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Harmonic Resonance Analysis and Suppression 
for Suburban Railway Continuous Power 

Supply Systems
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Abstract——The continuous power supply system, which elimi‐
nates the neutral section and realizes safe and reliable operation, 
shows a development trend in suburban railways. However, the 
access of a power quality compensator (PQC) may alter the im‐
pedance characteristics of the system and introduce additional 
harmonics with a broader frequency band, potentially increasing 
the risk of resonance. Accordingly, in this paper, an analytical 
method is first adopted in conjunction with a field test to con‐
struct a simplified harmonic model for an actual continuous sub‐
urban line. A modal scanning algorithm is then used to analyze 
the effects of the controller and filter in the PQC on the harmonic 
resonance of the suburban railway continuous power supply sys‐
tem. Based on the improved particle swarm optimization algo‐
rithm, a multi-objective optimization design for PQC is proposed 
that can suppress harmonic resonance, filter the harmonics, and 
reduce the cost while preserving the stability of the control sys‐
tem. Finally, a real case study based on the field test demonstrates 
the effectiveness of the proposed design.

Index Terms——Suburban railway, continuous power supply 
system, resonance characteristic, modal scan algorithm, multi-
objective optimization design, field test.

I. INTRODUCTION

WITH the expansion of metropolitan areas, suburban 
railways will develop into continuous networks with 

faster speed and increasing passenger flow. To achieve safe, 
timely, and reliable suburban railway services, the power 
supply system will gradually transform from the existing uni‐
lateral power supply mode into a continuous power supply 
mode [1], [2]. In contrast to the existing unilateral power 
supply mode, the continuous power supply mode has the fol‐
lowing advantages: ① the neutral section can be eliminated 
to ensure the continuity of power supply; ② the voltage loss 
caused by the traction network can be reduced and the pow‐
er supply capacity can be enhanced by simultaneous power 

supplies from multiple traction substations (TSs) to trains 
[3] - [6]; ③ the power quality compensator (PQC) can solve 
power quality problems such as negative sequence and reac‐
tive power [7]-[9].

Harmonic resonance is currently attracting considerable at‐
tention because of the potential risks associated with the safe 
operation of suburban railways. Although for decades, reso‐
nance accidents have taken place in suburban railways with 
unilateral power supply modes, they remain an unresolved is‐
sue [10]. The resonance characteristics of suburban railways 
become more complicated once the TS is outfitted with a 
PQC to realize a continuous power supply. In addition, the 
factors affecting the resonance differ significantly from those 
observed in the unilateral power supply mode [11]. At the 
same time, the PQC and various types of electric locomo‐
tives collectively form a harmonic source, which suggests 
that a broader spectrum of harmonics is present in the subur‐
ban railway continuous power supply system (SRCPSS). The 
coincidence of the resonance point and harmonic source in 
frequency results in abnormal electrical phenomena such as 
resonance overvoltage and overcurrent [12], [13].

Many studies have investigated the resonance issues of 
power systems and suburban railways. In contrast to power 
systems, resonance accidents that occur in suburban railways 
are typically characterized by parallel resonance due to the 
large leakage inductor of the onboard transformers in elec‐
tric locomotives [14], [15]. Studies on parallel resonance are 
divided into three main steps. The first step is to establish a 
harmonic model of the SRCPSS. The modeling of traction 
networks, transformers, and electric locomotives has been 
relatively mature [16], [17]. However, simulation and compu‐
tational models of locomotives generally differ from field 
test data at low frequencies to some extent. In addition, the 
research on harmonic modeling of PQCs remains in its infan‐
cy. Further investigation is therefore required to quantify the 
differences between PQCs and electric locomotives and to 
model SRCPSSs using field tests and theoretical calculations.

Resonance analysis is the second step in solving the reso‐
nance issue. The analytical methods for parallel resonance 
characteristics can be summarized into three types: simula‐
tion analysis, frequency scanning, and modal analysis [18]. 
Simulation analysis is relatively efficient, which can obtain 
the impedance-frequency characteristics and reflect the rela‐
tionship between the impedance and voltage at each frequen‐
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cy. Nevertheless, the models in the simulation software are 
typically fixed and idealized, resulting in discrepancies be‐
tween the impedance frequency characteristics of the simulat‐
ed power system and those of the actual power system. The 
frequency scanning method can accurately obtain the reso‐
nance characteristics, but does not provide additional infor‐
mation that can be used to suppress the resonance. The mod‐
al analysis method is more comprehensive, but the calcula‐
tion process is complex [19] - [21]. Consequently, for a 
SRCPSS with more complex influencing factors and topolo‐
gies, a more efficient and accurate method is required for ob‐
taining resonance characteristics.

The third step is to suppress the resonance. Installing fil‐
ters in the TS or adjusting the pulse width modulation 
(PWM) strategy of locomotives is common method for reso‐
nance suppression. Carrier-phase-shifted PWM (CPS-PWM) 
can increase the equivalent switching frequency to reduce 
low-frequency (LF) harmonics, but it cannot completely 
eliminate the current harmonics that tend to cause resonance. 
A windowed selective harmonic elimination PWM method 
for controlling locomotives is introduced in [22], which can 
control the harmonic resonance to some extent, but is diffi‐
cult to realize. An active power filter can dynamically and 
accurately compensate for LF harmonics but cannot resolve 
high-frequency (HF) resonance [23]. The most effective 
method for resolving resonance issues involves using differ‐
ent passive filters. This method enables the filtration of har‐
monics and alteration of the resonance point. However, it 
has the disadvantages of high cost and power loss [24]. The 
inclusion of a PQC can significantly alter the impedance 
characteristics of suburban railways to a large extent. There‐
fore, prevention at the design stage of an SRCPSS is the sim‐
plest and most cost-effective means of suppressing resonance.

