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Abstract——Lossy power flow naturally extends lossless linear 
power flow to lossy distribution networks, further improving 
the accuracy of approximate computation and analysis. Howev‐
er, these enhanced versions are only applicable at the alternat‐
ing current (AC) transmission level, and the accuracy is limited 
in distribution networks, especially in hybrid AC-direct current 
(DC) distribution networks. In this paper, we revisit the lossy 
power flow model and extend it to hybrid AC-DC distribution 
networks with multi-terminal voltage source converters. The 
proposed lossy power flow model can be reformulated as an it‐
eration problem with node power injection as the fixed point. 
For this purpose, a node power injection modification model 
based on direct derivation is proposed by exploiting the negligi‐
bility of the phase angle differences, and iteratively solving 
lossy power flows for both AC and DC sub-networks. For cou‐
pling devices, to guarantee that the power flow is matched on 
both AC and DC sides, we formulate a rigorous fixed-point 
problem to solve the lossy power flow of voltage source convert‐
ers. Finally, the high accuracy and computational efficiency of 
the proposed model are verified on multiple test cases.

Index Terms——Hybrid AC-DC distribution network, voltage 
source converter, lossy power flow, node power injection.

NOMENCLATURE

A. Sets and Indices

κ, κ̄ Set of all branches (edges) in a node for alternat‐
ing current (AC) and direct current (DC) distribu‐
tion networks

ℓ Set of all voltage source converters

ℓma Set of all master voltage source converters under 
master-slave control

ℓsl Set of all slave voltage source converters under 
master-slave control

ℓdp Parallel set of all voltage source converters under 
droop control

i Node index for AC or DC distribution networks, 
i ={12...N}

l Voltage source converter index, l ={12...L}
L Set of all PQ nodes for AC distribution networks
N Set of all nodes for AC or DC distribution net‐

works
R Set of all slack nodes for AC distribution net‐

works
S Set of all PQ and PV nodes for AC distribution 

networks
T Set of all PV and slack nodes for AC distribution 

networks

B. Parameters

δ Convergence coefficient
abc No-load, linear, and quadratic coefficients of con‐

verter loss conductance and susceptance
C1C2 Constant matrices composed of conductance and 

susceptance elements for AC networks
ḡij The (i-j)th element of conductance matrix Ḡ for 

DC distribution networks
gt/cbt/c/f Equivalent conductance and susceptance of each 

element of converter station (transformer, phase 
shifter, and filter)

Itmax The maximum number of iterations
N Dimension of variable
pol Number of electrodes in DC distribution net‐

works, taking 1 for unipolar and 2 for bipolar
x Number of external iterations
x͂x̄ Numbers of internal iterations for AC and DC dis‐

tribution networks
yij The (i-j)th element of admittance matrix Y =G + jB 

for AC distribution networks, yij = gij + jbij

Zcl Impedance of phase reactor of the l th VSC

C. Variables

θi Voltage angle for AC distribution networks at 
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node i
θfl Voltage phase angle of filter for the l th VSC

θfcl Voltage phase angle difference between filter and 
phase reactor of the l th VSC

θsfl Voltage phase angle difference between transform‐
er and filter of the l th VSC

DfPl Mismatch of active power of the l th VSC
DfQl Mismatch of reactive power of the l th VSC
f (xi ) Result calculated using different approximation 

methods
P̄i Power injection for DC distribution networks at 

node i
P̄dcl Power injection from the l th converter into DC 

distribution network
P̄ ls

i Power injection at DC node i for the xth iteration
P͂i + jQ͂i Complex power injection for AC distribution net‐

works at node i
P͂ ls

i Q͂
ls
i Active and reactive power injections at AC node 

i for the xth iteration
P͂clQ͂cl Active and reactive power injections through the 

l th converter
P͂slQ͂sl Active and reactive power injections from con‐

verters into AC distribution network at the l th 
point of common coupling (PCC) node

P͂cflQ͂cfl Active and reactive power flows of transformer 
for the l th converter

P͂sflQ͂sfl Active and reactive power flows of phase shifter 
for the l th converter

------
PL ij Total loss for DC branch i-j
------
PL

i
ij Virtual demand allocated to DC node i to com‐

pensate loss of branch i-j
~
PL vscl Active loss for the l th converter
~
PL ij
~
QL

ij
Active and reactive power losses for AC branch 

i-j
~
PL

i

ij
~
QL

i

ij
Active and reactive power demands allocated to 
AC node i to compensate loss of branch i-j

Q͂fl Reactive power injection through filter for the l th 
converter

U͂fl Voltage magnitude of filter for the l th converter

U͂clθcl Voltage magnitude and phase angle for the l th con‐
verter

U͂slθsl Voltage magnitude and phase angle at the l th PCC 
node

U͂iŪi AC and DC voltage magnitudes at node i
Yi Result calculated using standard iterative method

I. INTRODUCTION

HYBRID alternating current (AC) -direct current (DC) 
distribution networks combine the advantages of both 

AC and DC architectures, facilitating the integration of re‐
newable energy sources as well as the access of DC loads 
(e.g., electric vehicles) [1], [2], and also enhancing the flexi‐
bility of system-level regulation. Their main feature is the 
combination of both AC and DC networks in the same distri‐

bution network, and the key link for achieving this is the 
voltage source converter (VSC). Different forms of AC-DC 
interconnections such as point-to-point and multi-terminal 
(MT) can be constructed using these flexible coupling devic‐
es. Virginia Tech launched the “Sustainable Building Initia‐
tive (SBI)” program and the “Sustainable Building and 
Nanogrids (SBN)” project, in which a hybrid AC-DC grid 
operation structure was proposed based on hierarchical inter‐
connection [3]. Elenia Oy, a Finnish company, replaced the 
original medium-voltage lines with low-voltage DC distribu‐
tion network in rural areas, facilitating the integration of dis‐
tributed generation and energy storage with good application 
prospects [4]. The first fully controllable power electronic 
flexible substation has been built in Zhangbei Demonstration 
Area, in China, which can ensure the bidirectional input and 
output at four voltage levels, i. e., 10 kV AC, ±10 kV DC, 
750 V DC, and 380 V AC, and can flexibly connect renew‐
able energy sources and AC or DC loads [5]. The DC distri‐
bution network in Suzhou, China, has three voltage levels, i.
e., ±10 kV, 750 V, and 375 V, which ensures multi-level inte‐
gration of photovoltaic power generation and high-quality 
power supply for different residents [6].

Given that hybrid AC-DC distribution networks offer 
unique capability in regulating power flow, the power flow 
problem of hybrid AC-DC distribution networks is becoming 
an urgent research task. Considering the increasing scale of 
hybrid AC-DC distribution networks, the computational com‐
plexity of the traditional nonlinear iteration methods, i.e., se‐
quential methods [7]-[10] and unified methods [11]-[15], is 
severely challenged. The linear power flow (LPF) model 
[16] - [19] aims to linearize the nonlinear power flow equa‐
tions, which has the advantages of computational simplicity 
and ease of being embedded into optimization models [20]-
[22], and can effectively reduce the computational complexi‐
ty and avoid convergence difficulties. However, neglecting 
resistive losses is recognized as one of the largest sources of 
error in these models. In addition, with the increase in the 
scale and capacity of distributed renewable energy sources, 
the problems of voltage fluctuation and excessive network 
losses are becoming more and more prominent, further am‐
plifying the disadvantages of the above methods. In contrast, 
the lossy power flow model [23] refers to dynamically ad‐
justing the node power injection by adding losses and updat‐
ing the solution to a new set of operating points to re-solve 
the LPF model. The technique is formulated as a fixed-point 
iteration problem with respect to node power injection, and 
provides a better approximation of the actual operating state 
of the distribution network. Consequently, the lossy power 
flow is an enhanced version of the lossless LPF, and is one 
of mainstream methods for approximate computation and 
analysis.

