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Transient Analytical Method for Single-ended 
Fault Location of AC Transmission Lines 

Considering Fuzzy Constraints of Fault Features
Yuansheng Liang, Haoyong Chen, Jiayan Ding, Zheng Xu, Haifeng Li, and Gang Wang

Abstract——The single-ended fault location based on travelling 
waves (TWs) is commonly used for long-distance high-voltage 
AC transmission lines. However, it relies on high sampling fre‐
quency and accurate capturing of the TW head arrival time. Ac‐
cordingly, this study establishes a transient analytical method 
for fault location based on the similarity between the transient 
recorded waveform and output waveforms of analytical calcula‐
tion model. In the proposed method, fuzzy constraints of fault 
features are constructed through time-distance and waveform-
scaling correlations while considering the deviation factors of 
the frequency-dependent wave velocity and TW head arrival 
time. Accordingly, the high-dimensional space of the fitting 
problem is transformed into a one-dimensional implicit function 
fitting problem containing only the fault distance, thereby en‐
abling the waveform comparison problem to be quickly solved 
based on fault TW features. Under the fuzzy constraints pro‐
posed in this study, the proposed method requires only a rela‐
tively vague identification of the TW head, and the require‐
ments for sampling frequency are also more lenient. In addi‐
tion, a sliding window scheme is adopted for enhancing the TW 
morphology characteristics. Finally, the proposed method is test‐
ed using PSCAD, and the simulations validate the fault location 
accuracy of the proposed method.

Index Terms——Single-ended fault location, travelling wave, 
AC transmission, fuzzy constraint, analytical calculation, wave‐
form similarity.

I. INTRODUCTION 

FAST and accurate fault locations of transmission lines 
are crucial for the safe and reliable operation of power 

systems [1] - [3]. Currently, fault location methods for AC 
transmission line can be divided into fault-analysis-based [4]-
[6] and travelling wave (TW)-based [7]-[13] methods. Fault-
analysis-based methods determine the fault distance by estab‐

lishing a fault location equation. These methods have the ad‐
vantage of low sampling-rate dependence. However, they are 
susceptible to inaccuracies in extracting power-frequency 
phasors from fault transient data due to signal interference 
from the control response of power electronic devices in 
new power systems [14], [15]. By contrast, TW-based meth‐
ods offer high fault location accuracy and are not affected 
by the operation mode of the system. Consequently, they are 
used in power systems with long-distance high-voltage trans‐
mission lines. In addition, TW-based methods require an ex‐
tremely short data window and are negligibly affected by the 
control response. Therefore, they are better suited to the 
fault transient characteristics of new power systems.

TW-based methods can be classified into single- and dou‐
ble-ended methods. Double-ended TW-based methods utilize 
the difference in the TW head arrival time between the two 
ends for fault location and exhibit high accuracy under the 
conditions of high-speed sampling, data synchronization, and 
reliable communication. By contrast, single-ended TW-based 
methods require only TW information at one end of the line, 
making them easier to implement in engineering. However, 
traditional single-ended TW-based methods rely on the re‐
flected TW at the fault point, and because of the greater dis‐
tortion of the reflected TW head compared with the initial 
TW, it is difficult to accurately capture the arrival time of 
the reflected TW. This in turn affects the accuracy of the 
fault location. To address this issue, some researchers have 
focused on TW-head singularity recognition schemes based 
on signal processing methods. Reference [7] analyzed the ac‐
curacy of the wavelet transform in detecting TW changes, 
but the mother wavelet function and scaling level must be 
specifically selected. Reference [8] used the self-adaptive 
Hilbert-Huang transform to extract the TW head, thereby 
avoiding the difficulty in selecting the wavelet function. 
However, the empirical mode decomposition process under 
this method is susceptible to mode aliasing, which affects 
the accuracy of fault location. In [9], the extended Kalman 
filter algorithm was employed to analyze TW data and per‐
form fault location. However, its effectiveness relies on the 
model parameters. In general, when the fault TW signal fea‐
tures are weak such as in the case of low-voltage transient 
values, nonmetallic faults, or remote faults, these methods 
that rely on TW-head calibration are susceptible to interfer‐
ence, reducing the reliability of these traditional single-ended 
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TW-based methods.
To improve the accuracy of single-ended fault locations, 

researchers have utilized fault characteristics such as TW dis‐
persion to enhance the feature information for fault loca‐
tions. References [10] and [11] used continuous wavelet 
transform and S-transform to extract the fault information 
matrix of the transient signal. They then estimated the fault 
distance by comparing the information matrix with offline 
datasets. Fault transient travelling wave (FTTW) signal datas‐
ets require the use of electromagnetic transient simulation 
software to simulate various fault scenarios. However, in AC 
transmission systems, the FTTW waveform varies depending 
on factors such as fault inception angle, fault resistance, and 
system operation mode. Therefore, comprehensive coverage 
of all fault conditions using only simulations is challenging. 
In [12] and [13], artificial intelligence (AI) model was em‐
ployed to map the tags of datasets to determine the fault po‐
sition. However, AI methods require extensive simulations to 
generate samples and reconstruct models to supply samples 
for new scenarios. In addition, the network hyperparameters 
must be adjusted during the training process. These issues 
limit the application of AI methods to fault locations. There‐
fore, some researchers have introduced complex-domain ana‐
lytical calculations into fault feature analysis, which are com‐
monly used in modular multilevel converter based high-volt‐
age direct current systems [16] - [19]. Reference [16] pro‐
posed a descending-order adaptive frequency-partitioned fit‐
ting algorithm for frequency responses, which enables the 
fast calculation of the frequency-dependent parameters of 
high-voltage direct current (HVDC) transmission lines. Ref‐
erence [17] proposed a transient analytical calculation meth‐
od for multiterminal hybrid HVDC systems that can replace 
simulation software to achieve fast and accurate transient cal‐
culations. References [18] and [19] visually demonstrated 
the effects of fault factors on fault features using an estab‐
lished fault transient analytical calculation method, providing 
a theoretical basis for their research on protection principles 
and fault location methods. However, no studies have been 
conducted on the application of complex-domain analytical 
calculation models for fault locations in AC transmission sys‐
tems.