As the proportion of power electronic equipment in power 
systems gradually increases, many studies have proposed dif‐
ferent designs for control strategies and filters of PQCs [25]. 
The design of control strategy is chiefly concerned with sta‐
bility. Many studies have proposed the addition of active 
damping to the control link to enhance the steady-state per‐
formance of the power system. These studies have also in‐
vestigated the effects of different active damping methods on 
stability [26]-[29]. However, the effects of the filters on the 
design of the control strategy have not been considered. Fil‐
ters mainly include the L, LC, LCL, and LLCL types [30], 
[31]. Due to its advantages of excellent attenuation of HF 
harmonics, low investment costs, and multiple selective con‐
trol modes, the LCL filters is extensively used in converters. 
The design of LCL filters focuses on ripple current, HF har‐
monics, reactive power, and LCL resonance peaks while ig‐
noring the effects of control parameters on the filtering ef‐
fect [32], [33]. In summary, the current designs for the con‐
trol and filtering parameters are independent, and the interac‐
tion between them is not considered. Simultaneously, the 
control and filtering parameters in power electronic equip‐
ment such as PQCs affect the impedance characteristics of 
the power system, which means that a reasonable design of 
the control and filtering parameters can attenuate the reso‐
nance to a certain extent [34], [35]. Therefore, studies must 
be focused on evaluating the effects of PQCs on resonance 

and preventing resonance through proper PQC design.
To address the aforementioned resonance issues, this pa‐

per investigates the complete resonance characteristics of an 
SRCPSS under multi-locomotive operating conditions and 
solves the resonance issues in suburban railways by chang‐
ing the resonance characteristics of the PQC.

The main contributions of this paper are described as fol‐
lows.

1) An analytical method and field test are combined to es‐
tablish a simplified harmonic model for the PQC and elec‐
tric locomotive. An HF-dominated impedance model of the 
PQC and locomotive is built according to the control strate‐
gy to provide an admittance matrix for modal scanning.

2) Based on modal analysis, a modal scanning algorithm 
is used to reveal the resonance characteristics of the 
SRCPSS. A multi-objective optimization design for the PQC 
is then proposed, which achieves resonance suppression, har‐
monic filtering, and cost reduction while preserving the sta‐
bility of the control system.

3) Using an actual suburban line as a case, the resonance 
characteristics are shown through field test and simulation, 
and the effect of the proposed optimization design is evaluat‐
ed using the resonance suppression efficiency (RSE) indica‐
tor.

II. HARMONIC EQUIVALENT MODEL OF AN SRCPSS 

A. Structure of an SRCPSS

Figure 1 shows the typical topology of an SRCPSS. The 
high-voltage side of the TS is connected to a 110 kV busbar 
with a short-circuit capacity of 1000 MVA. The mixed con‐
nection mode of n back-to-back converters is adopted by the 
PQC. The β-side of each converter is connected in cascade 
to the balanced connection transformer (BCT) through the L 
filter, and the α-side of each converter is connected to the 
LCL filter after a parallel structure is formed via the step-up 
transformer. The high-voltage winding of the step-up trans‐
former is connected to a 27.5 kV traction network.

B. Transformer Model

The BCT shown in Fig. 1 is composed of two single-

110 kV

TS

PQC

Traction network
27.5 kV

β α

BCT; Back-to-back converter

LCL filter; Step-up transformer

Fig. 1.　Typical topology of an SRCPSS.
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phase transformers (T1 and T2). Figure 2 shows the specific 
structure of BCT. Here, the primary winding of T1 is con‐
nected to the 110 kV busbar (A and B phases), and the pri‐
mary winding of T2 is connected to the midpoint of the pri‐
mary winding of T1 and the C-phase busbar. The β-phase 
differs from the α-phase by 90°.

The single-phase transformer is used as an example for 
modeling because the transformers in the SRCPSS are all 
combined from single-phase transformers. The equivalent cir‐
cuit of the transformer consists of R1, XT, and R2, where R1 is 
the ohmic loss, and the harmonic inductance is represented 
by the parallel connection of XT and R2, XT is the leakage in‐
ductance at the fundamental frequency, and R2 is the harmon‐
ic resistance. The impedance angle θ is defined by the trans‐
former capacity [16].

R1, R2, and θ are expressed as:

ì

í

î

ïïïï

ïïïï

R1 =XT /tan θ

R2 = 10XTtan θ

tan θ = e0.693 + 0.769 ln ST - 0.042(ln ST )2

(1)

where ST is the rated capacity of the transformer.
The complete expression for the transformer impedance is:

ZT =R1 + (R2 //jhXT )=
XT

tan θ
+

h2 XT

10 tan θ
+ jhXT

1 + ( )h
10 tan θ

2 (2)

where h is the harmonic order. Here, h2XT/(10tan θ) is used 
to describe the eddy current loss, and 1/{1+[h/(10tan θ)]2} is 
used to describe the demagnetization effect because it reduc‐
es the leakage inductance of the transformer to a certain ex‐
tent.

The equivalent impedances Zα and Zβ of the low-voltage 
side of T1 and T2 can be obtained by combining the power 
system impedance and the transformer impedance of the 
BCT. The specific equations are given as:

ì
í
î

ïï
ïï

Zα = 2ZS /K 2
T1 + ZT1

Zβ = 3ZS /2K 2
T2 + ZT2

(3)

where ZS is the harmonic impedance of the power system; 
KT1 and KT2 are the voltage transformation ratios of T1 and 
T2, respectively; and ZT1 and ZT2 are the harmonic equivalent 
impedances of T1 and T2, respectively.

C. PQC Model

The structure of a typical PQC is composed of an L filter, 
n back-to-back converters, n LCL filters, and a step-up trans‐
former, as shown in Fig. 3. Note that the studied model in 
this paper is shown in black lines and symbols, while the 
gray parts are ignored in this paper. Each of the n low-volt‐

age windings of the step-up transformer is connected to n 
back-to-back converters. The back-to-back converter consists 
of α- and β-phase converters. The modulation signal recon‐
struction method is adopted by the β-phase converters to re‐
alize the balanced control of the direct current (DC) voltage, 
and CPS-PWM is used in the α- and β-phase converters. As 
the effects of DC-side voltage control on HF harmonic reso‐
nance can be negligible [36], the sole requirement is to es‐
tablish the impedance model of the PQC through the control 
strategy of α-phase converters. The current loop of α-phase 
converters is realized by sampling the current signals i1-in and 
the voltage signals um1-umn. Current signals iC1-iCn flowing 
through the capacitors are also sampled for active damping.