Currently, lossy power flow models can be divided into 
DC power flow and decoupling AC LPF models. A series of 
novel DC power flow models incorporating losses have been 
proposed in [23]-[26], as is done in the so-called α-matching 
method. The iteration process of these models begins from a 
known power flow solution, and compensates the approxi‐
mate losses calculated from the known solution to the power 
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injection at the corresponding node. However, these models 
only focus on active power losses, and ignore voltage magni‐
tude and reactive power, which can be a fatal in hybrid AC-
DC distribution networks, because the power flow of VSC 
rely heavily on complete power flow information. Therefore, 
α-matching method is extended to AC LPF models consider‐
ing both active and reactive losses [27]-[30]. The difference 
between these models lies in the formulas for estimating the 
losses, e.g., the losses are modeled as a quadratic function of 
the current (or branch flow) in [27] and [28], while the loss‐
es are modeled as a nonlinear function of the voltage in [29] 
and [30]. The former is a simplified expression of the later, 
thus the loss estimation is less accurate. In summary, such 
lossy models that heuristically incorporate losses have the 
same drawbacks: ① the estimation of the losses depends on 
the current iteration of the solution, resulting in relatively 
conservative performance of error correction; ② branch loss‐
es must be explicitly computed during iterations to modify 
power injection, adding an extra computational burden; ③ 
the assumptions in the modeling are supported in transmis‐
sion networks with long transmission lines [23], [25] and 
low resistance-to-reactance (r/x) ratios [31], [32], but will be 
violated in distribution networks, especially for hybrid AC-
DC distribution networks.

Another shortcoming of the existing research works is that 
lossy power flow models can only serve pure AC or pure 
DC distribution networks, but are difficult to be directly inte‐
grated into hybrid AC-DC distribution networks. Developing 
an accurate LPF for the lossy power flow of VSC is a great 
challenge [33]. For VSC based multi-terminal direct current 
(MTDC) meshed AC-DC distribution networks, an LPF algo‐
rithm is proposed in [34] with VSC losses; however, the non‐
linearity of VSC is preserved in the calculation. Reference 
[35] investigates the optimal power flow problem for HVDC 
transmission network, and although some robust models are 
provided, all of them retain the nonlinearity of the VSC. To 
avoid solution challenges caused by nonlinearity, the power 
losses of VSC are neglected in models such as reliability 
evaluation [36] and post-disaster restoration [37], which may 
bring large errors. Therefore, a wide variety of formulas are 
proposed in [38] for the optimal power flow of hybrid AC-
DC distribution networks, including a detailed linear approxi‐
mation of the VSC. However, these models are derived 
based on direct current power flow (DCPF) assumptions 
(e.g., U » 1 p. u., sin θ » θ), and cannot accurately approxi‐
mate the reactive power and voltage magnitude. In fact, the 
steady-state operation of the VSC is very dependent on the 
reactive power and voltage magnitude, thus these models re‐
duce the regulation capability of the VSC and are less appli‐
cable. In conclusion, the simplified VSC power flow model 
not only fails to accurately quantify its own operating state, 
but also further amplifies the errors of the connected AC and 
DC nodes, leading to a large deviation in the power flow re‐
sults of the entire DC distribution network.

To fill these research gaps, this paper investigates methods 
to enhance the potential of lossy power flow model for hy‐
brid AC-DC distribution networks. The contributions of this 
paper are summarized as follows.

1) A novel lossy power flow model is proposed for hybrid 
AC-DC distribution networks, including AC sub-networks, 
DC sub-networks, and VSCs. The model fully follows the se‐
quential algorithmic framework and supports multiple types 
of AC-DC interconnections, and allows for the integration of 
renewable energy sources. The accuracy and computational 
efficiency of the model are improved to different degrees in 
different scale test cases, and it shows excellent generaliza‐
tion and robustness.

2) At the system level, the proposed lossy power flow 
model is reformulated as a novel fixed-point problem related 
to node power injection. Taking advantage of the negligible 
phase angle of the distribution network, a fixed-point modifi‐
cation model based on direct derivation is proposed, which 
requires only known voltage magnitude to modify the node 
power injection without explicit estimation of losses.

3) At the device level, a rigorous fixed-point formulation 
of the lossy power flow is developed based on the complete 
AC equivalent circuit, which efficiently solves the power 
mismatch problem on both the AC and DC sides. The pro‐
posed model requires fewer assumptions to accurately solve 
all the power flow information and improves the power regu‐
lation capability of the VSC.

The remainder of this paper is organized as follows. Sec‐
tion II presents the proposed lossy power flow model. The 
standard lossless LPF model for AC and DC distribution net‐
works is reviewed, and the AC lossy power flow model 
based on an improved fixed-point modification formulation 
is derived and extended to DC distribution networks. Section 
III introduces the lossy power flow model for VSC in detail 
and declares the algorithmic framework for hybrid AC-DC 
networks. Extensive comparisons of the proposed model 
with existing models on several modified test systems are 
performed in Section IV. Section V concludes and points to 
future research.

II. PROPOSED LOSSY POWER FLOW MODEL FOR AC AND 
DC DISTRIBUTION NETWORKS

A. Standard Lossless LPF Model for AC and DC Distribu‐
tion Networks

The matrix form of the standard lossless LPF model [16] 
for the AC distribution network can be detailed by:
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(1)

where P͂ and Q͂ are the vectors of active and reactive power 
injections at AC node, respectively; U͂ and θ are the vectors 
of voltage magnitude and voltage phase angle at AC node, 
respectively; B′ is the susceptance matrix B without shunt el‐
ements; and ΦAC (·) is the mathematical notation for linear 
power flow in the AC distribution network, and the specific 
formula can be found in [16]. Similarly, the standard lossless 
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LPF model for the DC distribution network can be formulat‐
ed in vector form as:

P̄ = ḠŪÞ P̄ =ΦDC (Ū) (2)

where P̄ is the vector of active power injections at DC node; 
Ū is the vector of voltage magnitude at DC node; Ḡ is the 
conductance matrix of the DC line; and ΦDC (·) is the mathe‐
matical notation for linear power flow in the DC distribution 
network. Detailed derivations of (1) and (2) are given in 
Supplementary Material A. The lossless power flow model 
expressed by (1) and (2) is linear, but ignores the network 
losses since it assumes that the absolute values of the send‐
ing and receiving flows are equal for each branch. In other 
words, the imbalance of the node power injection is not 
evenly distributed to the corresponding nodes, but is all 
borne by the slack node, resulting in the power flow distribu‐
tion deviating from the actual state.

B. Lossy Power Flow Model Based on Direct Derivation for 
AC Distribution Networks

The lossy power flow model requires several iterations of 
the standard lossless LPF model for AC or DC distribution 
networks, which is mathematically defined as a fixed-point 
iteration problem with respect to node power injection, de‐
scribed by (1) (or (2)) and a fixed-point modification model. 
For this purpose, the branch losses are equated to the virtual 
demand with impedance Zequ (or Requ in the DC distribution 
network), and the equivalent load model is shown in Fig. 1, 
where the consumed power is numerically equal to 1/2 of 
the sum of all branch losses for a node. Then, the node injec‐
tion can be modified by the node power balance equation, 
and the power flow can be re-solved by resubstituting the 
new operating point into (1) or (2). The above process is 
looped until the node power injection converges to a fixed 
point.

In AC distribution network, the total branch losses can be 
decoupled into active and reactive components, respectively:

ì
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(3)

To reduce the gap between (1) and the nonlinear bench‐
mark, the branch losses should be allocated to the nodes i 
and j:

ì
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ij = gij [(U͂i - 1)(U͂i - U͂j )+ θi (θ i - θj )]
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(4)

Here, node j is assumed to be a slack node, i.e., the volt‐
age magnitude is 1 p.u. and the phase angle is 0. For proof 
of (4), refer to Supplementary Material B.

The r/x ratios are usually low for transmission lines, but 
this assumption may be violated in distribution networks. In 
addition, voltage phase angle differences of AC distribution 
networks are usually much smaller than those of AC trans‐
mission networks due to the fact that distribution lines are 
usually much shorter than transmission lines. Most of the 
phase differences on transmission lines are concentrated 
within ±30° [16], [25]. However, on very long transmission 
lines, the phase angle difference can even reach 40° [23]. 
Therefore, the phase angle differences cannot be neglected 
in transmission networks for network loss approximation. In 
contrast, phase angle differences across distribution lines are 
generally much smaller, which is an widely recognized as‐
sumption in the academic community. Due to power quality 
standards, distribution networks are designed, where the 
voltages are close to nominal values under normal opera‐
tion, i.e., magnitudes are within 0.9-1.1 p.u., phase angle dif‐
ferences are as small as possible, and a voltage imbalance 
factor is lower than 5% [39]. Based on the above facts, a 
typical distribution network is characterized by the following 
two features: ① x r no longer holds, implying that the ac‐
tive and reactive branch losses are numerically closer; ② the 
phase angle differences are sufficiently small, implying that 
U͂ij is greater than θij. in other words, the phase angle compo‐
nent of the losses is less than the voltage magnitude compo‐
nent. Consequently, the losses neglecting the phase differ‐
ence can be approximated as [40]:
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(5)

The node power injection depends not only on its own 
generation and real demand, but also on the virtual loads. 
Therefore, the lossy node power balance equation for the AC 
distribution network can be constructed as:
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where the superscripts G and D denote power generation 
and load demand, respectively; and the superscript symbol 
(x) denotes the number of iterations for lossy power flow. 
When x = 0, there is no branch losses, so P͂ ls(0)

i = P͂i for all PQ 
and PV nodes, and Q͂ls(0)

i = Q͂i for all PQ nodes.
On the other hand, the relationship between the linear ap‐

proximation of the branch flow and the node power injection 
is formulated as:
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Fig. 1.　Equivalent load model of branch losses for AC distribution network.