Under the description of complex-domain fault boundary 
conditions for complex-domain analytical calculation models 
of AC transmission systems, the fault inception angle of the 
fault point differs from the reference angle of the measure‐
ment point due to the delay caused by TW propagation. This 
angle deviation is related to the fault distance, propagation 
velocity, and TW head arrival time, and it is difficult to accu‐
rately measure the moment at which the initial TW reaches 
the measurement point. Consequently, the output waveform 
of the complex-domain analytical calculation exhibits signifi‐
cant errors without constraints on the phasor-angle deviation 
for the delay in TW propagation. Therefore, fitting a com‐
plex-domain analytical calculation model to fault recorded 
data is a challenging task for AC transmission systems. In 
some fault cases under the waveform matching method, the 
fault feature waveforms of TW may be sparsely scattered 
over the timeline. Differential features are masked directly 

using the waveform similarity index. This drawback is not 
conducive to accurate fault locations.

Therefore, based on the complex-domain analytical calcu‐
lation model, this study proposes a transient analytical meth‐
od for single-end fault location of AC transmission lines con‐
sidering fuzzy constraints of fault features. The main contri‐
butions of the proposed method are as follows.

1) The fuzzy constraints of fault features are constructed 
through time-distance and waveform-scaling correlations 
while considering the deviation factors of the frequency-de‐
pendent wave velocity and TW head arrival time. A charac‐
teristic sensitivity analysis reveals that under the maximum 
total angular deviation of the fuzzy constraints, the sinusoi‐
dal variation difference is small. Thus, the proposed fuzzy 
constraints effectively suppress errors caused by unmeasur‐
able factors, and when combined with linear least-squares fit‐
ting, the high-dimensional space of the fitting problem can 
be transformed into a one-dimensional implicit function-fit‐
ting problem that includes only the fault distance.

2) A window sliding method for enhancing the waveform 
similarity features is proposed. First, the length of the slid‐
ing window is shortened to make the waveform similarity 
features more focused on the TW features and to suppress 
the effects of feature sparsity. Second, the window sliding 
method enhances the time-axis dimension of the fault charac‐
teristics and increases the sensitivity of the TW morphology 
characteristics associated with the fault distance.

The remainder of this paper is organized as follows. Sec‐
tion II presents the complex-domain analytical calculation 
model for FTTW. Section III analyzes the characteristic sen‐
sitivities of all fault factors on the FTTW waveform based 
on the analytical calculation model. Section IV presents the 
derivation of the fuzzy constraints of fault features that corre‐
late with the analytical calculation model and recorded data. 
Section V describes the transient analytical method for sin‐
gle-ended fault location based on TW morphology character‐
istics. Section VI describes the validation of the effective‐
ness of the proposed method through case studies. Finally, 
conclusions are drawn in Section VII.

II. COMPLEX-DOMAIN ANALYTICAL CALCULATION MODEL 
FOR FTTW 

A. Frequency-dependent Nodal Impedance Correlation Mod‐
el of Power Grid

After a fault occurs on a transmission line during the tran‐
sient initial stage, the fault current exhibits multi-characteris‐
tic frequency signals. Accordingly, the frequency-dependent 
characteristics of the analytical calculation model for FTTW 
must be considered. The frequency-dependent parameters of 
transmission lines such as the per-unit-length series imped‐
ance and parallel admittance, are typically derived using a 
vector fitting algorithm with a rational function approxima‐
tion [20]. This derivation is based on the detailed parameters 
of transmission lines.

The transmission line model of the complex-domain ana‐
lytical calculation model for the FTTW can then be con‐
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structed based on the long-line equation with frequency-de‐
pendent parameters [21] as follows:
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where IJ (s) and IK (s) are the complex-domain currents at ter‐
minals J and K of the line, respectively; UJ (s) and UK (s) are 
the complex-domain voltages at terminals J and K of the 
line, respectively; ys (s) and ym (s) are the complex-domain 
self-admittance and mutual admittance of the line, respective‐
ly; l is the length of the line; T is the Clarke transformation 
matrix; γ(s) is the per-unit-length propagation coefficient of 
the line in the form of a complex domain; and y(s) and z(s) 
are the per-unit-length parallel admittance and series imped‐
ance of the line, respectively.

Then, based on the augmented incidence matrix of the 
faulty and adjacent lines and the equivalent system parame‐
ters of the adjacent remote nodes, the complex-domain nodal 
admittance matrix of the transmission system is established 
and inverted into the complex-domain nodal impedance ma‐
trix of the transmission system. Thus, if a fault occurs at a 
fault distance df from the terminal J of the line, the complex-
domain nodal impedance matrix of the extended fault node 
network can be determined by appending the tree and link 
branches to the initial complex-domain nodal impedance ma‐
trix, which is set as Z(s)|d = df

 in this study. Consequently, se‐

lecting a different df changes the self-impedance of the fault 
point and its mutual impedance at both terminals of the line.

B. Complex-domain Short-circuit Current Calculation Model

For a fault port f, the time-domain model of the fault exci‐
tation voltage source can be expressed as:

DufΦ (t)=Uf sin(α(t - t0 )+ θfΦ )ε(t - t0 ) (4)

where Duf is the fault excitation voltage source; the subscript 
Φ represents each phase; Uf is the voltage amplitude at the 
fault point before the fault occurs; α is the power angular 
frequency; t0 is the time when a short circuit occurs; θf is 
the fault inception angle; and ε(t - t0 ) is a unit-step signal.

The time-domain models of fault boundary conditions for 
different fault types can be established as follows.