Take the kth α-phase converter as an example for analysis. 
Figure 4(a) shows the control with feedback lines in red col‐
or. Note that the ik closed-loop and iCk feedback controls are 
adopted from [11] to achieve accurate tracking of the refer‐
ence current ikref, where ik and iCk are the currents of the 
branch where the inductor L2 - k and capacitor Ck are located, 
respectively. A proportional resonance (PR) current control‐
ler is used, and the transfer function GPR(s) is given in (4). 
To realize accurate modeling of the converter, the transfer 
function Gd(s) in (5), which reflects the delay of the digital 
control, is introduced into the control strategy, and Gd(s) is 
approximately 1.5 times larger than the sampling period. KC 
is the coefficient of active damping; and KPWM is the ratio of 
the DC-side voltage to the triangular carrier voltage. Finally, 
the kth α-phase converter in Fig. 3 can be equivalent to the 
Thevenin circuit presented, as shown in Fig. 4(b).

GPR (s)=Kp +
Krωco s

s2 + 2ωco s +ω2
r

(4)

Gd (s)= e-1.5Td s »
1 - 1.5Td s/2 + (1.5Td s/12)2

1 + 1.5Td s/2 + (1.5Td s/12)2 (5)

where Kp is the proportion control coefficient; Kr is the reso‐
nance control coefficient; ωco is the cut-off angular frequen‐
cy of the PR controller; ωr is the fundamental angular fre‐
quency; and Td is the sampling period. Equation (4) shows 
that the change in Kr has little effect on GPR. Therefore, the 
effect of Kr on the resonance of the SRCPSS is not consid‐
ered.

BCT

A

B

C

T1 T2

110 kV

α β

Fig. 2.　Specific structure of BCT.
β-phase α-phase

… …

i1
iC1

um1

α-phase converter

control

C1

in
iCn

umn

Cn

Step-up

transformer

L1-1 L2-1

A total of n back-to-back

converters

L1-n L2-n

i1-in
iC1-iCn
um1-umn

Fig. 3.　Structure of a typical PQC.
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According to Thevenin’s theorem and the modulation 
characteristics of converters, the equivalent voltage Ueqk and 
equivalent impedance Zeqk can be obtained as [11], [21], [37]:

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

Ueqk (s)=GPR (s)Gd (s)KPWMikref /(1 + sCk KCGd (s)KPWM +

                 s2 L1 - kCk )+ uhk

Zeqk (s)=[s(L1 - k + L2 - k )+Gd (s)KPWM (GPR (s)s2 L2 - kCk KC )+

                 s3 L1 - k L2 - kCk ]/(1 + sCk KCGd (s)KPWM + s2 L1 - kCk )

  (6)

where the subscript k denotes the kth α-phase converter; and 
uhk is the harmonic component generated by the kth α-phase 
converter due to modulation.

As (7) shows, uhk primarily consists of two parts: the HF 
harmonic components uHFk associated with the switching fre‐
quency, and the LF harmonic components uLFk derived from 
the field test [17], [33], [38].

ì

í

î

ï

ï
ïïï
ï

ï

ï

ï

ï
ïïï
ï

ï

ï

uhk = uHFk + uLFk

uHFk = ∑
m = 246

∑
n =±1±3±5

4udc (-1)m/2 /(mπ)×

            Jn (mπMr /2)sin(mωct + nω0t)

Jn (x)=∑
b = 0

¥ (-1)k

b!(b + n)!
(x/2)2b + n

(7)

where udc is the DC-side voltage; Jn is the Bessel function of 
the first type; Mr is the modulation depth; ωc is the angular 
frequency of the carrier signal; and ω0 is the angular fre‐
quency of the modulation signal.

The equivalent voltage uPQC and equivalent impedance 
ZPQC of the PQC can be obtained from (8) by combining and 
simplifying the corresponding models of n back-to-back con‐
verters and the step-up transformer.

ì
í
î

ïï
ïï

uPQC = ueqk KST

ZPQC = Zeqk K 2
ST /n + ZST

(8)

where KST is the transformation ratio of the high-voltage 
winding to the low-voltage winding of the step-up transform‐
er; and ZST is the harmonic equivalent impedance of the step-
up transformer.

As (6) and (8) show, the value of Zeqk increases consider‐
ably after multiplying with KST, and Zeqk mainly consists of 

parameters L1 - k, L2 - k, Ck, Kp, and KC, which significantly af‐
fect the resonance.

D. SRCPSS Model

Figure 5 shows the complete SRCPSS model, where the 
blue box represents the harmonic equivalent model of the 
TS. With TS1 used as an example, UPQC1 is the equivalent 
voltage source of the high-voltage winding of the step-up 
transformer; ZPQC1 is the harmonic equivalent impedance of 
the PQC and the step-up transformer; US1 is the equivalent 
voltage source of the low-voltage winding of T1; and Zα1 is 
the equivalent harmonic impedance of the power system and 
T1. The purple and yellow boxes represent the equivalent π-
circuit of the traction network and the electric locomotive 
model, respectively. The specific models of the traction net‐
work and locomotive are presented in Supplementary Materi‐
al A. The SRCPSS model is a dynamic model in which an 
electric locomotive moves along a traction network.