503



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 13, NO. 2, March 2025

For this purpose, it is assumed that the (x+1)th solution 
[U͂ (x + 1)θ(x + 1) ]T is known and substituted into (5) and (7) to 
yield the approximation of branch losses and power flows:
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Formula (9) can explain why the proposed lossy power 
flow model is able to compensate the losses more accurately 
to the corresponding node. If the known U͂ (x)

i  is substituted 
into (4), the losses can be easily estimated and allowed to 
modify the node injection. However, U͂ (x)

i  is not accurate and 
the effectiveness of error correction is relatively conserva‐
tive. In this paper, (9) substitutes U͂ (x + 1)

i  for U͂ (x)
i , which is 

equivalent to modifying the node power injections in ad‐
vance using the losses from the next iteration, allowing for 
predictive error correction. Substituting (7) - (9) into (6) 
yields:
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Formula (10) can be further simplified:
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The derivations of (10) and (11) are given in Supplementa‐
ry Material C. Therefore, it is easy to arrange the modified 
equation for the node power injection based on the direct 
derivation.
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î
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ïï
ï
ï
ï

ï
ïï
ï
ï
ï

P͂ ls(x + 1)
i =

P͂ ls(0)
i

U͂ (x)
i

Q͂ls(x + 1)
i =

Q͂ls(0)
i

U͂ (x)
i

Þ
é

ë

ê
êê
ê ù

û

ú
úú
úP͂ ls(x + 1)

Q͂ls(x + 1)
=ΨAC (U͂ (x) ) (12)

where ΨAC (·) is the mathematical notation of the modified 
equation for node power injection in AC distribution net‐
work.

By associating (1) and (12), the vector form of the fixed-
point iteration for AC node power injections can be formulat‐
ed by:

é

ë

ê
êê
ê ù

û

ú
úú
úP͂ ls(x + 1)

Q͂ls(x + 1)
=ΨAC(Φ-1

AC(éëêêêê ù

û

ú
úú
úP͂ ls(x)

Q͂ls(x) ) ) =ΞAC(éëêêêê ù

û

ú
úú
úP͂ ls(x)

Q͂ls(x) ) (13)

where ΞAC (·) is the mathematical notation for the fixed-point 
equations for AC distribution network with respect to node 
power injection.

A comparison of the fixed-point iteration process for dif‐
ferent lossy power flow models is shown in Fig. 2. When x >
0, the existing model estimates the losses from [U͂ (x)θ(x) ]T 
and regards them as an approximation for the next iteration, 
then modifies [P͂ (x + 1)Q͂(x + 1) ]T as a new operating point to cal‐
culate the (x + 1)th solution [U͂ (x + 1)θ(x + 1) ]T by (1). In contrast, 
the proposed lossy power flow model presumes that 

[U͂ (x + 1)θ(x + 1) ]T is known, which means that [
~
PL

(x + 1)

~
QL

(x + 1)
]  

has been compensated implicitly in the power flow of the 
AC distribution network. Utilizing the characteristics of the 
distribution network, and through reasonable assumptions 
and derivations, [P͂ (x + 1)Q͂(x + 1) ]T can be modified directly us‐
ing the recent known U͂ (x).

C. Extension of Proposed Lossy Power Flow Model for DC 
Distribution Networks

The potential advantages of the lossy power flow model 
for the AC distribution network in Fig. 2 is also applicable 
to the DC case. Phase angle differences and reactive power 
injections are not considered in DC distribution networks. 
Accordingly, the DC branch losses allocated to nodes are 
special cases of (3) and (4):

------
PL ij =

------
PL

i
ij +

------
PL

j
ij = ḡij (Ūi - Ūj )

2 (14)

------
PL

i
ij = ḡij [(Ūi - 1)(Ūi - Ūj )] (15)

Similarly, the lossy power balance equation for DC distri‐
bution network can be organized as a simplified version 
of (6):

P̄i = P̄ G
i - P̄ D

i = P̄ ls(0)
i +∑

jÎ κ̄

------
PL

i(0)
ij =

P̄ ls(1)
i +∑

jÎ κ̄

------
PL

i(1)
ij = ... = P̄ ls(x)

i +∑
jÎ κ̄

------
PL

i(x)
ij (16)

The linear approximation of the DC branch flows and the 
relationship with the DC node power injections are given by:

P̄ ls
i (Ū)= pol ×∑

jÎ κ̄
P̄ ls

ij (Ū)» pol ×∑
jÎ κ̄

gij (Ūi - Ūj ) (17)

According to (17), the branch flows and losses for the xth 
and the (x + 1)th iterations are:
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ï
î

ì
ï
í
ï
î

Modify power

 injectionLossy node
 power 
balance 
equation

 (6)

Existing model: approximate estimation-based

Estimate losses for the

 xth iteration from (4)

PL(x+1)≈PL(x)=ΓP(U(x),θ(x)) PL(x+1)≈PL(x)�PL(x)

QL(x+1)≈QL(x)�QL(x)
QL(x+1)≈QL(x)=ΓQ(U(x),θ(x))

~

~

~ ~

~

ì
ï
í
ï
î

Lossy node
 power 
balance 
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PL(x+1)≈ΓP(U(x+1))

QL(x+1)≈ΓQ(U(x+1))
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~

Substitute

 into (1)

Substitute

 into (1)

[U(x), θ(x)]T ~
 

[U(x+1), θ(x+1)]Tx←x+1
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Precise losses for the 
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'
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Modify power 

injection�from (12)
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~
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Ql(x+1)
~ =ΨAC(U(x))

~ ~

Fig. 2.　A comparison of fixed-point iteration process for different lossy 
power flow models.
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ì
í
î

ïï

ïï

P̄ ls(x)
ij = ḡij (Ū

(x)
i - Ū (x)

j )

P̄ ls(x + 1)
ij = ḡij (Ū

(x + 1)
i - Ū (x + 1)

j )
(18)
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í
î

ïï

ïïïï

------
PL

i(x)
ij » ḡij (Ū

(x - 1)
i - 1)(Ū (x)

i - Ū (x)
j )

------
PL

i(x + 1)
ij » ḡij (Ū

(x)
i - 1)(Ū (x + 1)

i - Ū (x + 1)
j )

(19)

Substituting (18) into (17) yields P̄ ls(x)
i  and P̄ ls(x + 1)

i , and substi‐
tuting (19) into (16) leads to the following approximation:∑

jÎ κ̄
ḡijŪ

(x - 1)
i (Ū (x)

i - Ū (x)
j )=∑

jÎ κ̄
ḡijŪ

(x)
i (Ū (x + 1)

i - Ū (x + 1)
j )»

P̄ ls(x)
i Ū (x - 1)

i = P̄ ls(x + 1)
i Ū (x)

i
(20)

As a result, the DC distribution network version of (11) 
can be organized.

P̄ ls(x + 1)
i =

P̄ ls(0)
i

Ū (x)
i

Þ P̄ ls(x + 1)=ΨDC (Ū (x) ) (21)

where ΨDC (·) is the mathematical notation of the modified 
equation for node power injection in a DC distribution net‐
work.

Given (2) and (21), the vector form of the fixed-point iter‐
ation for DC node power injections can be formulated by:

P̄ ls(x + 1)=ΨDC (Φ-1
DC (P̄ ls(x) ))=ΞDC (P̄ ls(x) ) (22)

where ΞDC (·) is the mathematical notation of the fixed-point 
equations for DC distribution network with respect to node 
power injection.

Apparently, the fixed-point iteration problems formulat‐
ed in (13) and (22) are mathematically equivalent. In oth‐
er words, the direct derivation is applicable to both AC 
and DC distribution networks, which is fully compatible 
with the characteristics of DC distribution networks and 
has a natural advantage in terms of computational accuracy. 
Finally, the mismatches for the lossy power flows of AC and 
DC distribution networks can be unified by (13) and (22):

ì
í
î

ïï
ïï

FAC =[DP͂TDQ͂T ]T

FDC =[DP̄T ]T
(23)

where FAC and FDC are the mismatch variable vectors of 
AC and DC distribution networks, respectively; DP͂ and 
DQ͂ are the mismatch variable vectors of active and reac‐
tive power injections at AC nodes, respectively; and DP̄ 
is the mismatch variable vector of active power injection 
at DC nodes.

