personal computer with 16 GB of RAM.

A. 28-node Test System

The 28-node test system contains 28 vertices and 81 edg‐
es, which is used to illustrate the impact of including reliabil‐
ity and geographic constraints in the FR optimization. Figure 
4 shows the FR results. Nine load nodes are represented by 
blue circles and two power source nodes are represented by 
red squares. The geographical distribution of power source 
nodes and load nodes is shown in Fig. 4(a). The horizontal 

lengths of the edges are 1 km or 2  km for non-crossing 
edges or crossing edges, respectively. Vertical height is as‐
sumed to be the same in this case study. The interruption 
rate of each edge is set to be 0.1 per year per kilometer 
[21]. And the interruption durations for repair-and-switching 
and switching-only cases are set to be 3 hours and 0.5 
hours, respectively [6]. There are three load levels in reliabil‐
ity estimation. Loading factors of load levels 1, 2, and 3 are 
70%, 83%, and 100%, respectively, and durations of load 
levels 1, 2, and 3 are 2000 hours, 5760 hours, and 1000 
hours, respectively.

To verify the availability, the FR, conductor sizing, and si‐
multaneous reliability evaluation are made in the test case. 
The fictitious power flows of different source nodes and spa‐
tial network layout are determined in the optimization pro‐
cess. In more details, the fictitious power flows 1 and 2 of 

two source nodes are shown in Fig. 4(b) and Fig. 4(c), re‐
spectively. Based on the superimposed fictitious power flow, 
the distribution network is constructed for the two power 
source nodes in Fig. 4(d). The results show that the operat‐
ing fictitious power flow is radial, but the network is of 
mesh type.

The reliability indices are summarized in Table II, while 
the fictitious power flow results are presented in Table III. 
Additionally, Tables IV provides the conductor sizes and as‐
sociated costs of the feeder. The reliability indices (CIF and 
CID) under N - 1 failure in different fictitious power flows 
are shown in Table II, which are evaluated under the repair-
and-switching interruptions and switching-only interruptions. 
In Table II, the CID of node 3 is 0.421 hour/year in the ficti‐
tious power flow 1. But the CID at node 3 of fictitious pow‐
er flow 2 is 2.254 hour/year and maximal among all the 
nodes. In this test case, CIF is constrained to be less than 
0.8 interruption/year and CID is constrained to be less than 
2.5 hour/year. As shown in Table II, the CIF and CID indica‐
tors of all nodes meet the set constraints. Moreover, SAIFI, 
SAIDI, ASAI, and EENS of fictitious power flow from 
source nodes 1 and 2 are 0.60 interruption/year, 1.26 hour/

A
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3

B

7

1 2

4 5

9

400 kVA

300 kVA

400 kVA

500 kVA500 kVA
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(b)
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Substation node; Fictitious substation node
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Fig. 4.　FR results for 28-node test system. (a) Geographical distribution of 
source nodes and load nodes. (b) Fictitious power flow of source A. (c) Fic‐
titious power flow of source B. (d) Mesh distribution network structure.
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year, 99.999%, 4.015 MWh/year, and 0.69 interruption/year, 
1.40 hour/year, 99.984%, and 4.4754 MWh/year, respective‐
ly. It can be observed that reliability indices of the planned 
network can be precisely calculated in the FR.

From Table III, there are multiple repeatedly selected edg‐
es such as l4, l8, l12, l19, l28, l40, l45, l56, l61, l66 of the two ficti‐
tious power flows. These edges are applied to transmit pow‐
er in opposite directions of the two fictitious power flows, 
respectively. Moreover, based on the repeatedly selected edg‐
es, the FR of two substations will be connected together to 
meet the mesh requirement on the graph.

From Table IV, three types of conductor sizes are chosen 
based on conductor sizing analysis, where the installation 
cost of the Gopher type is the highest among all the conduc‐
tor sizes. Generally, the conductor capacity of edges is deter‐
mined by the maximum fictitious power flow through itself. 
The higher the conductor capacity is, the higher the cost of 
the conductor will be. However, to improve the economic 
performance, the conductor size with a lower unit cost such 
as Gopher is most adopted, even its thermal stability limit 
and capacity are not relatively high.