Figure 5 shows that when the continuous power supply 
mode is adopted, the TS model changes, and the traction net‐
work simultaneously becomes longer, resulting in a major 
shift in the structure of the suburban railway. The equivalent 
impedances ZC - TS1 and ZU - TS1 of the TS in the continuous and 
unilateral power supply modes are given in (9). In general, the 
large value of ZS, ZU - TS1 is approximately several times larger 
than ZC - TS1, which leads to a large increase in the resonance 
frequency, and L1 - k, L2 - k, Ck, Kp, and KC in the PQC signifi‐
cantly affect ZC - TS1. Therefore, altering the aforementioned pa‐
rameters can successfully regulate the resonance to ensure the 
stability of the control system.

ì

í

î

ïïïï

ïïïï

ZC - TS1 =
ZPQC1 Zα1

Zα1 + ZPQC1

ZU - TS1 = Zα1 = 2ZS /K 2
T1 + ZT1

(9)

III. RESONANCE CHARACTERISTICS OF SRCPSS AND 
MULTI-OBJECTIVE OPTIMIZATION DESIGN FOR PQC

The basic idea of modal analysis is that parallel resonance 
occurs only when the admittance matrix of the system ap‐
proaches a singularity. Therefore, the eigenvalues of the ma‐
trix contain resonance information, and the main purpose of 
modal analysis is to find resonance peaks using eigenval‐
ues [21].

A. Resonance Characteristics of SRCPSS

Based on the modal analysis, a modal scanning algorithm 
is adopted to scan eigenvalues at different parameters and 
frequencies to derive the resonance characteristics. The spe‐
cific process is illustrated in Fig. 6, where v1 and v2 are the 
ranges of the resonance influencing factors; h1 and h2 are the 

GPR(s) Gd(s) KPWM

i
Ck

i
kref

1/(si
Ck
)

umk

i
k

1/(sL1-k)

K
C

+

-

+

-

+

-

+
-

+
-

1/(sL2-k)

Umk

Zeqk

Ueqk

+

-

(a)

(b)

Fig. 4.　Harmonic equivalent model of the kth α -phase converter. (a) Con‐
trol diagram. (b) Thevenin equivalent circuit.
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Fig. 5.　Complete SRCPSS model.
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ranges of the harmonic order; and Dv and Dh are the step 
sizes of v and h, respectively.

B. Resonance Prevention of SRCPSS

The use of passive filters requires additional space in the 
TS and increases the investment cost. The previous analysis 
shows that the PQC significantly affects the resonance fre‐
quency and impedance amplitude of the SRCPSS. Therefore, 
this paper proposes a multi-objective optimization design 
based on an improved particle swarm optimization algorithm 
to enable the PQC to prevent resonance.

First, the ranges of L1 - k, L2 - k, and Ck must be determined 
based on the power factor and filtering requirements. The first 
step is to determine the upper limits of L1 - k and L2 - k. The filter‐
ing effect is positively related to the total value of the induc‐
tors. However, as this value increases, the power factor de‐
creases, which results in problems such as increased device 
volume and cost. Therefore, the maximum value LTkmax of the 
two inductors in the LCL filter can be obtained as [33]:

LTkmax =
u2

dck - u2
mkpeak

2πf0ikpeak

(10)

where udck is the DC voltage of the kth back-to-back convert‐
er; umkpeak is the peak of umk; ikpeak is the peak of ik; and f0 is 
the fundamental frequency of the alternating current (AC) 
system.

In actual projects, the ripple current flowing through the 
inductors must be less than 20% of ikpeak. Therefore, the low‐
er limit of the two inductors is:

LTkmin =
(udc - umk )umk

fsw (20%·ikpeak )udc
(11)

where fsw is the switching frequency.
For capacitor Ck, the reactive power generated by Ck gen‐

erally must not exceed 5% of the active power of the α-
phase converter. Therefore, the maximum value Ckmax is:

Ckmax =
5%·Pα

2πf0u2
mk

(12)

where Pα is the active power generated by the α-phase con‐
verter.

The next step is to determine the values of Kp and KC 
based on the stability requirements of the control system. 
The transfer function of the control system is given by the 
following equation. As an increase in the LCL filter parame‐
ters affects the stability of the control system, the effects of 
Kp and KC on the poles of the control system are explored in 
the context of setting Ck and the total value of inductors LTk 
to their maximum values.

ì

í

î

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

G(s)=
s2 A7 + sA8 +A9

s5 A1 + s4 A2 + s3 A3 + s2 A4 + sA5 +A6

A1 = L1 - k L2 - kCk

A2 = (2ωco L1 - k +KCGd (s)KPWM )L2 - kCk

A3 = L1 - k L2 - kCkω
2
0 + 2KCωco L2 - kCkGd (s)KPWM + L1 - k + L2 - k

A4 = (Kp + 2ωco L2 - k )Gd (s)KPWM + 2ωco (L1 - k + L2 - k )+

         KCω
2
0 L2 - kCkGd (s)KPWM

A5 = (2ωco Kp +Krωco )Gd (s)KPWM +ω
2
0 (L1 - k + L2 - k )

A6 =Kpω
2
0Gd (s)KPWM

A7 =KpGd (s)KPWM

A8 = (Kr + 2Kp )ωcoGd (s)KPWM

A9 =Kpω
2
0Gd (s)KPWM

p = roots(G(s))

max(real(p(1)p(2)p(3)p(4)p(5)))< 0

(13)

where p represents the five poles of the control system; and 
roots(×) is the root-finding function.

The third step is to determine the optimization goals. Due 
to modulation, the PQC mainly generates LF and HF har‐
monics related to the switching frequency. As the PQC can 
filter out LF harmonics, it is necessary to evaluate the attenu‐
ation capability of HF harmonics using the LCL filter to 
avoid the occurrence of HF resonance in the SRCPSS. Ac‐
cording to (7), the frequencies of the voltage harmonics are 
(mωc /ω0 + n) harmonic orders. When the corresponding angu‐
lar frequency is set to be ωmn, the HF harmonic distortion 
rate DHF of the AC-side current passing through the LCL fil‐
ter can be obtained by:

DHF = ∑
m = 246...