1) Single-phase-to-ground short circuit:
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where uff and iff are the voltage and outflow-node current at 
fault port f in the fault additional network, respectively; the 
subscript Φ f represents the fault phase; the subscripts Φ f̄1 
and Φ f̄2 represent two non-fault phases; the superscript (1) 
represents the fault type of single-phase-to-ground short-cir‐
cuit; and Rf is the fault resistance.

2) Phase-to-phase short circuit:
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where the subscripts Φ f1 and Φ f2 represent two fault phases; 
the subscript Φ f̄ represents the non-fault phase; and the su‐
perscript (2) represents the fault type of phase-to-phase short 
circuit.

3) Two-phase-to-ground short circuit:
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where the superscript (1,1) represents the fault type of two-
phase-to-ground short circuit.

4) Three-phase short circuit:

u(3)
ffΦ (t)=-DufΦ (t)+Rfi

(3)
ffΦ (t) (8)

where the superscript (3) represents the fault type of three-
phase short circuit.

The complex-domain expression of fault boundary condi‐
tions can be established by applying a Laplace transforma‐
tion to the electrical quantities of each phase at the fault 
port. By utilizing symmetrical component transformation and 
constructing the connection of sequence networks, this study 
derives the complex-domain expression of the short-circuit 
current at the fault port as:
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Ufe
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2 e-jθ(type)

Zff (1) (s)+ Z (type)
D (s)

(9)

where Iff is the complex-domain expression of iff; the super‐
script (type) represents the fault type; Zff (1) (s) is the positive-
sequence complex-domain self-impedance of the fault port 
in Z(s)|d = df

; and ZΔ, m1, m2, and θ are the parameters related 

to the fault types, with their expressions summarized in Sup‐
plementary Material A Table SAI.

C. Analytical Calculation Model for FTTW

The complex-domain expression of the transient current at 
terminal J can be obtained through the use of Z(s)|d = df

 and 

I (type)
ff  as:
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(10)

where ZfJ (s) and ZfK (s) are the mutual impedance elements 
between nodes f and J (or K) in Z(s)|d = df

, respectively.

The solution to (10) in the complex domain can be con‐
verted into a numerical solution in the time domain by apply‐
ing a numerical inverse Laplace transform as [22]:
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where Δt is the time step of the numerical solution in the 
time domain; N is the number of samples; k is the sampling 
point and k = 01N - 1; ωm is the corresponding discrete 
angular frequency for the calculation; c is a stability con‐
stant; F(×) is a concrete causal complex-domain function; f (×) 
is the corresponding numerical solution of F(s) in the time 
domain; and σ(×) is the Hanning function.

The calculation for the current FTTW from (1) - (11) can 
be expressed in an implicit function form as:

iJK =Fftype (Uft0θfRfdf ) (12)

where iJK is the numerical solution of the line-terminal fault 
current; and Fftype (×) is the implicit function of calculation for 
the current FTTW.

According to the established analytical calculation model, 
if the variables in (12) are equal to those under the actual 
fault conditions, the output waveform of the analytical calcu‐
lation model should be consistent with the recorded FTTW 
waveform.

D. Effective Time Window of Analytical Calculation Model 
for FTTW

When the complete transmission system is modeled in de‐
tail, the output waveform of the proposed complex-domain 
analytical calculation model is fully consistent with the simu‐
lation waveform. However, from the practical engineering 
perspective, this modeling is not feasible. Typically, only the 
target line and its adjacent lines can be mathematically mod‐
eled in detail. In addition, the impedance parameter of the 
system changes during operation, which can result in calcula‐
tion errors in the reflectivity between adjacent lines and re‐
mote buses. Figure 1 shows the difference between the out‐
put waveform of the analytical calculation model and the 
simulation waveform when detailed mathematical modeling 
is performed only on the target line and its adjacent lines. 

The fault example presented in Fig. 1 is a single-phase-
grounding fault with a fault resistance of 100 Ω and a fault 
inception angle of 90° at 44 km. As Fig. 1 illustrates, the 
output waveform of the analytical calculation model and the 

simulation waveform are highly consistent within millisec‐
onds before the arrival of the externally reflected TW. How‐
ever, after the reflected TW arrives from the far end of the 
non-detailed modeled lines, the amplitude of the FTTW be‐
gins to deviate. Therefore, the length of the accurately mod‐
eled adjacent lines determines the effective length of the 
time window of the analytical calculation model.

III. CHARACTERISTIC SENSITIVITY ANALYSIS BASED ON 
ANALYTICAL CALCULATION MODEL 

The fault factor variables in (12), including the pre-fault 
voltage amplitude at the fault point Uf, fault occurrence time 
t0, fault inception angle θf, fault resistance Rf, and fault dis‐
tance df, are all unknown when a fault occurs. Conducting a 
calculation from these five dimensions is extremely time-con‐
suming and not easily feasible. Therefore, this section pres‐
ents a sensitivity analysis of these unknown variables in the 
analytical calculation model to explore fault characteristic de‐
scription methods that enhance the sensitivity of df while re‐
ducing the sensitivity of other variables.

A. Pre-fault Voltage Amplitude

The magnitude of the steady-state short-circuit current is 
determined by Uf. The amplitude of the pre-fault voltage at 
the line terminal can be obtained from the recorded data. 
However, Uf cannot be estimated in advance because of the 
unknown fault location.

Equations (9) and (10) show that the complex-domain ex‐
pression of the fault current at the line-terminal measure‐
ment point is linearly proportional to Uf. Because the devia‐
tion in the pre-fault voltage amplitude is insignificant, the 
output waveforms of the analytical calculation model exhibit 
high longitudinal similarity under different Uf values, as 
shown in Fig. 2(a). By employing similarity evaluation in‐
dexes such as the longest common subsequence method and 
cosine similarity, the feature differences in the proportional 
scaling of FTTW magnitudes can be effectively reduced.

B. Fault Occurrence Time and Fault Inception Angle

Although t0 and θf are closely related variables, their rela‐
tionship is not well-defined until the fault distance is con‐
firmed. To analyze the effects of their deviation values on 
the output waveforms, different values are selected for these 
two variables, and analytical calculations are conducted to 
observe the resulting waveforms.