III. FULLY LOSSY POWER FLOW MODEL OF HYBRID AC-DC 
DISTRIBUTION NETWORKS

A. Lossy Power Flow Model for VSC

The VSC-based flexible equipment is a coupled compo‐
nent of the AC and DC distribution networks, which consists 
of four parts: transformers, phase reactors, AC filters, and 
rectifier (inverter) units, as shown in Fig. 3. The DC node 
connected to VSC converter is referred to as VSC-DC node, 
and the point of common coupling (PCC) node connected to 
the converter is referred to as the VSC-AC node. The power 
flow calculation of VSC station involves the power flow 

equations of the VSC, the lossy power flow model of VSC, 
and the control modes.

The VSC power flow equations include the power balance 
equations at the PCC node on the AC side (24), the power bal‐
ance equations of the VSC (25)-(28), and the active power bal‐
ance equation between the AC side and the DC side (29).

ì
í
î

ïï

ïï

P͂sl =-gtlU͂
2
sl + U͂slU͂fl (gtl cos(θsl - θfl )+ btl sin(θsl - θfl ))

Q͂sl = btlU͂
2
sl + U͂slU͂fl (gtl sin(θsl - θfl )- btl cos(θsl - θfl ))

(24)
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ïï

P͂cl = gclU͂
2
cl - U͂flU͂cl (gcl cos(θ fl - θcl )- bcl sin(θ fl - θcl ))

Q͂cl =-bclU͂
2
cl + U͂flU͂cl (gcl sin(θ fl - θcl )+ bcl cos(θ fl - θcl ))

(25)

ì
í
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ïï

ïï

P͂sfl = gtlU͂
2
fl - U͂flU͂sl (gtl cos(θsl - θfl )- btl sin(θsl - θfl ))

Q͂sfl =-btlU͂
2
fl + U͂flU͂sl (gtl sin(θsl - θfl )+ btl cos(θsl - θfl ))

(26)

ì
í
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ïï

ïï

P͂cfl =-gclU͂
2
fl + U͂flU͂cl (gcl cos(θ fl - θcl )+ bc sin(θ fl - θcl ))

Q͂cfl = bclU͂
2
fl + U͂flU͂cl (gcl sin(θ fl - θcl )- bc cos(θ fl - θcl ))

(27)

Q͂fl =-bflU͂
2
fl (28)

P̄dcl =-P͂cl -
~
PL vscl    "lÎ ℓ (29)

The VSC losses can be described as a quadratic polynomi‐
al with respect to the reactor current I͂cl:

~
PL vscl = a + bI͂cl + cI͂ 2

cl

I͂cl =
P͂ 2

cl + Q͂2
cl

3 U͂cl

(30)

With fully controllable electronic devices such as insulate-
gate bipolar transistors (IGBTs) and the vector control tech‐
nique, the control scheme of a VSC station takes a two-loop 
cascaded structure: the d-axis control group and the q-axis 
control group. The modeling of each VSC requires these two 

AC

Ss Scf

Qf

DC

Idc Pdc
Ic

Pdc

Udc+

+

+

�

�

�

Transformer

Filter

Phase reactor

Zt Bf

Zc VSC-DC

Power balance

 between AC

 and DC

Udc

PCC

Sc

Bf

Steady-state VSC station model

Us?θs
Uc?θcAC

~

Rt+jXt Rc+jXc

Sfs
~ ~

~

~
~

~

Equivalent circuit for VSC stations

Equivalent

Fig. 3.　VSC steady-state equivalent AC circuit.
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references. The d-axis control group is also called active 
power control group. It mainly consists of 3 categories: con‐
stant Ūdc control mode, constant P͂s control mode, and volt‐
age-power droop control mode (Ūdc droop). The q-axis con‐
trol group contains two control modes, i.e., constant Q͂s con‐
trol mode and constant U͂s control mode [12]. Consequently, 
a VSC station has six different control modes, as shown in 
Table I.

On the AC side, converters can be deemed as PV or PQ 
devices based on their control modes and the demands of 
the distribution network. Control modes 1, 3, and 5 have the 
same q-axis reference, and the VSCs are regarded as PQ 
nodes. While control modes 2, 4, and 6 have the same q-ax‐
is reference, and the VSCs are regarded as PV nodes. In ad‐
dition, for the power flow solvability, a DC distribution net‐
work with ndc nodes should have at least one VSC selected 
as the DC slack node II (control modes 3 or 4) or node III 
(control modes 5 or 6), and no more than one node II. For 
example, a DC distribution network adopting DC slack node 
control has only one node II and (ndc - 1) nodes I (control 
modes 1 or 2); and a DC distribution network adopting Ūdc 
droop control has m (m ³ 1) nodes III and (ndc -m) nodes I.

From the perspective of the VSC-AC node, the DC volt‐
age can be controlled when a converter operates under DC 
voltage control (control modes 3-6), via either DC slack 
node control or droop control. For DC slack node control, 
the VSC is conceptualized as a grid-forming converter, 
whereas under Ūdc droop control, the VSC possesses the flex‐
ibility to function as either a grid-forming or a grid-follow‐
ing converter. Otherwise, the DC node should adopt the role 
of node I to regulate its own power, in which circumstance 
the VSC is characterized as a grid-following converter.

When a converter is under DC voltage control, either a 
slack node control (e.g., modes 3 and 4) or droop con‐
trol (e.g., modes 5 and 6), the active power injection P͂s in 
the AC distribution network is not known beforehand, since 
it depends on the active power needed on the DC side to 
control the DC voltage and the losses of the VSCs. There‐
fore, the power flow calculation involves an additional itera‐
tion step, i.e., DC slack node or droop node iteration [7], [10]. 
The initial active power injected into the AC distribution net‐
work needs to be estimated at the first step of calculation. For 
this purpose, two necessary assumptions are required.

1) The VSC is approximated as a lossless state.

2) For the DC slack bus, its power injection is estimated 
to be the negative summation of the active power injections 
from other nodes, while the estimation of power injection at 
PCC for DC droop nodes is assumed to be the negative val‐
ue of power reference. The power reference is set according 
to the normal operating points. In contrast, when the convert‐
er is in other modes such as constant P͂s control (correspond‐
ing to modes 1 and 2), the active power injection in the AC 
distribution network is kept constant without additional itera‐
tion steps.
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ïïïï

ïïïï

P͂ (0)
sd =-P̄ (0)

dcd                               "dÎ ℓdp

P͂ (0)
sm =-∑

dÎ ℓdp

P͂ (0)
sd -∑

lÎ ℓsl

P͂sl     "mÎ ℓma
(31)

The initial estimations of AC power flow I͂cl and U͂cl can 
be solved by substituting P͂ (0)

sm and the known control vari‐
ables [P͂ ls(0)Q͂ls(0) ]T of nodes into (1) [7]:
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î
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ïï
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ï
ï

ï

ï
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ï

ï

I͂cl =
P͂sl - jQ͂sl

U͂ *
sl

U͂cl = U͂sl - Zcl

P͂sl - jQ͂sl

U͂ *
sl

(32)

Given (25) and (32), the active power injection at the con‐
verter side can be reformulated as:

P͂ (x)
cl =ΘC (P͂ (x)

sl ) (33)

where ΘC (·) is the mathematical notation for the linear equa‐
tion obtained by uniting (25) and (32).

Furthermore, 
~
PL vscl is calculated by (30) and substituted 

into (2) to solve the power flow of DC distribution network, 
and P͂cl can be updated after obtaining the DC node voltages 
using (29). However, the traditional active power injection 
calculation method based on Newton-Raphson (NR) iteration 
is highly nonlinear. To decrease the computational complexi‐
ty, the assumptions in Supplementary Material A can be 
called back for linear approximation, and the reactive power 
injection at PCC node in (24) and the VSC active power in‐
jection in (25), (26)-(28) can be approximated as:
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P͂cl » P͂cfl »-gcl (U͂fl - U͂cl )+ bcl (θ fl - θcl )

Q͂sl » Q͂sfl » btl (U͂sl - U͂fl )+ gtl (θsl - θfl )

P͂sfl »-gtl (U͂sl - U͂fl )+ btl (θsl - θfl )

Q͂cfl » bcl (U͂fl - U͂cl )+ gcl (θ fl - θcl )

Q͂fl »-bflU͂fl

(34)

Combining and rearranging items of (34) then yields:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

P͂cl » gcl (U͂cl - U͂fl )+ bclθ fcl

Q͂sl »-btl (U͂fl - U͂sl )+ gtlθsfl

DfPl = P͂cfl - P͂sfl » gcU͂c + gtlU͂sl -

            (gcl + gtl )U͂fl + bclθ fcl - btlθsfl

DfQl = Q͂cfl - Q͂sfl - Q͂fl »-bclU͂cl - btlU͂sl +

            (bcl + bfl + btl )U͂fl + gclθ fcl - gtlθsfl

(35)

TABLE I
MODELING OF A VSC: CONTROL MODES AND DEVICE TYPES

Grid-connected 
interface type

Grid-following

Grid-forming

Grid-forming or 
grid-following

Control 
mode No.