∑
n =±1±3±5...

||uHFk (ωmn ) ·100%

ikpeak || (L1 - k + L2 - k )ωmn - L1 - k L2 - kCkω
3
mn

(14)

The optimization goal I (OG I) is set to limit the HF har‐
monics to be 0.3% according to the requirements of IEEE 
Standard 519-2022. The fitness value of OG I is F1.

Start

End

Form the system node admittance matrix when the

resonance factor is v1 and the harmonic order is h1

Eigendecompose the nodal admittance matrix

and record the obtained eigenvalues

Y

Y

N

h1 ≤ h2?

Recognize resonance peaks and output graphs

of resonance characteristics

Initialize the model parameters of each part of SRCPSS

h1 = h1 + Δh

N

v1 ≤ v2?

v1 = v1 + Δv

Set the variation range of resonance influencing

factors [v1, v2] (including the control parameters

and filter parameters of the PQC)

Set the variation range of the harmonic order [h1, h2]

Fig. 6.　Flow chart of modal scanning algorithm.
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OG Ⅰ: DHF £ 0.3% (15)

The OG II is to ensure a better filtering effect and to re‐
duce the investment cost and size of LCL filter. To achieve 
these, the inductors L1 - k and L2 - k must satisfy the conditions 
in (16). The fitness value of OG II is F2.

OG Ⅱ: 
ì
í
î

LTkmin £ L1 - k + L2 - k £ LTkmax

L1 - k > L2 - k

(16)

The OG III is based on the resonance distribution ob‐
tained by the modal scanning algorithm and the harmonic 
band (HB) generated by the PQC and electric locomotives 
obtained from field test. Resonance can be prevented by 
shifting or suppressing the resonance band (RB) correspond‐
ing to the HB. The fitness value for OG III is F3.
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(17)

where U is the voltage matrix of the SRCPSS; I is the cur‐
rent matrix of the SRCPSS; λ1-λn are the eigenvalues of the 
node admittance matrix Y, which refers to the reciprocal of 
resonance impedance; L and T are the left and right eigen‐
vector matrices, respectively; Λ is the eigenvalue matrix; Vn 
and Jn are the model voltage and current at the n th node, re‐
spectively; and ε is the impedance setting value, which can 
be set according to the actual application conditions.

In the OG IV, the target price function is established as in 
(18) to ensure the minimum investment of LCL filter. The 
fitness value for OG IV is F4.

F4 = p1 (L1 - k + L2 - k )+ p2Ck (18)

where p1 and p2 are the price coefficients.
Four OGs are used in the optimization process, and the pri‐

ority of the four OGs can be determined by setting the fitness 
values of F1-F3. The suppression of resonance is the most im‐
portant OG, and OG III has the highest priority. If OG III is 
met, we set F3 = 0; otherwise, F3 = a3. The purpose of OG I is 
to weaken the resonance caused by the excitation of HBs gen‐
erated by the PQC. Therefore, OG I is the second important 
OG. If OG I is met, F1 = 0; otherwise, F1 = a1. The stability of 
the control system is equally important; thus, a2 can be set as 
a1. If OG II is met, F2 = 0; otherwise, F2 = a2. The total fitness 
value FZ is obtained as:

ì
í
î

FZ =F1 +F2 +F3 +F4

a3 > a1 + a2 > a1 ³ a2 >>F4

(19)

To avoid the adverse effect of the inertial weight on the opti‐
mization, the adaptive inertial weight is adopted, which is ex‐
pressed as:

wi (:j)=
ì

í

î

ïïïï

ïïïï

wmin +
(wmax -wmin )(FPB -FPBmin )

FPBavg -FPBmin

    FPB £FPBavg

wmax                                                             FPB >FPBavg

 (20)

where wmin and wmax are the minimum and maximum values 
of the inertial weight, respectively; FPB is the individual opti‐
mal fitness value of the particle; FPB,min is the minimum indi‐
vidual optimal fitness value; and FPB,avg is the average indi‐
vidual optimal fitness value.

Finally, based on the improved particle swarm optimization 
algorithm, the multi-objective optimization design for the pa‐
rameters in the PQC is determined, as shown in Fig. 7, where 
PB is the individual optimal position; GB is the global optimal 
position; and FGB is the global optimal fitness value.

IV. CASE STUDY BASED ON FIELD TEST

The case study consists of three main parts. The first part 
obtains the possible current harmonics of the traction net‐
work in the SRCPSS through simulation and field test. The 
second part describes the resonance characteristics of the 
SRCPSS under different operating conditions. The third part 
deviates from the RBs of the HBs under the multi-objective 
optimization design. The actual suburban railways before 
and after renovation, as shown in Fig. 8, are analyzed to 
verify the effectiveness of the proposed design, and the 
parameters of this suburban railway line are listed in Ta‐
ble I, where ST1 and SST are the capacities of T1 and 
step-up transformer, respectively; and KT1, KT2, and KST 
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Start
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Fig. 7.　Flow chart of multi-objective optimization design.

258



ZHONG et al.: HARMONIC RESONANCE ANALYSIS AND SUPPRESSION FOR SUBURBAN RAILWAY CONTINUOUS POWER SUPPLY SYSTEMS

are the transformation ratios of T1, T2, and step-up tans‐
former, respectively.

The basic information of the line is as follows. The line is 
part of a suburban railway in China and consists of three 
TSs and a section post (SP). Figure 8(a) shows the specific 

topology of the line before renovation. The traction trans‐
formers in the TS are connected in the form of a Vv shape. 
The SP is located among the three TSs, which enables the 
adjacent power supply sections to be connected in parallel or 
to operate independently. The state of the SP shows that the 
circuit breaker must be open because the system is powered 
in different phases. The three TSs can operate in continuous 
co-phase power supply mode after the PQC is put into opera‐
tion and the lines are connected. The circuit breaker in the 
SP is closed, thereby enabling the power required by the 
electric locomotives to be provided jointly by the three TSs. 
Figure 3 illustrates the structure of a typical PQC, which 
consists of filters, a step-up transformer, and 12 back-to-
back converters. The β- and α-phase converters are connect‐
ed in cascade and parallel, respectively, through a multi-
winding step-up transformer. The length of each traction net‐
work is shown in Fig. 8.