When θf is held constant and t0 is changed, based on (4), 
(9), and (10), the output waveforms of the analytical calcula‐
tion model shift along the time axis, as shown in Fig. 2(b). 
This deviation in t0 can be considered as an error in the start-
up time of the recorded data.

However, when t0 is held constant (where the reference ze‐
ro time is used as an example) and θf is changed, the output 
waveforms of the analytical calculation model are shown in 
Fig. 2(c) - (f). Figure 2(c) shows that, even though the TW 
head arrival time is approaching, significant differences exist 
in the shape of the output waveforms under the superposi‐
tion of steady-state sine waves at different phasor angles, 
which can be better understood via (4). 
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Fig. 1.　 Comparison between output waveform of analytical calculation 
model and simulation waveform.
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After TW attenuation, the differences among these output 
waveforms include only the differences in sine waves with 
different phasor angles, as shown in Fig. 2(e). When θf is on‐
ly slightly different, as the phasor angles of fault excitation 
sources are relatively close, the output waveforms of the ana‐
lytical calculation model are highly consistent, as shown in 
Fig. 2(d) and (f).

C. Fault Resistance

When a fault point contains Rf, the value of Rf determines 
the refractive and reflective indices of the TW passing 
through the fault point. This directly affects the amplitudes 
of TW at different orders. Based on the assumption that the 
nth arriving TW undergoes p1 reflections and p2 refractions at 
the fault point and based on the fact that the degree of propa‐
gation loss is related only to the propagation distance, the in‐
fluence coefficient of Rf on the amplitudes of TW at differ‐
ent orders can be derived as:

KRfn
=

1
Zc + 2Rf ( -Zc

Zc + 2Rf ) p1( 2Rf

Zc + 2Rf ) p2

(13)

where KRf
 is the influence coefficient of Rf on the amplitude 

of TW; the subscript n represents the order of TW; Zc is the 
wave impedance of the fault line; and p1 and p2 are the re‐
flection and refraction times of the TW passing through the 
fault point, respectively.

From (13), it can be observed that the effect of Rf on the 
amplitudes of TW at different orders is nonlinear. The rela‐
tionship curve between KRf

 and Rf /Zc for TW at different or‐

ders (TW1-TW5) is shown in Fig. 3(a). As the TW arrives 
at different time, the difference in the current FTTW wave‐
forms gradually increases over time due to the varying val‐
ues of Rf, as depicted in Fig. 3(b). Therefore, the output 
waveforms for different values of Rf are not a cluster of pro‐
portionally scaled curves, which fundamentally differ from 
the deviation of Uf. In addition, existing waveform similarity 
indicators cannot eliminate these differences. Thus, the varia‐
tions in the values of the aforementioned variables will re‐
sult in differences in the similarity indexes of the output 
waveforms of analytical calculation model, thereby increas‐
ing the complexity of the fault location searching model.

D. Fault Distance

The most critical variable in determining fault locations is 
df. From (9) and (10), when different values of df are select‐
ed in the analytical calculation model, the output waveforms 
exhibit variations in amplitude and time differences for TW 
at different orders, as shown in Fig. 3(c) and (d). As Fig. 3(c) 
shows, significant differences are observed in the arrival 
time of TW at different orders when a substantial difference 
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Fig. 2.　Comparison of current FTTW waveforms under different values of 
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exists in the variable df used in the analytical calculation 
model. In addition, the overall amplitude of the current 
FTTW waveform differs significantly, resulting in variations 
in the waveform similarity. As Fig. 3(d) shows, when the dif‐
ference in df is small, the amplitude difference between the 
FTTW waveforms is also relatively small, indicating that the 
feature difference in the overall FTTW waveform similarity 
is less sensitive. However, with respect to TW morphology, 
the differences in TW waveform similarity are significant. 
Therefore, improving the morphology characterization of the 
TW is crucial for enhancing the sensitivity of df in fault loca‐
tion methods.

IV. FUZZY CONSTRAINTS OF FAULT FEATURES 
CORRELATING WITH ANALYTICAL CALCULATION 

MODEL AND RECORDED DATA 

The output waveform of the analytical calculation model 
depends on several factors, including the chosen fault dis‐
tance, fault resistance, and fault excitation source. Given the 
numerous variables involved, establishing correlation con‐
straints among the recorded data, fault distance, fault excita‐
tion source signal, and fault resistance is critical. A single-
ended fault location model is then constructed using a com‐
parison index between the fault recorded data and the output 
waveforms of the analytical calculation model.

Because of the effects of factors such as the recording 
sampling interval and inaccurate calibration of the initial TW 
head arrival time, constructing fuzzy constraints that consid‐
er errors in the transient recorded data, fault distance, fault 
excitation source, and fault resistance is necessary.

A. Fuzzy Constraint of Time-distance Correlation

The instantaneous voltage and current before and after the 
fault can be obtained from the recorded data. When the sin‐
gle-ended positive-sequence voltage and current phasors pri‐
or to the fault are utilized, the pre-fault voltage phasor ex‐
pression related to variable df can be established using the 
long-line equation:

U̇f (df )= U̇Jcosh(γαdf )- İJZcsinh(γαdf ) (14)

where U̇J and İJ are the power-frequency sinusoidal voltage 
phasor and current phasor measured at terminal J at the mo‐
ment of abrupt waveform, respectively; γα is the per-unit-
length power-frequency propagation coefficient of the trans‐
mission line; and U̇f is the corresponding power-frequency si‐
nusoidal voltage phasor of the fault point. The amplitude 
and phasor angle of U̇f are described as:

ì
í
î

ïï

ïïïï

Uf (df )= ||U̇f (df )

φf (df )= arg(U̇f (df ))
(15)

In fact, the reference zero time of fault recording is usual‐
ly the starting moment when the initial TW reaches the mea‐
surement point, meaning that the fault occurrence time 
should precede the reference zero time by a corresponding 
delay in the TW propagation. Therefore, to obtain the phasor 
angle of the fault excitation voltage at the fault point, the 
propagation delay of the fault voltage phasor derived from 

(14) must be compensated for:

θf (df )= φf (df )- α
df

v
+Dθ(φfv) (16)

where v is the propagation velocity of TW; and Δθ is the to‐
tal angular deviation caused by the detection error and fre‐
quency-dependent wave velocity deviation.