1

2

3

4

5

6

Control mode

d-axis control

Constant P͂s

Constant P͂s

Constant Ūdc

Constant Ūdc

Ūdc droop

Ūdc droop

q-axis control

Constant Q͂s

Constant U͂s

Constant Q͂s

Constant U͂s

Constant Q͂s

Constant U͂s

Device type

AC

PQ

PV

PQ

PV

PQ

PV

DC

I

II

III
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Due to the small bf of the filter, the variation of U͂fl dur‐
ing the calculation is much smaller than that of U͂cl. In other 
words, the interference of the voltage magnitude of the filter 
on the results is negligible. Thus, U͂fl can be represented by 
a constant term Cf. The matrix form of the rigorous LPF 
model for VSC can be rearranged as:
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+Cf (36)

Given (24), (33), and (36), the fixed-point iteration model 
and mismatch equations for VSC lossy power flow can be 
formulated as:

ì
í
î

ïï

ïï

P͂ (x + 1)
sm =ΨS (Φ-1

VSC (ΘC (P͂ (x)
sm )))=ΞS (P͂ (x)

sm )

FVSC =[DP͂ T
sm ]T

(37)

where ΨS (×) is the active power equation of (24); and 
mÎ ℓma represents the mth master VSC.

B. Overall Framework

The overall framework of the proposed lossy power flow 
model for hybrid AC-DC distribution networks is shown in 
Algorithm 1.

Algorithm 1: overall framework of proposed lossy power flow model for 
hybrid AC-DC distribution networks

Input: basic data of hybrid AC-DC distribution network
Output: voltage magnitudes, phase angles, and branch flows of hybrid 

AC-DC distribution networks
1: Initialize: x͂, x̄, x¬ 0, Itmax = 10, and δ = 10-8

2: Set initial values P͂ ls(0), Q͂ls(0), P̄ ls(0), and P͂ (0)
sm from (6), (16), and (31)

3: while ((x £ Itmax)&(δ < ||FVSC||)) do
4:    if ((x͂ = 0)&(x̄ = 0)) then
5:       Solve the lossless AC-LPF [Ū (0)θ(0) ]T from (1)

6:       Calculate 
~
PL

(0)

VSC from (30)
7:       Solve the lossless DC-LPF Ū (0) from (2)
8:    else
9:       for x͂ = 12...Itmax do
10:         Solve AC lossy power flow [U͂ (x͂)θ(x͂) ]T from (13)
11:         if δ < ||FAC|| then
12:             x͂¬ x͂ + 1
13:         end if
14:      end for

15:      Update VSC losses 
~
PL

(x)

VSC from (30)
16:      for x̄ = 12...Itmax do
17:          Solve DC lossy power flow Ū (x̄) from (22)
18:          if δ < ||FDC|| then
19:              x̄¬ x̄ + 1
20:          end if
21:       end for
22:       Update fixed point of VSC P͂ (x)

sm from (37)
23:    end if
24:    x¬ x + 1
25: end while

The framework is implemented using the asynchronous it‐

eration method, i. e., the AC and DC distribution networks, 
and VSCs can be iterated sequentially. For small-scale hy‐
brid AC-DC distribution networks, the convergence perfor‐
mance of the synchronous iteration method is better than 
that of the asynchronous one. However, in the case of multi-
area interconnection, the number of nodes can be large, and 
the Jacobi matrix of the synchronous iteration method be‐
comes complex. Thus, the implementation of the sparse tech‐
nique for modifying the Jacobi matrix becomes more diffi‐
cult, which increases the computation time. In contrast, the 
order of the Jacobi matrix of the asynchronous iteration 
method varies less with the distribution network scale, and 
the computational complexity does not increase significantly. 
In addition, the asynchronous iteration method simply ex‐
tends the power flow calculation module for DC distribution 
networks on the original AC power flow calculation pro‐
gram, and then iterates between AC and DC distribution net‐
works. Therefore, the asynchronous iteration method is easi‐
er to be implemented than the synchronous iteration method.

IV. NUMERICAL RESULTS

Algorithm 1 was implemented in the MATLAB source 
toolbox MATPOWER [41]. Three hybrid AC-DC distribu‐
tion networks, i. e., the modified IEEE 33 test feeders, the 
modified IEEE 33&69 test feeders, and the modified IEEE 
123 test feeders, are obtained by modifying standard test sys‐
tems, i. e., IEEE 33 test feeders, US PG&E 69 test feeders, 
and IEEE 123 test feeders, respectively. All programs re‐
quired for the experiments are compiled in MATLAB 2020b, 
and all simulations are done on a personal computer with 
AMD4800H 3.20 GHz CPU and 16 GB of RAM. Detail in‐
formation of all test cases can be found in Supplementary 
Material A.

A. Lossy Power Flow Results for Sub-networks

The hybrid AC-DC distribution network contains AC sub-
networks and DC sub-networks. To verify the superiority of 
the proposed lossy power model in terms of computational 
accuracy in AC and DC sub-networks, the experimental pro‐
cess needs to follow the principle of control variates. In oth‐
er words, the same model must be used on the DC side (AC 
side) when analyzing the error on the AC side (DC side). 
We present the lossless LPF model in [16] as a comparison 
and extend it naturally to DC networks. The lossy model in 
[30] is denoted by the existing lossy power flow (E-lossy) 
model, and the model adopted in this paper is denoted by 
the proposed lossy power flow (P-lossy) model.

For ease of presentation, different hybrid models (HMs) 
are used to represent the sets of models for both AC and DC 
sub-networks.

1) HM1: lossless model in AC and DC sub-networks.
2) HM2: E-lossy model in AC and DC sub-networks.
3) HM3: E-lossy model in AC sub-network, and P-lossy 

model in DC sub-network.
4) HM4: P-lossy model in AC sub-network, and E-lossy 

model in DC sub-network.
5) HM5: P-lossy model in AC and DC sub-networks.
The root-mean-square error εRMSE and the maximum error 

εmax (infinity norm) for all variables are calculated as:
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εRMSE
x =

1
N∑i = 1

N

(Yi - f (xi ))
2

εmax
x = ||Yi - f (xi )||¥

xÎ{U͂ACθACP͂ACQ͂ACŪDCP̄DC

        U͂VSCθVSCP͂VSCQ͂VSC
~
PL VSC }

(38)

The errors in (38) are computed for all the sub-network 
variables using all the steps in Algorithm 1, and the statistics 
are shown in Table II, including the errors of AC and DC 
node voltage magnitudes U͂AC and ŪDC, the node voltage 
phase angles θAC, the AC and DC active branch flows P͂AC 
and P̄DC, and reactive branch flows Q͂AC. Clearly, HM1 in Ta‐
ble II has the worst performance as it ignores the network 
losses. Moreover, by comparing HM2 and HM3 for DC sub-
networks, the errors of the node voltage magnitude and 
branch flow of the P-lossy model are significantly smaller 
than those of the E-lossy model. Congruently, the same re‐
sult can be observed by comparing HM4 and HM5. For AC 
sub-networks, the errors of node voltage magnitude and 

branch flow of the P-lossy model are smaller than those of 
the E-lossy model. As can be observed from HM2 and 
HM4, the same can be found by comparing HM3 and HM5. 
In conclusion, the P-lossy model is proved to be advanta‐
geous compared with the existing models, both for AC and 
DC sub-networks. Furthermore, comparing HM1, HM2, and 
HM5, the errors of node voltage magnitudes and branch 
flows of the P-lossy model are smaller than other models, 
which indicates the superiority of the P-lossy model in solv‐
ing the global power flows. Besides, some other attractive 
facts are found. Even if the same model is employed in the 
DC sub-network, there are still slight differences in the DC 
node voltage magnitudes and branch flow errors, which sug‐
gests that different AC lossy models can also affect the DC 
power flow results. In the modified IEEE 33&69 test feed‐
ers, for example, the P-lossy model is employed in both 
HM3 and HM5 for the AC sub-network, but the errors of 
ŪDC and P̄DC are different, as shown in Table II. Therefore, it 
is reasonable to infer that there are coupling effects between 
the models, and in particular, the AC lossy model has an im‐
pact on the DC power flow.