The operation of each TS integrated with the PQC is test‐
ed before a continuous power supply is achieved (the circuit 
breaker in the SP remains open). Figure 9(a) shows a simpli‐
fied test scenario, and Fig. 9(b) shows the specific processes 
of the field test and simulation. Each TS is equipped with a 
power quality remote monitoring device, which includes a 
power quality monitoring computer, a real-time power quali‐
ty tester, and a communication device. The monitoring de‐
vice measures the voltage and current of the feeder in 
the TS, and each synchronizes the sampling information 
of different measurement points using a global position‐
ing system.

The operation of two locomotives is considered as a case 
to obtain the probability spectrum of the current harmonics 

in the traction network, as shown in Fig. 9(c). This is be‐
cause the harmonics generated by the same type of locomo‐
tive and PQC in the steady state are nearly identical. Three 
relatively fixed current HBs (HB1-HB3) are clearly present 
in the traction network, where HB1 is generated by the PQC 
and locomotives, and HB2 and HB3 are mainly generated 
by the locomotives and PQC, respectively. The test and cal‐
culation results for each frequency band are consistent with 
the simulation results. A slight discrepancy is observed in 
the LF band, which may be attributed to the idealization of 
the converters in the simulation and the potential effects of 
factors such as the turn-on and turn-off impedances. Conse‐
quently, it is more efficacious to utilize the measured data 
for modeling purposes.

TABLE I
PARAMETERS OF A SUBURBAN RAILWAY LINE

Parameter

ST1 (MVA)

SST (MVA)

KT1

KT2

KST

Kp

Kr

Value

40

6

4

11

27.5

4

1000

Parameter

KC

L1 (mH)

L2 (mH)

C (μF)

udc (V)

umk (V)

fsw (Hz)

Value

5

1

0.5

20

2200

1000

3000

TS1

110 kV 27.5 kV

29.7 km 17.9 km

17.3 km

12.2 km

8.1 km27.5 kV

110 kV27.5 kV

TS2

110 kV

SP

TS3

27.5 kV

29.7 km 17.9 km

17.3 km

12.2 km

8.1 km

27.5 kV

 TS3

27.5 kV

110 kV

SP

β α

 TS1

110 kV 110 kV

β α

 TS2

βα

(a)

(b)

Fig. 8.　Specific topologies of suburban railway line before and after renovation. (a) Before renovation. (b) After renovation.
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Figure 10 shows the complete resonance characteristics of 
the SRCPSS under different operating conditions (the 
SRCPSS with three operating states of two, six, and ten loco‐
motives are analyzed as cases, and the locomotives operate 
with low and high operating power in the SRCPSS). Three 
RBs are present in the SRCPSS with center harmonic orders 
(denoted by “X” in Fig. 10) of 32.6, 69.5, 76.1, and 122.7. 
The resonance below 50 harmonic orders is denoted as RB1, 
whereas that within 50-100 harmonic orders is denoted as 
RB2, and that exceeding 100 harmonic orders is denoted as 
RB3. The effects of different operating states on the reso‐

nance are summarized as follows.

1) The operating power of locomotive affects its equivalent 
resistance in the steady state. However, the resonance frequen‐
cy remains relatively constant because the resonance is caused 
by the inductive and capacitive components of the SRCPSS.

2) As the locomotive moves, the resonance frequency and 
amplitude of the resonance impedance are no longer fixed. 
The resonance frequency fluctuates up to 30 Hz, whereas the 
resonance impedance exhibits a small range of variation.

3) The three RBs gradually shift to higher frequencies as 
the number of locomotives in the SRCPSS increases, but the 
variations in the RBs become less pronounced when the 
number of locomotives exceeds six. Therefore, in contrast to 
the “resonance point” in the conventional research works, 
special attention must be paid to the RBs with harmonic or‐
ders of 32.6-34.2, 69.2-70.3, 76.1-78.0, and 122.7-124.3 
when the SRCPSS is in operation. 

The resonance law is summarized as follows.
1) Kp, KC, L1, L2, and C all have different degrees of influ‐

ence on the frequencies and amplitudes of RB1 and RB2, 
whereas Ki practically has no effect on the resonance, which 
is consistent with the analysis presented in Section II.

2) Changes in Kp, KC, L1, L2, and C result in a sharp reduc‐
tion in the resonance peaks, as shown in Supplementary Ma‐
terial B Fig. B1 region A, indicating that the PQC can be de‐
signed to significantly reduce the harmonic voltage of the 
SRCPSS.
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3) Changes in the aforementioned parameters lead to abrupt 
changes in resonance frequencies, as shown in Supplementary 
Material B Fig. B1 regions 1, 2, and 3. For example, the fre‐
quency of region 1 gradually decreases with an increase in the 
parameters, but region 1 mutates into region 2 with further ex‐
pansion of the given parameters. Resonance can also be sup‐
pressed by shifting the resonance frequency, thereby reducing 
its coincidence with the harmonic frequency, which is consis‐
tent with the effects of reducing the resonance peaks.

In summary, changes in the parameters may cause the oc‐
currence of new RBs and the attenuation of some RBs. 
Therefore, the effects of the parameters on resonance must 
be comprehensively considered, and prevention of resonance 
must be realized through optimization.

The range of the control parameters is then set according 
to the constraints. Five poles are present in the control sys‐
tem, and most of the real parts of poles 1, 4, and 5 are less 
than 0. Therefore, only the changes in the real parts of poles 
2 and 3 are shown in Fig. 11. The blank parts are poles 
whose real parts are larger than 0, and the colored parts are 
the poles whose real parts are smaller than 0. Based on the 
distributions of poles 2 and 3, area A is selected as the ac‐
ceptable range for Kp and KC.