In (16), αdf /v denotes the delay angle of TW propagation. 
Because Δθ is unknown, it is considered a fuzzy variable, 
and its error must be further evaluated. Considering  the ac‐
tual engineering scenarios, for example, if the length of the 
AC transmission line does not exceed 300 km, the ultimate 
propagation velocity of TW does not exceed 3´105 km/s, the 
sampling rate of the TW recording ranges from 20 to 100 
kHz, and the deviation of the corresponding identification re‐
sult of initial TW head arrival time is not greater than 50-90 
μs, then the corresponding deviation of Δθ does not exceed 
0.9° to 1.62°. According to the result shown in Fig. 2(f), be‐
cause the sinusoidal variation difference in the output wave‐
form of the analytical calculation model is very small under 
the maximum degree of Δθ, the total angular deviation can 
be ignored. With Dθ(φfv) of (16) ignored and with (16) sub‐
stituted into (4), the expression of the fault excitation source 
associated with the pre-fault voltage phasor and fault dis‐
tance can be approximated as:

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

Duf (t)»Uf sin ( )α(t - t0 )+ φf - α
df

v
ε(t - t0 )

t0 =-
df

v

(17)

Thus, the variable Uf is precalculated from (15), and both 
t0 and θf are related to (17) with respect to df. Therefore, the 
current FTTW from (12) can be rewritten as a function of Rf 
and df as follows:

ì

í

î

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

iJK (Rfdf )=Fftype (Uft0θfRfdf )

Uf (df )= ||U̇Jcosh(γαdf )- İJZcsinh(γαdf )

t0 (df )=-
df

v

θ f (df )» arg(U̇Jcosh(γαdf )- İJZcsinh(γαdf ))- α
df

v

(18)

B. Correlation Constraint on Fault Distance and Fault Re‐
sistance for Fault Characterization Enhancement

According to the analysis of the correlation between the 
output waveform of the analytical calculation model and Rf 
as presented in Section III-C, the amplitudes of TW at differ‐
ent orders show different proportions of scaling effects under 
different values of Rf. From (13), for the first-order TW in 
which n = 1 and p1 = p2 = 0, the influence coefficient of its 
amplitude on Rf can be derived as:

KRf1
=

1
Zc + 2Rf

(19)

Therefore, the relationship between the analytical outputs 
of different resistances in the shape of the first-order TW is 
proportional and can be described as:
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iJKt (Rfdf )

iJKt (Rassumedf )
=

1
Zc + 2Rf

1
Zc + 2Rassume

=
Zc + 2Rassume

Zc + 2Rf

    "tÎ T1 (20)

where Rassume is the assumed fault resistance that can be set 
as any constant; T1 is the time window of the initial TW; 
and iJKt is the numerical solution of the line-terminal fault 
current in the t th time series of the initial TW.

If df is consistent with the actual fault distance, from (18), 
the scaling relationship between the recorded waveform and 
analytical output in the shape of the first-order TW can be 
described as:

iJKrect @ iJKt (Rfdf )» iJKt (Rassumedf )
Zc + 2Rassume

Zc + 2Rf
(21)

where iJKrect is the recorded data of the line-terminal fault 
current.

Thus, Rf can be solved by converting the coincidence de‐
gree of (20) into a linear least-squares fitting of each time se‐
ries of the first-order TW as:

Rf (df )=
(Zc + 2Rassume )∑

tÎ T1

iJKrectiJKt (Rassumedf )

2∑
tÎ T1

i2
JKrect

-
Zc

2    (22)

If the selected df in (22) deviates from the actual fault dis‐
tance, the resulting Rf deviates from the actual value. This 
enhances the correlation between the analytical output wave‐
forms and the variable df, which helps to improve the vari‐
able sensitivity of df. Therefore, when (22) is substituted into 
(18), the analytical calculation model for the single-ended 
fault location can be transformed into a function that con‐
tains only the variable df as follows:
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ï
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ï
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iJK (df )=Fftype (Uft0θfRfdf )

Uf (df )= ||U̇Jcosh(γαdf )- İJZcsinh(γαdf )

t0 (df )=-
df

v

θ f (df )» arg(U̇Jcosh(γαdf )- İJZcsinh(γαdf ))φf - α
df

v

Rf (df )=
(Zc + 2Rassume )∑

tÎ T1

iJKrectiJKt (Rassumedf )

2∑
tÎ T1

i2
JKrect

-
Zc

2

(23)

Under (23), a series of undetermined variables df is 
scanned to obtain the unique corresponding output waveforms 
of the analytical calculation model. These waveforms are then 
matched with the recorded waveforms, as shown in Fig. 4.

Clearly, within a 1 km range, distinguishable morphologi‐
cal differences exist in the output waveforms for different df. 
Consequently, the fault location can be determined by a sin‐
gle scan of df and by calculating the waveform similarity in‐
dex for waveform matching. The cosine similarity index is 
chosen as the waveform similarity index in this study [23]:

Scos (iJKrectiJKt )=
∑
tÎ T2

iJKrectiJKt

∑
tÎ T2

i2
JKrect ∑

tÎ T2

i2
JKt

(24)

where T2 is the time window for calculating the waveform 
similarity index.

