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Harmonic Transfer Function Based Single-input
Single-output Impedance Modeling of LCC-
HVDC Systems

Yang Wang, Fei Xia, Ying Wang, and Xianyong Xiao

Abstract—This study presents a harmonic transfer function
(HTF) based single-input single-output (SISO) impedance mod-
eling method. The method converts an HTF from phase domain
to sequence domain and then transforms it into an SISO imped-
ance while preserving the frequency coupling information of dif-
ferent sequences and different harmonics. Applications of this
method to a line-commutated converter based high-voltage di-
rect current (LCC-HVDC) system are presented. The results
demonstrate the accuracy of the derived SISO impedance, and
a truncation-order selection is suggested. The case study shows
that the proposed method facilitates simpler impedance mea-
surements and associated stability analysis.

Index Terms—Line-commutated converter based high-voltage
direct current (LCC-HVDC), harmonic transfer function
(HTF), single-input single-output (SISO) impedance, frequency
coupling.

I. INTRODUCTION

HE high penetration of renewables and power electron-

ic devices has raised great concerns on the stability is-
sue [1]-[3]. Compared with the widely-adopted linear time-
invariant modeling, the linear time-periodic (LTP) modeling
represented by a harmonic state space (HSS) or harmonic
transfer function (HTF) is found to be more effective in re-
vealing frequency coupling in the harmonic domain [4]-[7].
However, HTF is multi-input multi-output (MIMO) in nature
and thus hinders impedance measurements and impedance-
based stability analysis [8], [9].

Recent efforts have been made to convert an MIMO im-
pedance to a single-input single-output (SISO) impedance
[10]-[15]. Two-dimensional (2-D) impedences such as the dg
impedance, sequence impedance, and of-frame impedance
are generally used, and they are proven to be equally valid.
Reference [10] developed a generalized method for convert-
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ing the dg impedance model of a grid-tied voltage-source
converter (VSC) system into its SISO sequence domain
equivalents. In addition, the decoupled SISO model uses the
classic Nyquist criterion for stability analysis. However, the
2-D impedances cannot present multi-frequency coupling ef-
fects. In [13], an MIMO impedance model of a modular mul-
tilevel converter (MMC) was established using an HTF.
However, during dimension reduction, only diagonal terms
remain, whereas nondiagonal elements are ignored, and this
type of dimensionality reduction cannot retain the frequency
coupling information. The recent study in [15] proposed a
technique to transform the HTF of a single-phase VSC into
an SISO impedance model. However, this method does not
address the frequency coupling among three phases.

This study extends the method described in [15] to a three-
phase system. The first contribution is the proposal of a
more generic conversion technique that preserves the fre-
quency coupling information of different sequences and har-
monics in a three-phase system. A case study is presented us-
ing the CIGRE high-voltage direct current (HVDC) bench-
mark system. The reason for selecting the line-commutated
converter based HVDC (LCC-HVDC) system for demonstra-
tion is that some recent works have claimed the importance
of HSS modeling for LCC-HVDC systems without sufficient
justification [16], [17]. This study attempts to clarify this is-
sue using the derived SISO impedance. This constitutes its
second contribution.

II. HSS-BASED MIMO IMPEDANCE MODELING IN
SEQUENCE DOMAIN

A. Theory of HSS
An LTP system in the time domain can be represented by
the state-space model, which is expressed as:
X(t)=A@)x(t)+ B(t)u(t)
()= CO)x(1)+ D(t)ul?)
where x(f) and wu(t) are the state and input variables, respec-
tively; A(t), B(¢), C(¢), and D(f) are the variables in the period
of T, that satisty A(t+7,)=A(t), Bit+71,)=B@F), Ct+T,)=
C(t), and D(t+T,)=D(t), respectively; y(¢) is the output vari-

()

able; and (:) is the differential symbol.
Based on the Fourier transform, x(#) in the time domain
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can be represented as:

()= i X, el

h=-x

2

where X, is the 4" Fourier coefficient of x(¢); and w,=2n/T,
is the angular frequency of the fundamental component.

To describe the dynamic characteristics of the system, the
exponentially modulated periodic function e” is introduced
as the kernel function, and the general form of signal x(7) is
given by:

x()=e" > X"

h=-o

A3)

Substituting (3) into (1), the HSS model of an LTP system
can be obtained based on the harmonic balancing principle
as [18]:

(s+jhw)X,= > 4, X, + > B, U,

meZ meZ

Y,= > C, X, + >D, U,

meZ meZ

“)

where U,, and X,, are the m" Fourier coefficients of signals

u(t) and x(¢), respectively; Y, is the 4" Fourier coefficient of

W¢), and 4,_,, B,_,, C,_,» and D,_, are the (h—m)" Fourier

coefficients of signals A(f), B(¢), C(f), and D(t), respectively.
The matrix form of (4) can be expressed as:

h—m

sX=('(A)-N)X+T'(BU
% Y=I'(O)X+I'(DU ®)
lx:[... X, X, 0 X,() X,(t) X,¢0) ..]" ©

IU:[~~~ Ufz(t) U—l(t) Uo(t) Ul(t) Uz(t) ]T

where X, ¥, and U are the Fourier coefficients of x(#) and
u(t), respectively; N =diag(...,—j2w,, —j®,,0,jv,,]20,, ...);
I'(A), I'(B), I'(C), and I'(D) are the Toeplitz matrices of A,
B, C, and D, respectively; and the subscripts “+” and “-”
represent the positive and negative harmonics, respectively.
Taking I'(4) as an example, the general form is given by:

(4, A A, 0 - 0
Al AO A711+1 A—H 0
L(A)=|4, Ay, 4, A, Ay (7
0 4, 4, A4, ¥
LO 0 A4, A,, A4, |

where H is the order of the harmonic truncation.