B. Lossy Power Flow Results for VSCs

Two test cases, the modified IEEE 33&69 and modified 
IEEE 123 test feeders, are used to verify the effectiveness of 
the P-lossy model for MT-VSCs.

For the modified IEEE 33&69 test feeders, VSCs 2, 4, 
and 7 are under DC voltage control corresponding to control 
mode 3, while the other VSCs employ mode 2 to control 
their own active power, and act as the PV devices. In the 
modified IEEE 123 test feeders, a hybrid control mode is im‐
plemented, with VSCs 1, 4, and 6 as DC slack nodes, i. e., 
control mode 4. VSCs 3 and 7 regulate the voltage with U-P 
droop control, i.e., control mode 5; and VSCs 2, 5, and 8 uti‐
lize control mode 1 and act as the PQ devices.

Different lossy power flow models for VSC are shown in 

Table III. In [34], the lossless DCPF model and the E-lossy 
model are implemented for the AC and DC distribution net‐
works, respectively, and the benchmark NR method is used 
to calculate the VSC power flow. Another model, VSC-
NLPF, is consistent with [34] in solving the VSC power 
flow, while the P-lossy model is used to solve the AC and 
DC power flows. Finally, the benchmark power flow for the 
whole system is solved by the NR method.

Since the DCPF is employed in [34], only VSC voltage 
phase angles θc and active power injected into VSCs P͂c are 
compared. Here, we do not use (38) to measure the VSC 
power flow errors since εRMSE and εmax only evaluate the aver‐
age and maximum errors. To identify the power flow errors 
of each VSC, the relative error εRE is defined as:

TABLE II
ERROR STATISTICS OF DIFFERENT MODELS FOR ALL TEST CASES

Case name

Modified 
IEEE 33 test 

feeders

Modified 
IEEE 33&69 

test feeders

Modified 
IEEE 123 
test feeders

HM

HM1

HM2

HM3

HM4

HM5

HM1

HM2

HM3

HM4

HM5

HM1

HM2

HM3

HM4

HM5

εRMSE

U͂AC

2.74×10-3

2.27×10-3

2.27×10-3

1.95×10-4

1.95×10-4

5.72×10-3

4.64×10-3

4.64×10-3

2.45×10-4

2.45×10-4

1.86×10-5

1.70×10-5

1.70×10-5

1.46×10-5

1.46×10-5

θAC

1.39×10-1

1.05×10-1

1.05×10-1

6.67×10-2

6.67×10-2

3.36×10-2

3.48×10-2

3.48×10-2

1.08×10-2

1.08×10-2

1.76×10-4

1.74×10-4

1.74×10-4

2.29×10-5

2.29×10-5

P͂AC

9.43×10-2

6.44×10-2

6.44×10-2

4.77×10-2

4.77×10-2

1.08×10-1

8.56×10-2

8.56×10-2

7.57×10-3

7.57×10-3

1.68×10-3

1.50×10-3

1.50×10-3

4.49×10-4

4.49×10-4

Q͂AC

1.29×10-1

9.54×10-2

9.54×10-2

5.90×10-2

5.90×10-2

6.08×10-2

5.04×10-2

5.04×10-2

9.61×10-3

9.61×10-3

1.20×10-3

6.76×10-4

6.76×10-4

5.38×10-4

5.38×10-4

ŪDC

1.79×10-4

6.31×10-6

1.86×10-11

6.31×10-6

1.86×10-11

3.11×10-4

4.27×10-4

9.94×10-6

4.17×10-4

2.29×10-7

1.45×10-3

1.13×10-4

1.69×10-9

1.13×10-4

1.04×10-9

P̄DC

4.91×10-3

1.95×10-4

5.05×10-10

1.95×10-4

5.05×10-10

5.94×10-3

7.62×10-3

1.79×10-4

7.43×10-3

4.13×10-6

1.40×10-2

1.37×10-3

4.81×10-8

1.37×10-3

2.96×10-8

εmax

U͂AC

3.83×10-3

4.47×10-3

4.47×10-3

3.75×10-4

3.75×10-4

1.37×10-2

1.17×10-2

1.17×10-2

8.66×10-4

8.66×10-4

4.25×10-5

4.00×10-5

4.00×10-5

3.56×10-5

3.56×10-5

θAC

2.08×10-1

1.71×10-1

1.71×10-1

9.63×10-2

9.63×10-2

7.88×10-2

8.35×10-2

8.35×10-2

3.43×10-2

3.43×10-2

3.08×10-4

3.06×10-4

3.06×10-4

5.37×10-5

5.37×10-5

P͂AC

3.77×10-1

2.40×10-1

2.40×10-1

2.17×10-1

2.17×10-1

3.26×10-1

2.25×10-1

2.25×10-1

5.04×10-2

5.04×10-2

5.46×10-3

5.14×10-3

5.14×10-3

1.66×10-3

1.66×10-3

Q͂AC

5.23×10-1

3.67×10-1

3.67×10-1

2.64×10-1

2.64×10-1

1.76×10-1

1.24×10-1

1.24×10-1

3.47×10-2

3.47×10-2

5.20×10-3

2.49×10-3

2.49×10-3

2.80×10-3

2.80×10-3

ŪDC

2.67×10-4

8.28×10-6

2.77×10-11

8.28×10-6

2.77×10-11

7.16×10-4

9.25×10-4

2.18×10-5

9.02×10-4

4.99×10-7

3.16×10-3

2.38×10-4

7.56×10-9

2.38×10-4

4.65×10-9

P̄DC

6.17×10-3

3.62×10-4

6.38×10-10

3.62×10-4

6.38×10-10

9.79×10-3

1.07×10-7

2.47×10-4

1.04×10-2

5.64×10-6

2.26×10-2

2.63×10-3

1.23×10-7

2.63×10-3

7.57×10-8
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εRE
x =

Yi - f (xi )
Yi

    xÎ{θc|P͂c|} (39)

The VSC power flow errors for different network scales 
and control modes are shown in Fig. 4. The left y-axes of 
subfigures represent εRE

θc
 and εRE

|P͂c|
, which are marked by differ‐

ent colored bars. While the right y-axes of subfigures repre‐

sent the values of variables θc and |P͂c|, which marked by dif‐

ferent shapes of scatters.

In Fig. 4, the voltage phase angles of the P-lossy model 
are highly consistent with the NLPF, while the errors calcu‐
lated by the model in [34] is significantly larger than those 

of the P-lossy model. In addition, the errors of the P-lossy 
model for VSC active power injection are also smaller than 
those of model in [34]. Obviously, the inaccurate DCPF is 
employed in the AC distribution network in [34], enlarging 
the power flow error injected into the VSC from the PCC. 
Consequently, although the model in [34] preserves the non‐
linearity of the VSC, it does not guarantee satisfactory re‐
sults. Compared with NLPF, the performance of the P-lossy 
model for VSC power injections is not as stable as the 
voltage phase angles, especially for the grid-forming 
VSCs, as shown in Fig. 4(b). Nevertheless, in a global 
view, the P-lossy model still has a significant advantage 
over the model in [34], regardless of whether the VSC 
is a PQ or PV device, or whether it is a grid-forming 
or grid-following VSC.

In summary, at the system level, the P-lossy model shows 
excellent accuracy performance, no matter it is applied in 
AC, DC, or hybrid distribution networks. At the device lev‐
el, the same is true for the P-lossy model.

C. Convergence Analysis

In addition to comparing the solution accuracies of different 
models, it is also significant to verify the advantages of the P-
lossy model in terms of convergence performance. The differ‐
ence in computational time arises from two main aspects, i.e., 
the external iteration process and the internal iteration process.

The purpose of the external iteration is to make the active 
power of the slack VSC at the PCC node close to the true 
value, which represents the number of iterations for the 
whole hybrid AC-DC distribution network, whereas the inter‐
nal iteration is used to solve the fixed-point problem for 
both AC and DC sub-networks. The external iterations and 
computational time of different models are shown in Table 
IV, including the number of external iterations and the com‐
putational time for 100 simulations. HM4 and HM5 are com‐
putationally efficient, with the computational time reduced 
by 6.43% and 20.22%, respectively, which is attributed to 
the excellent performance of the P-lossy model. In addition, 
HM5 ranks first in all test cases, while the rest of the hybrid 
models have slightly different rankings.