V. TRANSIENT ANALYTICAL METHOD FOR SINGLE-ENDED 
FAULT LOCATION BASED ON MORPHOLOGY 

CHARACTERISTICS 

Figure 4(c) and (d) demonstrates that when df deviates 
from the actual distance by less than 1 km, the analytical 
output waveforms remain highly similar. This difference is 
primarily observed in the surges of TW at different orders. 
However, this similarity in the waveform does not contribute 
to accurate fault location. To address this issue, the time win‐
dow length is reduced to distinguish the morphology charac‐
teristics of the wave head, which is similar to the effect of 
amplifying the waveform along the time axis. In this study, 
the time window length of the waveform similarity assess‐
ment is shortened, and a sliding window scheme is adopted 
to fully utilize all FTTW characteristics within the effective 
data window.

The similarity feature map is expanded into three dimen‐
sions as the data window slides along the time axis. The 
highest similarity index results can only be maintained dur‐
ing the window sliding process if the value of df is consis‐
tent with the actual fault distance. However, if the value of 
df differs from the actual fault distance, the similarity index 
results exhibit a low similarity valley at the data segments of 
the respective TW head arrival, resulting in a “cliff” phe‐
nomenon. This phenomenon enhances the feature differences 
in the waveform similarity for different fault distances dur‐
ing the waveform matching process, as illustrated in Fig. 5. 
The theoretical consistency between the value of df and the 
actual fault distance is crucial for maintaining high similarity 
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results during the window sliding process. The flowchart of 
the transient analytical method for single-ended fault loca‐
tion is presented in Fig. 6.

For transient fault location methods, using a shorter data 
window results in harsher fault location requirements. To lo‐
cate faults accurately, ensuring that the recorded data exhibit 
significant TW morphology characteristics at any distance is 
crucial. This can be accomplished by using an effective data 
window for a fault location that includes at least two TWs. 
Notably, the second TW, which reaches the line-terminal 
measurement point, experiences the longest delay when a 
fault occurs in the middle of the line. Considering redundan‐
cy, we set the minimum length of the data window used in 

the proposed method to at least 1.2l/v.

VI. SIMULATION VERIFICATION AND RESULT ANALYSIS 

A. Simulation Case

To evaluate the effectiveness of the proposed method, elec‐
tromagnetic transient simulation models of a 500 kV AC 
transmission system are constructed using PSCAD/EMTDC, 
which include a simplified double-circuit network topology 
(topology 1) and an IEEE 30-node network topology (topolo‐
gy 2), as shown in Fig. 7(a) and (b), respectively. The pa‐
rameters of these two topologies are presented in Supplemen‐
tary Material A Fig. SA1. Due to engineering constraints, on‐
ly the measured transmission line and its adjacent lines are 
accurately modeled based on the measured line length. The 
accurately modeled transmission line is highlighted in red in 
Fig. 7.

For simulation purposes, different fault types, fault incep‐
tion angles, and fault resistances are set at various positions 
along the line. The pre-fault voltage and current signals as 
well as the current recorded data are collected at terminal M 
at a sampling frequency of 100 kHz. Because the measured 
line has a total length of 200 km, a redundant data window 
is set to be 0.8 ms after the recording starts. The variable df 
is scanned for analytical calculations from terminals M to N 
along the transmission line.

B. Analysis of Results

1)　Typical Fault Case Study
Fault location methods based on waveform matching rely 
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*
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Fig. 6.　Flowchart of transient analytical method for single-ended fault loca‐
tion.
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mainly on the morphology characteristics of the wave head. 
When a fault occurs in the middle or near the end of the 
line, TW exhibits a sparse or dense distribution on the time 
axis. In addition, when a fault occurs at a lower fault incep‐
tion angle and higher fault resistance, the characteristics of 
TW are relatively weak. Therefore, the location results for 
three typical fault cases are demonstrated.

1) In the case of a fault occurring in the middle of the 
line, the TW head arrival time interval is long, and the TW 
morphology characteristics are sparsely distributed on the 
time axis. As an example, a single-phase-to-ground fault 
with a fault resistance of 200 Ω and a fault inception angle 
of 90° occurring at 102.46 km is selected, and the fault loca‐
tion process is shown in Fig. 8. First, the recorded wave‐
form data within 0.8 ms following the start of recording at 
terminal M are obtained, as shown by the solid line in 
Fig. 8(a).

The time-domain FTTW waveforms at different fault dis‐
tances can then be obtained using (23), as shown by dashed 
lines in Fig. 8(a). Next, the cosine similarity index is used to 
compare the analyzed waveforms of each fault distance with 
the recorded data, as shown in Fig. 8(b). The average value 
of the cosine similarity index is shown in Fig. 8(c), where 
the location of the fault point is determined, which coincides 
with the actual fault distance. When a fault occurs near the 
middle of the line, the selected redundant effective time win‐
dow ensures that the second TW reaches the measurement 
point, thus ensuring the applicability of the proposed method.

2) In the case of a fault near the end of the line, multiple 
TW reflections occur in a short period, and the TW morphol‐
ogy characteristics are concentrated in the first half of the 
time axis. As an example, a single-phase-to-ground fault 
with a fault resistance of 20 Ω and a fault inception angle of 
90° occurring at 10.04 km is selected, and the fault location 
process is shown in Fig. 9. Under this fault condition, the 

proposed method can still accurately determine the fault loca‐
tion.

3) In the case of a fault occurring under extreme condi‐
tions, the TW morphology characteristics become even weak‐
er due to the effects of propagation losses. As an example, a 
single-phase-to-ground fault with a fault resistance of 400 Ω 
and a fault inception angle of 6° occurring at 180.51 km is 
selected, and the fault location process is shown in Fig. 10.

Under this fault condition, the proposed method can still 
accurately determine the fault location.
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2)　Effectiveness of Fault Location
This study conducted multiple simulations to evaluate the 

effectiveness of the proposed method. The simulations in‐
volve different fault distances, inception angles, resistances, 
and types. The specific values for each fault factor are as fol‐
lows. The actual fault distances are distributed along the en‐
tire line with values of 5.89, 10.04, 20.39, 30.35, 50.28, 75.42, 
102.46, 149.67, and 190.72 km. The fault inception angles are 
90°, 60°, 30°, and 6°. The fault resistance values are 0, 20, and 
200 Ω. The fault types include four types of AC transmission 
line short-circuit faults. Tables I-IV list the location results of 
the proposed method under different fault conditions. In these 
tests, the average time consumed for a fault location calcula‐
tion does not exceed 10 s with the i5-12400 processor.