Figure 12 shows that the total fitness value and resonance 
distribution of the optimized SRCPSS are output consecutive‐
ly once the algorithm reaches the maximum number of itera‐
tions. The particles fluctuate in searching for the optimal so‐
lution, and the total fitness value FZ stabilizes and reaches 
the lowest value after 150 iterations (FZ =F4 = 0.76 ´ 10-3, 
and F1, F2, and F3 are all 0). At this time, the control param‐
eters Kp and KC are 7.75 and 7.87, respectively, L1 is 0.78 
mH, L2 is 0.15 mH, and C is 57.9 μF. As Fig. 12(b) shows, 
the resonance impedance in the harmonic frequency band is 
completely reshaped to avoid resonance accidents when the 
proposed method is adopted by the PQC. The HBs and RBs 
do not coincide under either the light-load mode with two lo‐
comotives or the heavy-load mode with ten locomotives, 
which satisfies the OG III.

As Fig. 13 shows, the operation of the optimized PQC is 
first verified under multi-locomotive operating conditions 
without resonance. The HF harmonic current distortion rate 
of the PQC is less than 0.3% under both the light-load and 
heavy-load conditions, which proves that the proposed de‐
sign can assist the PQC in meeting the OG I.

The resonance occurring in the SRCPSS is further simulat‐
ed based on the actual model data for each component. The 
resonance in the SRCPSS under multi-locomotive operating 
conditions is observed, as shown in Fig. 14. The resonance 
is most severe when two locomotives are running. The volt‐
age of the traction network exceeds 49 kV, causing the 
SRCPSS to trip momentarily. The FFT analytical results 
show that RB2 and RB3 of the SRCPSS are excited by HB2 
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and HB3, respectively, and the distortion rate reaches 
26.98%, which is much higher than 5% specified in IEEE 
Standard 519-2022. In addition, based on the field test data, 
the resonance is simulated for operations with six and ten lo‐
comotives. When the number of locomotives gradually in‐
creases, the RB gradually moves to a high frequency, result‐
ing in a gradual decrease in the overlapping areas of HB1, 
HB2, and HB3 with RB1, RB2, and RB3, respectively. 
Therefore, the harmonic voltage distortion rate is reduced 
from 26.98% to 8.33%, which is consistent with the results 
shown in Fig. 10.

To verify the accuracy of theoretical analysis and demon‐
strate the reasonableness of the test data, the voltage wave‐
forms and spectra of the traction network simulated using 
MATLAB/Simulink are recorded, as shown in Fig. 15. The 
distribution of harmonics in the frequency band is nearly 
identical to the results shown in Fig. 14. An analysis on Fig. 
9 reveals that a discrepancy exists between the simulation 
and test data at LFs, and thus the LF harmonics are lower 
than the results presented in Fig. 14. However, resonance 
typically occurs at HFs. Therefore, the LF discrepancy does 
not affect the resonance in this paper. In addition, as the 
number of locomotives increases, the change rule of the reso‐
nance voltage aligns with that shown in Fig. 14, which again 
verifies the correctness of theoretical analysis.

Finally, the optimized PQC is connected to the SRCPSS 
in the resonance case. The voltage of the traction network is 
measured under the operating conditions with two, six, and 

ten locomotives, and the voltage waveforms and spectra of 
the traction network are obtained, as shown in Fig. 16. The 
voltage waveform is sufficiently smooth, with the peak value 
maintained at approximately 38.2 kV both in the light-load 
mode with two locomotives and heavy-load mode with ten 
locomotives. This demonstrates that the resonance overvolt‐
age problem is suppressed by the proposed method. FFT ana‐
lytical results show that the intrinsic resonance of the 
SRCPSS is not excited by HB1, HB2, or HB3. The distor‐
tion rates are 1.28%, 1.12%, and 0.82%, respectively, which 
are all less than 5%, and the individual harmonic distortion 
rate is less than 3%, which is consistent with the results shown 
in Fig. 12.

Previous analysis demonstrates that the wideband harmon‐
ics generated by power electronic equipment such as PQCs 
and electric locomotives have the potential to stimulate the 
RBs present in the SRCPSS. Consequently, it is essential to 
consider both harmonic and resonance issues as well as the 
control effect of the PQC prior to connecting it to the TS.

Based on the voltage data of the traction network obtained 
from Figs. 14 and 16, the RSE is calculated to evaluate the 
proposed method, as given in (21). The harmonics in the 
voltage harmonic spectrum that significantly affect the total 
harmonic distortion rate are referred to as dominant harmon‐
ics. Therefore, with the operation of two locomotives with 
the most severe resonance used as a case, the RSE of the 
dominant harmonics is calculated, as shown in Table II.
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Fig. 15.　Voltage waveform and spectrum of traction network based on sim‐
ulation data before using proposed method. (a) Voltage waveform with two 
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Fig. 14.　Voltage waveform and spectrum of traction network based on test 
data before using proposed method. (a) Voltage waveform with two locomo‐
tives. (b) Spectrum with two locomotives. (c) Voltage waveform with six lo‐
comotives. (d) Spectrum with six locomotives. (e) Voltage waveform with 
ten locomotives. (f) Spectrum with ten locomotives.
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γh =
ruhbefore × u1before - ruhafter × u1after

ruhbefore × u1before

´ 100% (21)

where ruh,before and ruh,after are the rates of the hth harmonic 
content before and after applying the proposed method, re‐
spectively; and u1,before and u1,after are the amplitudes of the 
fundamental voltage before and after applying the proposed 
method, respectively.

The resonance orders are 31-33, 67-71, 77-79, and 117-
123. Table II shows that the suppression efficiency of the 
proposed method for the resonance voltage exceeds 90%, 
which fully controls the resonance to ensure the safe opera‐
tion of SRCPSS.