TABLE III
DIFFERENT LOSSY POWER FLOW MODELS FOR VSCS IN HYBRID AC-DC 

DISTRIBUTION NETWORKS

Type

AC distribution network

DC distribution network

MT-VSC

[34]

Lossless DCPF

E-lossy

NR

VSC-NLPF

P-lossy

P-lossy

NR

Proposed

P-lossy

P-lossy

P-lossy

1 2 3 4 5 6 7 8
VSC No.

100

10-1

10-2

10-3

10-4

10-5

10-5

10-5
10-4
10-3
10-2

10-6

10-4
10-3
10-2
10-1
100

0.95

1.00

0.1

0

0.2

1.05

0
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0.25
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Fig. 4.　VSC power flow errors for different network scales and control 
modes. (a) Phase angle in modified IEEE 33&69 test feeders. (b) Power injec‐
tion in modified IEEE 33&69 test feeders. (c) Phase angle in modified IEEE 
123 test feeders. (d) Power injection in modified IEEE 123 test feeders. 

TABLE IV
NUMBER OF EXTERNAL ITERATIONS AND COMPUTATIONAL TIME

Case name

Modified 
IEEE 33 test 

feeders

Modified 
IEEE 33&69 

test feeders

Modified 
IEEE 123 test 

feeders

HM

HM2

HM3

HM4

HM5

HM2

HM3

HM4

HM5

HM2

HM3

HM4

HM5

Number of external 
iterations

5

5

5

5

5

5

5

5

5

5

6

6

Computational time 
(ms)

2632

2487

2073

2010

5055

5057

4217

4162

5330

5362

4967

4831
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The modified IEEE 33 test case is implemented for the 
analysis of the internal iterations. HM3 and HM5 are used 
to compare the convergence performance of the AC sub-net‐
work, and the results are shown in Fig. 5(a). And HM4 and 
HM5 are used to compare the convergence performance of 
the DC subnetwork, and the results are shown in Fig. 5(b).

The P-lossy model converges at the 6th iteration, while the 
model in [30] still does not converge at the 10th iteration. In 
fact, it converges at the 23rd iteration. Similarly, the smaller 
area enclosed by the curves and axes of the P-lossy model 
means that it converges faster, requiring at most 6 iterations 
to converge, while the E-lossy model requires 7 iterations. 
By comparison, the P-lossy model not only improves the 
convergence performance of AC and DC sub-networks, but 
also effectively reduces the computational time.

D. Robustness Analysis of Overall Networks

The actual operating state of the distribution network is 
stochastic in nature, and there is a need to discuss whether 
the P-lossy model can maintain its expected functionality 
and performance in the face of uncertainties or perturbations. 
For this reason, Latin hypercube sampling is used for sto‐
chastically generating 1000 scenarios within a predefined 
range. Different ranges of variables are selected based on the 
characteristics of variables, e. g., the AC and DC load con‐
sumptions are calculated based on the preset demand con‐

sumptions multiplied by a coefficient drawn stochastically in 
a stratified manner from a uniform distribution over the inter‐
val [0.5, 2]. The distributed renewable energy generation is 
calculated from the interval [0.3, 0.6]. The box and scatter 
plots of εRMSE for different models under stochastical genera‐
tion and demand are shown in Fig. 6.

In Fig. 6, the power flow errors for AC and DC sub-net‐
works and VSC are shown from left to right. For the AC net‐
work, the errors of the P-lossy model are always less than 
those of the model in [34]. To compare more clearly the per‐
formance of the two models for AC power flows, Fig. 6 re‐
cords the errors for different stochastic samples. Obviously, 
the errors of the P-lossy model are smaller and more central‐
ly distributed, which implies stronger robustness. For the DC 
sub-network, the power flow errors of the P-lossy model are 
all significantly smaller than those of the model in [34].

For the VSC, although the nonlinearity is preserved in 
[34], the errors of both the node voltage magnitude and pow‐
er injection are larger than those of the P-lossy model, 
which further demonstrates the good robustness of the P-
lossy model in stochastic scenarios.

Since DCPF does not consider voltage magnitude or reac‐
tive power, the model in [34] is computationally efficient 
and maintains a good performance in solving active branch 

Sample sequence

Sample sequence

Sample sequence

0 10 20 30 40

Proposed model

0 10 20 30 40 50

0 10 20 30 40 50

10-2

10-3

10-4

10-5

10-6

10-1

100

101

10-1

10-2

10-3

PAC
Proposed~

θAC
Proposed

θACPAC
[34] [34]~

ε
R
M
S
E

ε
R
M
S
E

ε
R
M
S
E

10-2

10-4

10-6

100

10-5

10-3

10-1

101

10-7

10-4

10-5

10-6

10-1

10-2

101

100

10-3

10-4

10-3

10-5

10-6

10-7

10-8

ε
R
M
S
E

P
A

C

~
~

ε
R
M
S
E

P
D

C

(a) (b)

ε
R
M
S
E

P
V

S
C

PDC
Proposed

UDC
Proposed

UDCPDC
[34] [34]

Variable

(c) (d)

(f)

Variable

PVSC
Proposed

θVSC
Proposed

θVSCPVSC
[34] [34]

(e)
Variable

~

~

50

Model in [34]

Proposed model
Model in [34]

Proposed model
Model in [34]

Fig. 6.　Box and scatter plots of εRMSE for different models. (a) Box plot for 
AC sub-network. (b) Scatter plot for AC sub-network. (c) Box plot for DC 
sub-network. (d) Scatter plot for DC sub-network. (e) Box plot for MT-
VSC. (f) Scatter plot for MT-VSC.
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flows and voltage phase angles. However, ignoring the ef‐
fects of voltage magnitude and reactive power makes this 
model unable to accurately calculate the power flow of the 
VSC, and the penetration of distributed energy sources in‐
creases the risk of errors. Meanwhile, although voltage mag‐
nitude and reactive power are considered in HM2, this mod‐
el is only applicable to transmission networks and performs 
poorly in hybrid AC-DC distribution networks. In contrast, 
the P-lossy model highly matches the characteristics of the 
distribution network.

To check the performance of the P-lossy model compre‐
hensively, we employ the modified IEEE 33 test case and 
the modified IEEE 123 test case, and compare the average 
errors ε̂RMSE and ε̂max for all variables, as shown in Tables V and 
VI, respectively. All test results illustrate that the P-lossy mod‐
el has almost an order of magnitude advantage in terms of 
computational accuracy, and whether in AC sub-networks, DC 
sub-networks, or VSCs, its applicability and robustness under 
uncertainty generation and demand scenarios are further dem‐
onstrated.

In addition, the r/x ratios are adjusted in increments of 0.1 
within the range of [0.1, 5] to compare the performance of 
different models in AC sub-networks. The conductors of the 

DC sub-network are consistent with normal operating condi‐
tions. The variation of errors in the modified IEEE 123 test 
case is shown in Fig. 7.

It can be observed that within the predefined range, the er‐
rors of the P-lossy model consistently remain at a lower level. 
The errors of HM2 exhibits a significant positive correlation 
with the r/x ratios, while the errors of the P-lossy model pres‐
ent a negative correlation when the r/x ratios are within (0, 
1.8]. Such results indicate that the P-lossy model is particular‐
ly applicable to distribution networks with low r/x ratios.

To comprehensively verify the performance of the P-lossy 
model in hybrid networks, 1000 scenarios are also simulated 
from the interval [0.5, 5] to evaluate the robustness of sto‐

chastic r/x ratios of AC sub-networks and resistance of DC 

sub-networks on the robustness of the P-lossy model. The av‐

erage errors are computed for different network scales, as 

shown in Tables VII and VIII. The statistical results show 

that the average errors for AC or DC sub-networks of the P-

lossy model are significantly lower than those of the existing 

models under stochastic r/x ratios or DC resistance. In con‐

clusion, the P-lossy model maintains superior performance 

under various stochastic perturbations.