Results in Tables I-IV indicate that the proposed method 
is minimally affected by various factors and is applicable to 
different topological structures. The maximum error ob‐
served does not exceed 0.3 km, with a relative error not ex‐
ceeding 0.15%, which demonstrates a high accuracy level.

C. Method Adaptability Analysis

To further verify the adaptability and superiority of the 
proposed method, tests are conducted on other influencing 
factors, excluding the fault factors, using the fault data of to‐
pology 1.
1)　Effects of Deviations of Transmission Line Parameters

The proposed method requires a detailed mathematical 
model of the target line and its adjacent lines. Based on the 
potential geometric deviations between the established model 
and the actual transmission line, tests are performed to ana‐
lyze the effects of deviations of transmission line parame‐
ters. The corresponding location results are listed in Table V.

TABLE II
LOCATION RESULTS FOR DIFFERENT FAULT INCEPTION ANGLES UNDER 

METALLIC SINGLE-PHASE-TO-GROUND FAULTS

Topology

1

2

Actual fault 
distance (km)

10.04

30.35

102.46

10.04

30.35

102.46

Fault inception 
angle (°)

90

60

30

6

90

60

30

6

90

60

30

6

90

60

30

6

90

60

30

6

90

60

30

6

Location 
result (km)

10.1

10.1

10.1

9.9

30.3

30.3

30.3

30.2

102.5

102.5

102.5

102.3

10.1

10.1

10.1

9.9

30.3

30.3

30.3

30.2

102.5

102.5

102.5

102.6

Error (km)

+0.06

+0.06

+0.06

-0.14

-0.05

-0.05

-0.05

-0.15

+0.04

+0.04

+0.04

-0.16

+0.06

+0.06

+0.06

-0.14

-0.05

-0.05

-0.05

-0.15

+0.04

+0.04

+0.04

+0.14

TABLE I
LOCATION RESULTS FOR DIFFERENT ACTUAL FAULT DISTANCES UNDER 
METALLIC SINGLE-PHASE-TO-GROUND FAULTS WITH FAULT INCEPTION 

ANGLE OF 90°

Topology

1

2

Actual fault 
distance (km)

5.89

10.04

20.39

30.35

50.28

75.42

102.46

149.67

190.72

5.89

10.04

20.39

30.35

50.28

75.42

102.46

149.67

190.72

Location result 
(km)

5.9

10.1

20.4

30.3

50.3

75.4

102.5

149.6

190.7

5.9

10.1

20.5

30.3

50.3

75.3

102.5

149.6

190.6

Error (km)

+0.01

+0.06

+0.01

-0.05

+0.02

-0.02

+0.04

-0.07

-0.02

+0.01

+0.06

+0.11

-0.05

+0.02

-0.12

+0.04

-0.07

-0.12

TABLE III
LOCATION RESULTS FOR DIFFERENT FAULT RESISTANCES UNDER 

SINGLE-PHASE-TO-GROUND FAULTS WITH FAULT INCEPTION ANGLE OF 90°

Topology

1

2

Actual fault 
distance (km)

5.89

75.42

149.67

5.89

75.42

149.67

Fault 
resistance (Ω)

0

20

200

0

20

200

0

20

200

0

20

200

0

20

200

0

20

200

Location 
result (km)

5.9

5.9

5.9

75.4

75.4

75.4

149.6

149.6

149.6

5.9

5.9

6.0

75.3

75.3

75.3

149.6

149.6

149.5

Error (km)

+0.01

+0.01

+0.01

-0.02

-0.02

-0.02

-0.07

-0.07

-0.07

+0.01

+0.01

+0.11

-0.12

-0.12

-0.12

-0.07

-0.07

-0.17

836



LIANG et al.: TRANSIENT ANALYTICAL METHOD FOR SINGLE-ENDED FAULT LOCATION OF AC TRANSMISSION LINES CONSIDERING...

Table V shows that when a deviation exists between the 
established model and the actual transmission line, as the de‐
viation degree increases, the errors of the location results in‐
crease slightly. When the deviation degree is within ±5%, 
the maximum fault location error does not exceed 0.5 km, 
with a relative error not exceeding 0.25%, which is within 

an acceptable range. Therefore, the proposed method has a 
certain degree of tolerance to deviations in the transmission 
line parameters.
2)　Effects of Noise Interference

Regarding noise interference, white noise with different 
signal-to-noise ratios (SNRs) is added to the original signal 
to verify the effectiveness of the proposed method. The cor‐
responding location results are listed in Table VI.

As Table VI shows, as the SNR decreases, the morpholo‐
gy characteristics of the actual transient fault waveforms are 
significantly affected, which can lead to increased errors in 
fault location. When the SNR is in the range of 40-70 dB, 
the proposed method can still achieve accurate and reliable 
fault locations with a maximum fault location error not ex‐
ceeding 0.5 km and a relative error not exceeding 0.25%.
3)　Effects of Sampling Frequency

The implementation of the fault location method depends 
on the on-site fault locators, and the sampling frequency is a 
critical parameter of the fault locator. Therefore, testing the 
effects of different sampling frequencies on the proposed 
method is essential. The corresponding location results are 
presented in Table VII.