V. CONCLUSION

In this paper, an analytical method and field test are com‐
bined to establish a model of SRCPSS, and a modal scan‐
ning algorithm suitable for resonance analysis of SRCPSS is 
then used to explore the effects of the parameters of the 
PQC on the resonance. Based on the resonance characteris‐
tics, a multi-objective optimization design for the PQC is 
then proposed to solve a series of problems caused by reso‐
nance. Finally, a simulation based on a field test is used to 
verify the effectiveness of the proposed method. The find‐
ings are summarized as follows.

1) The complete resonance characteristics of the SRCPSS 
obtained by the modal scanning algorithm show that the 
wide-band resonance appears in SRCPSS due to the move‐
ment of electric locomotives, the number of locomotives, 
and the addition of the PQC.

2) Changes in L1, L2, C, Kp, and KC in the PQC lead to 
large and irregular changes in the resonance frequency and 
impedance amplitude, which may exacerbate the resonance. 
A reasonable setting of these parameters can realize remodel‐
ing of the impedance characteristics.

3) Based on the changes in resonance characteristics de‐
rived from the PQC, a multi-objective optimization design 
for the PQC is proposed with the objective of resonance sup‐
pression, stability maintenance, harmonic filtering and cost 
reduction. The results reveal that the suppression efficiency 
of the proposed method for the resonance voltage exceeds 
90%, indicating that resonance does not occur under differ‐
ent operating conditions.

REFERENCES

[1] Q. Li, “On new generation traction power supply system and its key 
technologies for electrification railway,” Journal of Southwest Jiao‐
tong University, vol. 49, no. 4, pp. 559-568, Jun. 2014.

[2] Z. Cai, T. Li, X. Su et al., “Research on analysis method of character‐
istics generation of urban rail transit,” IEEE Transactions on Intelli‐
gent Transportation Systems, vol. 21, no. 9, pp. 3608-3620, Sept. 2020.

[3] J. Yang, X. Lin, H. Zhu et al., “FPGA-based digital implementation of 
flexible power control for three-phase to single-phase MMC-based ad‐
vanced co-phase traction power supply system,” Journal of Modern 
Power Systems and Clean Energy, vol. 11, no. 6, pp. 2015-2027, Nov. 
2023.

[4] L. Liu, N. Dai, K. Lao et al., “A co-phase traction power supply sys‐
tem based on asymmetric three-leg hybrid power quality conditioner,” 
IEEE Transactions on Vehicular Technology, vol. 69, no. 12, pp. 
14645-14656, Dec. 2020.

[5] L. Zhang, S. Liang, X. Li et al., “Modelling on novel cable traction 
power supply system and power distribution analysis,” IEEE Transac‐
tions on Power Delivery, vol. 37, no. 2, pp. 745-754, Apr. 2022.

[6] F. Ma, Q. Xu, Z. He et al., “A railway traction power conditioner us‐
ing modular multilevel converter and its control strategy for high-
speed railway system,” IEEE Transactions on Transportation Electrifi‐
cation, vol. 2, no. 1, pp. 96-109, Mar. 2016.

[7] C. Zhao, Q. Jiang, and D. Liu, “Flexible power supply system of AC 
electric arc furnace,” Journal of Modern Power Systems and Clean En‐
ergy, vol. 11, no. 2, pp. 622-633, Mar. 2023.

[8] Q. Xu, F. Ma, Z. He et al., “Analysis and comparison of modular rail‐
way power conditioner for high-speed railway traction system,” IEEE 
Transactions on Power Electronics, vol. 32, no. 8, pp. 6031-6048, 
Aug. 2017.

[9] Z. Shu, S. Xie, K. Lu et al., “Digital detection, control, and distribu‐
tion system for co-phase traction power supply application,” IEEE 
Transactions on Industrial Electronics, vol. 60, no. 5, pp. 1831-1839, 
May 2013.

[10] W. Song, S. Jiao, Y. Li et al., “High-frequency harmonic resonance 
suppression in high-speed railway through single-phase traction con‐

0 30 60 90 120 1500.02 0.04 0.06 0.08 0.10 0.12
-50

0

50

Time (s)

V
o
lt

ag
e 

(k
V

)

Harmonic order

(a) (b)

M
ag

n
it

u
d
e 

(%
 o

f

fu
n
d
am

en
ta

l)

0 30 60 90 120 150

0.5

1.0

1.5

0.5

1.0

1.5

0.02 0.04 0.06 0.08 0.10 0.12
-50

0

50

Time (s)

V
o
lt

ag
e 

(k
V

)

Harmonic order

(c) (d)

M
ag

n
it

u
d
e 

(%
 o

f

fu
n
d
am

en
ta

l)

Fundamental voltage

(50 Hz) is 38.2 kV

0 30 60 90 120 1500.02 0.04 0.06 0.08 0.10 0.12
-50

0

50

Time (s)

V
o
lt

ag
e 

(k
V

)

Harmonic order

(e) (f )

M
ag

n
it

u
d
e 

(%
 o

f

fu
n
d
am

en
ta

l)

THD=0.82%<5%

38.24 kV

38.21 kV

38.2 kV

Fundamental voltage

(50 Hz) is 38.2 kV
THD=1.28%<5%

Fundamental voltage

(50 Hz) is 38.2 kV
THD=1.12%<5%

Individual harmonic<3%

Individual harmonic<3%

Individual harmonic<3%
0.5

1.0

1.5

Fig. 16.　Voltage waveform and spectrum of traction network based on test 
data after using proposed method. (a) Voltage waveform with two locomo‐
tives. (b) Spectrum with two locomotives. (c) Voltage waveform with six lo‐
comotives. (d) Spectrum with six locomotives. (e) Voltage waveform with 
ten locomotives. (f) Spectrum with ten locomotives.

TABLE II
RSE OF DOMINANT HARMONICS

Harmonic order

25

27

31

32

33

67

69

71

73

RSE (%)

81.18

87.07

94.57

96.72

98.43

97.03

97.88

90.91

87.86

Harmonic order

75

77

79

115

117

119

121

123

125

RSE (%)
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93.65
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