TABLE VI
ε̂max FOR DIFFERENT MODELS UNDER STOCHASTIC GENERATION AND DEMAND

Case name

Modified 
IEEE 33 

test feeders

Modified 
IEEE 123 
test feeders

Model

P-lossy

[34]

HM2

P-lossy

[34]

HM2

ε̂max

U͂AC

5.53×10-4

6.57×10-3

4.27×10-5

4.90×10-5

θAC

1.61×10-1

2.08×100

2.96×10-1

8.27×10-5

5.78×10-2

4.73×10-4

P͂AC

3.82×10-1

6.56×10-1

4.06×10-1

2.56×10-3

6.28×10-2

7.81×10-3

Q͂AC

4.43×10-1

6.35×10-1

4.42×10-3

3.82×10-3

ŪDC

3.05×10-11

1.58×10-5

1.58×10-5

5.35×10-9

3.51×10-4

3.51×10-4

P̄DC

7.02×10-10

6.96×10-4

6.96×10-4

8.69×10-8

3.99×10-3

3.99×10-3

U͂VSC

5.49×10-4

6.18×10-3

4.27×10-5

4.90×10-5

θVSC

1.68×10-1

2.08×100

2.95×10-1

3.53×10-3

5.43×10-2

3.90×10-3

P͂VSC

1.18×10-3

1.18×10-3

6.04×10-3

1.59×10-2

1.59×10-2

1.59×10-2

Q͂VSC

3.41

3.47

3.41

3.44

~
PL VSC

9.44×10-2

1.63×10-1

1.64×10-1

7.07×10-2

1.71×10-1

1.82×10-1

TABLE V
RMSES FOR DIFFERENT MODELS UNDER STOCHASTIC GENERATION AND DEMAND

Case name

Modified 
IEEE 33 

test feeders

Modified 
IEEE 123 
test feeders

Model

P-lossy

[34]

HM2

P-lossy

[34]

HM2

RMSE

U͂AC

2.97×10-4

3.92×10-3

1.42×10-5

1.82×10-5

θAC

1.12×10-1

9.81×10-1

1.88×10-1

3.67×10-5

3.48×10-2

2.79×10-4

P͂AC

8.11×10-2

1.67×10-1

1.14×10-1

7.21×10-4

1.86×10-2

2.40×10-3

Q͂AC

9.89×10-2

1.65×10-1

8.63×10-4

1.09×10-3

ŪDC

2.05×10-11

1.20×10-5

1.20×10-5

6.41×10-10

6.49×10-5

6.49×10-5

P̄DC

5.56×10-10

3.75×10-4

3.75×10-4

6.70×10-10

1.18×10-3

1.11×10-3

U͂VSC

3.54×10-4

3.57×10-3

1.48×10-5

1.81×10-5

θVSC

1.19×10-1

1.24×100

1.98×10-1

1.27×10-3

2.97×10-2

1.48×10-3

P͂VSC

2.84×10-4

8.87×10-4

8.87×10-4

6.50×10-3

6.57×10-3

6.51×10-3

Q͂VSC

1.98

2.02

1.30

1.31

~
PL VSC

9.39×10-2
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9.48×10-2
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7.30×10-2

7.33×10-2
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Fig. 7.　Variation of errors with r/x ratios for different models in modified IEEE 123 test feeders. (a) U͂AC. (b) θAC. (c) P͂AC. (d) Q͂AC.
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V. CONCLUSION

In this paper, we revisit the E-lossy models and reformu‐
late a fixed-point iteration problem related to node power in‐
jections. The novel fixed-point iteration uses the losses of 
the next iteration in advance to modify the power injection 
instead of the current approximated losses.

The proposed lossy power flow model is highly compati‐
ble with the characteristics of the distribution network and 
effectively reduces the computational complexity. Different 
test cases are used to validate the advantages of the pro‐
posed model in pure AC and DC sub-networks, including 
computational accuracy and convergence performance. Fur‐
thermore, we extend the lossy power flow model to hybrid 
AC-DC distribution networks with VSC. Therefore, we pro‐
pose a rigorous LPF model based on the complete AC cir‐
cuit of VSC and formulate a fixed-point iteration model for 
the lossy power flow of VSC. The results show that the pro‐
posed model better approximates the actual operating state 
of VSCs in MT-interconnected distribution networks. Finally, 
the performance of the proposed model in face of uncertain‐
ty is discussed in two test cases, further proving the greater 
generality and stability of the proposed model. Future re‐
search aims to integrate the technique into the field of hy‐
brid distribution network optimization, e. g., providing effi‐
cient and high-quality solutions for expansion planning and 
operation scheduling.

REFERENCES

[1] R. Yang, G. Shi, X. Cai et al., “Autonomous synchronizing and fre‐
quency response control of multi-terminal DC systems with wind farm 
integration,” IEEE Transactions on Sustainable Energy, vol. 11, no. 4, 
pp. 2504-2514, Oct. 2020.

[2] Q. Li and N. Zhao, “General power flow calculation for multi-termi‐
nal HVDC system based on sensitivity analysis and extended AC 

grid,” IEEE Transactions on Sustainable Energy, vol. 13, no. 4, pp. 
1886-1899, Oct. 2022.

[3] D. Boroyevich, I. Cvetković, D. Dong et al., “Future electronic power 
distribution systems: a contemplative view,” in Proceedings of 2010 
12th International Conference on Optimization of Electrical and Elec‐
tronic Equipment, Brasov, Romania, May 2010, pp. 1369-1380.

[4] T. Hakala, T. Lähdeaho, and P. Järventausta, “Low-voltage DC distri‐
bution-utilization potential in a large distribution network company,” 
IEEE Transactions on Power Delivery, vol. 30, no. 4, pp. 1694-1701, 
Aug. 2015.

[5] S. Fu, Y. Gao, X. Chen et al., “Research and project practice on AC 
and DC distribution network based on flexible substations,” Electric 
Power Construction, vol. 39, no. 5, pp. 46-55, May 2018.

[6] X. Wei, C. Zhang, R. Liu et al., “Key technology breakthrough and 
demonstration of Suzhou medium and low voltage DC power distribu‐
tion and consumption system,” Distribution & Utilization, vol. 39, no. 
8, pp. 47-57, Aug. 2022.

[7] J. Beerten, S. Cole, and R. Belmans, “Generalized steady-state VSC 
MTDC model for sequential AC-DC power flow algorithms,” IEEE 
Transactions on Power Systems, vol. 27, no. 2, pp. 821-829, May 
2012.

[8] J.-C. Fernandez-Perez, F. M. E. Cerezo, and L. R. Rodriguez, “On the 
convergence of the sequential power flow for multiterminal VSC AC-
DC systems,” IEEE Transactions on Power Systems, vol. 33, no. 2, 
pp. 1768-1776, Mar. 2018.

[9] M. A. Allam, A. A. Hamad, and M. Kazerani, “A sequence-component-
based power-flow analysis for unbalanced droop-controlled hybrid AC-
DC microgrids,” IEEE Transactions on Sustainable Energy, vol. 10, 
no. 3, pp. 1248-1261, Jul. 2019.

[10] Y. Zhang, X. Meng, A. M. Shotorbani et al., “Minimization of AC-DC 
grid transmission loss and DC voltage deviation using adaptive droop 
control and improved AC-DC power flow algorithm,” IEEE Transac‐
tions on Power Systems, vol. 36, no. 1, pp. 744-756, Jan. 2021.

[11] M. Baradar and M. Ghandhari, “A multi-option unified power flow ap‐
proach for hybrid AC-DC grids incorporating multi-terminal VSC-
HVDC,” IEEE Transactions on Power Systems, vol. 28, no. 3, pp. 
2376-2383, Aug. 2013.

[12] R. Chai, B. Zhang, J. Dou et al., “Unified power flow algorithm 
based on the NR method for hybrid AC-DC grids incorporating 
VSCs,” IEEE Transactions on Power Systems, vol. 31, no. 6, pp. 
4310-4318, Nov. 2016.

[13] S. Khan and S. Bhowmick, “A generalized power-flow model of VSC-
based hybrid AC-DC systems integrated with offshore wind farms,” 
IEEE Transactions on Sustainable Energy, vol. 10, no. 4, pp. 1775-

TABLE VII
RMSES FOR DIFFERENT MODELS UNDER STOCHASTIC LINE CONDUCTORS IN AC AND DC SUB-NETWORKS

Case name

Modified 
IEEE 33 

test feeders

Modified 
IEEE 123 
test feeders

Model

P-lossy

[34]

HM2

P-lossy

[34]

HM2

RMSE

U͂AC

4.79×10-4

4.37×10-3

2.50×10-5

2.99×10-5

θAC

2.08×10-5

1.33×100

2.86×10-1

3.49×10-5

4.26×10-2

2.58×10-4

P͂AC

1.22×10-1

2.14×10-1

1.39×10-1

5.40×10-4

2.24×10-2

1.93×10-3

Q͂AC

1.75×10-1

2.39×10-1

6.11×10-4

8.94×10-4
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