TABLE V
LOCATION RESULTS FOR DIFFERENT DEVIATIONS IN LINE PARAMETERS 
UNDER SINGLE-PHASE-TO-GROUND FAULTS WITH FAULT RESISTANCE 

OF 20 Ω AND FAULT INCEPTION ANGLE OF 30°

Actual fault 
distance (km)

30.35

149.67

Deviation degree 
(%)

+5

+3

0

-3

-5

+5

+3

0

-3

-5

Location result 
(km)

30.0

30.2

30.3

30.6

30.8

150.1

149.9

149.6

149.5

149.2

Error (km)

-0.35

-0.15

-0.05

+0.25

+0.45

+0.43

+0.23

-0.07

-0.17

-0.47

TABLE IV
LOCATION RESULTS FOR DIFFERENT FAULT TYPES UNDER METALLIC 

FAULTS WITH FAULT INCEPTION ANGLE OF 90°

Topology

1

2

Actual fault 
distance (km)

20.39

50.28

190.72

20.39

50.28

190.72

Fault type

AG

BC

BCG

ABC

AG

BC

BCG

ABC

AG

BC

BCG

ABC

AG

BC

BCG

ABC

AG

BC

BCG

ABC

AG

BC

BCG

ABC

Location 
result (km)

20.4

20.5

20.4

20.5

50.3

50.2

50.3

50.3

190.7

190.8

190.6

190.7

20.5

20.5

20.4

20.4

50.3

50.3

50.4

50.3

190.6

190.5

190.5

190.6

Error (km)

+0.01

+0.11

+0.01

+0.11

+0.02

-0.08

+0.02

+0.02

-0.02

+0.08

-0.12

-0.02

+0.11

+0.11

+0.01

+0.01

+0.02

+0.02

+0.12

+0.02

-0.12

-0.22

-0.22

-0.12

Note: AG, BC, BCG, and ABC represent single-phase-to-ground, phase-to-
phase, two-phase-to-ground, and three-phase short-circuit faults, respectively.

TABLE VII
LOCATION RESULTS FOR DIFFERENT SAMPLING FREQUENCIES UNDER 

SINGLE-PHASE-TO-GROUND FAULTS WITH FAULT RESISTANCE OF 
200 Ω AND FAULT INCEPTION ANGLE OF 6°

Actual fault 
distance (km)

75.42

190.72

Sampling frequency 
(kHz)

20

50

100

500

1000

20

50

100

500

1000

Location result 
(km)

76.5

75.2

75.4

75.4

75.4

191.5

190.8

190.8

190.7

190.7

Error (km)

+1.08

-0.22

-0.02

-0.02

-0.02

+0.78

+0.08

+0.08

-0.02

-0.02

TABLE VI
LOCATION RESULTS FOR DIFFERENT NOISES UNDER METALLIC 

SINGLE-PHASE-TO-GROUND FAULTS WITH FAULT INCEPTION ANGLE OF 6° 

Actual fault 
distance (km)

20.39

102.46

SNR (dB)

70

60

50

40

70

60

50

40

Location result 
(km)

20.4

20.4

20.4

20.6

20.8

102.4

102.4

102.4

102.2

102.0

Error (km)

+0.01

+0.01

+0.01

+0.21

+0.41

-0.06

-0.06

-0.06

-0.26

-0.46
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As Table VII shows, increasing the sampling frequency 
does not significantly affect the location results of typical 
faults. This is attributed to the fuzzy constraints in this 
study, which enhance the correlation between the fault TW 
features and fault distance. However, when the sampling fre‐
quency is too low, such as 20 kHz, the maximum fault loca‐
tion error exceeds 1 km with a relative error exceeding 0.5%.

This study presents a transient analytical method based on 
TW morphology characteristics. In extreme fault situations 
in which the fault TW features are weak, such as when the 
fault inception angle is close to zero, it is not conducive to 
accurate location by the proposed method. 

However, increasing the sampling frequency can enrich 
the fault TW features within the data window. Therefore, 
tests of the proposed method under extreme fault conditions 
at different sampling frequencies are conducted, and the cor‐
responding results are presented in Table VIII.

As Table VIII shows, when the sampling frequency is set 
to be 50 kHz, the fault location error significantly increases 
when the fault inception angle decreases from 6° to 2°. And 
when the sampling frequency is increased to 1000 kHz, the 
proposed method can accurately determine the fault location 
under the fault inception angle of 2° . Therefore, raising the 
sampling frequency can effectively enhance the adaptability 
of the proposed method to extreme fault conditions.
4)　Comparative Analysis with Existing Single-end Fault Lo‐
cation Methods

To verify the superiority of the proposed method, tests are 
conducted to compare the proposed method and other fault 
location methods, including the wavelet transform-based 
fault location method (method 1) [10] and the neural net‐
work-based fault location method (method 2) [19], with 
these designations and their corresponding location results 
listed in Table IX.

Table IX shows that the proposed method effectively uti‐
lizes the TW morphology characteristics regarding only the 
fault distance under fuzzy constraints of fault features, which 

leads to improved fault location accuracy as compared with 
other fault location methods.

VII. CONCLUSION 

In this study, a transient analytical method for single-end‐
ed fault location of AC transmission lines considering fuzzy 
constraints of fault features is proposed. Complex-domain an‐
alytical calculations are first applied to AC transmission sys‐
tems, and a mathematical analytical calculation model is 
then established between the single-ended FTTW of an AC 
transmission line fault and various fault conditions. Fuzzy 
constraints of fault features are also proposed for fault excita‐
tion sources, fault resistances, and fault distances. Fuzzy con‐
straints transform the high-dimensional space of the fitting 
problem into a one-dimensional implicit function fitting prob‐
lem containing only the fault distance. To further improve 
the similarity features between the output waveforms of the 
analytical calculation model and fault recorded waveforms at 
fault points, a waveform similarity index under a short slid‐
ing window is proposed. Simulation results demonstrate that 
this index effectively differentiates the fault point and is un‐
affected by fault resistance. In addition, the proposed meth‐
od accounts for fuzzy constraints by considering errors in 
the TW head arrival time. Consequently, precise identifica‐
tion of the TW head is not required. Another advantage is 
that the proposed method does not require a pre-established 
FTTW dataset because the analytical calculation model estab‐
lishes a correlation between the fault distance and recorded 
data. Thus, the proposed method can adapt to different sys‐
tem operation modes and various fault situations within a 
short data window based on FTTW.
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