Considering the customized reliability requirements of dif‐
ferent load demands, diverse reliability conditions can be ap‐

plied to load nodes by constraining the reliability variables. 
Four reliability standards, namely A, B, C, and D, are speci‐
fied as follows. Standards A, B, C, and D indicate that CID 
cannot exceed 2.7, 2.6, 2.5, and 2.4 hour/year, respectively; 
and CIF cannot exceed 1.2, 1.1, 1.0, and 0.9 interruption/
year, respectively. In Table V, the associated costs such as in‐
stallation cost, maintenance cost, and reliability cost of stan‐
dard A are $66943, $38042, and $20210, respectively, whose 
total cost is the least. Moreover, as the reliability constraints 
become stricter, the cost of FR increases. Consequently, the 
additional investment of FR can improve the reliability, and 
customized reliability requirements can be satisfied by the 
proposed method.

B. 160-node Large System

To illustrate the impact of reliability requirement and the 
presence of geographical obstacles in the FR, the fictitious 
power flow model is applied on a realistic 160-node large 
system [5]. Moreover, the performance of the proposed meth‐
od has also been compared with the resilient FR method 
based on the radial layout presented in [5], where the mesh 
principle is ignored. In the geographic graph, the edges on 
the obstacle terrain are unable to be applied in the FR prob‐
lem, resulting in the decrease of the number of available edg‐
es. As the number of available edges and the scale of the 
problem decrease, the speed and efficiency of obtaining the 
solution increase. In Fig. 5(a), a geographic graph is com‐
posed of 160 vertices and 564 edges, where the special ter‐
rains (such as green land and lakes) are marked as irregular-
colored blocks. Affected by the terrain conditions, there are 
132 edges restricted by the obstacles.

For the sake of simplicity and without loss of generality, 
the customized reliability requirement and the presence of 
geographical obstacles are analyzed in three cases.

1) Case 1: ignoring the impact of obstacle terrain, the ficti‐
tious power flow model would be solved on the graph with 
160 nodes and 564 edges, where the optimal objective func‐
tion value obtained without reliability consideration only con‐
tains the installation cost cI and the maintenance cost cM.

2) Case 2: considering the impact of obstacle terrain, 132 
edges should be restricted by the obstacles. The available 
432 edges will be selected and equipped with diverse con‐
ductor sizes for improving the total cost excluding the reli‐
ability cost cR and solution efficiency.

3) Case 3: the impact of obstacle terrain is the same as 
that in Case 2, and only 432 edges are available on the 
graph. Besides, to reflect the effect of reliability consider‐
ation, the ASAI is constrained to be above 99.9% and the re‐
liability cost cR is also added to the total cost in this case.

TABLE V
COSTS OF FR OF DIFFERENT RELIABILITY STANDARDS

Standard

A

B

C

D

Installation 
cost cI (k$)

66.943

67.466

68.320

70.337

Maintenance 
cost cM (k$)

38.042

38.755

40.582

41.487

Reliability 
cost cR (k$)

20.21

19.21

17.64

16.86

Total cost 
(k$)

125.195

125.431

126.542

128.684
TABLE III

COMPARISON OF FICTITIOUS POWER FLOWS OF DIFFERENT SOURCE NODES

Source node

Source node 1

Source node 2

Edge

{l1, l2, l3, l29, l33, l35}, {l4, l8, l12, l19, 
l28, l40, l45, l56, l61, l66}

{l50, l73, l75, l77, l78, l79, l80, l81}, {l4, 
l8, l12, l19, l28, l40, l45, l56, l61, l66}

Co-contained edge

l4, l8, l12, l19, l28, l40, 
l45, l56, l61, l66

l4, l8, l12, l19, l28, l40, 
l45, l56, l61, l66

TABLE IV
CONDUCTOR TYPES OF FR

Conductor 
type

Gopher

Ferret

Mink

Raccoon

Edge of FR

l2, l4, l8, l12, l19, l28, l33, l35, l40, 
l45, l56, l61, l66, l73, l77, l78

l1, l3, l29, l50, l75

l79, l80, l81

Number 
of edges

16

5

3

0

Installation cost of 
conductor (k$)

37.949

18.408

15.000

0

TABLE II
RELIABILITY INDICES OF N - 1 FAILURE

Load 
node

1

2

3

4

5

6

7

8

9

Fictitious power flow 1

CIF
(interruption/year)

0.641

0.641

0.341

0.700

0.641

0.700

0.700

0.341

0.700

CID
(hour/year)

0.571

1.321

0.421

1.266

1.924

1.204

1.807

1.024

1.557

Fictitious power flow 2

CIF
(interruption/year)

0.741

0.741

0.800

0.383

0.741

0.800

0.383

0.800

0.800

CID
(hour/year)

2.224

1.474

2.254

1.149

0.871

1.504

0.545

1.650

1.150

2083



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 13, NO. 6, November 2025

The total costs in Cases 1 and 2 of the model based on 
[5] are obtained by replacing the conductor data with four 
types of candidate conductors provided in [5]. However, the 
total cost in Case 3 is unable to be obtained since the model 
based on [5] ignores the reliability cost. Moreover, the simu‐
lation time of the fictitious power flow model closely match‐
es that of the model based on [5]. The comparison of total 
costs and simulation time are shown in Table VI.

From Table VI, the total costs in Case 1 and Case 2 ob‐
tained from the proposed model are 0.93 M$ and 1.01 M$, 
respectively, where the total cost in the presence of obstacles 
is higher because the geographical alternatives are more re‐
stricted. Moreover, the simulation time in Case 2 is much 
shorter due to the fewer binary variables and constraints 
compared with that in Case 1. Under the same condition of 
geographic obstacles in Case 2, the total cost yielded by the 
proposed model is lower but the simulation time is longer 
than that of the model based on [5]. In Case 3, the optimal 
FR and conductor sizing are shown in Fig. 5(b), where dif‐

ferent conductor sizes are represented by solid lines of differ‐
ent colors (yellow for gopher-type conductors, pink for fer‐
ret-type, blue for mink-type, and black for raccoon-type). To 
meet the customized reliability requirement, several tie-lines 
marked with black dashed edges are applied in the FR. The 
total cost with consideration of reliability requirement is 
1.28 M$, comprising 1.03 M$ of conductor investment cost 
and 0.25 M$ of reliability costs.

The 160-node large system is divided into three distinct ar‐
eas, as illustrated in Fig. 5(a). Each area is characterized by 
unique compositions of distributed resources and load. Within 
each area, the load nodes exhibit the same load profiles, which 
are detailed in Fig. 6. The optimal FR results are comparative‐
ly analyzed in Fig. 5(b) and Fig. 7. Figure 5(b) presents the FR 
and conductor sizing solutions derived without load coinci‐
dence considerations, whereas Fig. 7 represents the result con‐
sidering the load coincidence factor. This comparison demon‐
strates that the probabilistic load behavior indeed causes modi‐
fications in conductor sizing in the FR optimization.

VI. CONCLUSION

In this paper, a reliability-centered planning method with 
geographic graph constraints is presented, which determines 
the spatial network layout and selects the conductor size to 
meet differentiated reliability requirements and improve the 
economic performance. In the proposed method, geographic 
graph constraints improve the FR to ensure the validity of 
planned FR. The overlapping feeder routes powered by ficti‐

A

Fig. 7.　Result considering load coincidence factor.
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Fig. 6.　Load profiles for 160-node large system.

TABLE VI
COMPARISON OF TOTAL COSTS AND SIMULATION TIME

Case

Case 1

Case 2

Case 3

Model based on [5]

Total cost 
(M$)

1.057

1.139

Simulation 
time (min)

32.0

10.1

Fictitious power flow model

Total cost 
(M$)

0.93

1.01

1.03 + 0.25 = 1.28

Simulation 
time (min)

40.0

15.1

12.0

A

A

Area 1 Area 2

Area 3

(a)

(b)

Fig. 5.　FR result for 160-node large system. (a) Geographic graph of FR 
planning. (b) Optimal FR and conductor sizing.
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tious power flows from multiple sources are used to deter‐
mine the line connection, which supersedes the general radi‐
al constraint with practical mesh network layout. The verifi‐
cation of fictitious power flow ensures the operational securi‐
ty of distribution networks. Besides, the calculation of reli‐
ability indices is achieved by introducing affiliation variables 
and algebraic formulas, effectively improving the spatial net‐
work layout. Compared with existing methods, the proposed 
method achieves cost-effective FR and conductor sizing, im‐
proving the economic performance of distribution network 
while adapting the FR constraints to the real geographical en‐
vironment. In addition, the inclusion of reliability-related con‐
straints in the planning process ensures the compliance with 
customized reliability requirements. The calculated reliability 
indices assist system designers in evaluating the performance 
of FR results, enabling decision-makers to make informed 
choices based on accurate models and analytical results.
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