B. MIMO Impedance Matrix in Sequence Domain

Once the HSS model of the LTP system is established, the
MIMO impedance matrix can be obtained. The purpose of
MIMO impedance is to establish the input-output relation-
ship between input harmonic current A/ and output har-
monic voltage AU“*. The MIMO impedance matrix in three

phases Z{5:. can thus be defined as:

AUabc — AIachS%?[cF (8)

According to the Laplace transform, Z5 can be calculat-
ed by:
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Zie =T (C)sI-([(A-N) ' I'(B)+I'(D) ©)

where I is the unit matrix.

For a three-phase system, the voltage and current are of-
ten described in the sequence domain. Therefore, the sym-

abe

metric component method is applied to transform Z;j7% in the

n

three phases into Z]j;; in the sequence domain, as shown by:
R

vl 3l & ,

@ all .

where the superscripts p and n represent the positive and
negative sequences, respectively, which represent informa-

(10)

.2
. . . Jj3 T
tion related to coupling sequences; and a=diag(...,€3 ,
.2 .2
jsn j5m
el ,ed ...

The impedance matrix Zj;; can then be defined as:

[AU;,,]_ Z5 . L [Alfh}
AULL | Zoen 2o |LAL, (11)

pn
Zie

where the subscripts (d, ¢) for each element in Z7}; repre-
sent the transfer relationship between the d™ output har-
monic voltage and the ¢™ input harmonic current, and
dv q E[—[‘[, H ]

The frequency coupling of a three-phase system occurs
not only under different harmonic frequencies but also under
different sequences. Z[jj; is a (4H+2)*(4H+2) matrix. Thus,
the dimension of the matrix increases with the harmonic
truncation order. A proper truncation order should be select-
ed by striking a balance between accuracy and computation-
al burden.

III. DERIVATION OF SISO EQUIVALENT IMPEDANCE MODEL

A. LCC-HVDC Harmonic Coupling Analysis and Harmonic
Truncation Order Selection

The CIGRE HVDC benchmark model [19] is used as an
example to explain the derivation of the SISO equivalent im-
pedance model. In Fig. 1, the controllers at the sending and
receiving ends are included in the same block, where the
variables are marked in red and blue, respectively. All the pa-
rameters used are consistent with the benchmark system
in [19].

1 AC system |

|
|
Tldcrct( “dm‘cf) :

Control block

Fig. 1. Schematic of two-terminal LCC-HVDC system.
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First, the HSS model of the LCC-HVDC is derived ac-
cording to [16] and [17]. Then, Z}/; is calculated by (11).
Figure 2 shows the magnitude distribution of Z/;; in which
the truncation order is 26. Because the magnitude of each el-
ement in Z{j;. varies with the frequency, it is impossible to
show the magnitude distribution for all frequencies. In Fig.
2, the z axis represents the average magnitude of each ele-

ment in Z/};; in the range of 1-1000 Hz.

250

_ = N
oS wm O
==

Magnitude ()

Input harmonic order
©: 2% 54 @: 2%, 1533 2%, @: 2%,
Lo L gPP (Y. PP Q). PP
®): AP ®: Z 2426 @: VAR ®: Zu2

Fig. 2. Magnitude distribution of Z[;; in LCC-HVDC system.

Figure 2 shows that the self- and coupling-impedance ex-
hibit the following features: (D the self-impedance with the
input frequency f, is located at the diagonal and has the larg-
est magnitude, as indicated by the red curve; 2 the imped-
ances with a frequency of f +2f, are derived from the posi-
tive- and negative-sequence coupling and have smaller mag-
nitudes, as indicated by the blue curve; and (3) the impedanc-
es with a frequency of f,+12kf, and f +2f,+ 12kf, (k=0,1,
2,...) are derived from the harmonic coupling of the same
sequence and have the smallest magnitudes, as indicated by
the green curves. It is known that the double-frequency se-
quence coupling is caused by the asymmetry of the control-
ler in the dg domain. By contrast, the harmonic coupling
among the same sequences with much smaller magnitudes is
caused by the nonlinear switching dynamics of the converter.

Table I lists the frequency coupling relationships of the
impedances, where f;, and f,, are the frequencies of the input
current in the positive and negative sequences, respectively;
and fy;, and fy, are the frequencies of the output voltages in
the positive and negative sequences, respectively.

TABLE I
FREQUENCY COUPLING RELATIONSHIPS OF IMPEDANCE

s T S | e Pt S
Z%, Jo=lup VALY Jin=fun— 2
Z%, 1 Jo=fut 12/ VAL Jo=Fun— 20t 121,
ng4,0 fip:finJer 12]5 Zglzx,fz pr:fUn_Zfo+2>< lzfﬁ
2%, 1 Jp=fupt3 %12/ Z% 0 Jo=fw—2ft3x12f,
2504 Jip=fup,T4x 12/, Zhun S =Sun— 2 +4x12f,

B. Dimensionality Reduction of MIMO Impedance Matrix

Clearly, the higher the truncation order, the more accurate
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the impedance model. However, the truncation order cannot
be infinite. When the truncation order H=26, the order of
Z is 106 x 106. This large matrix leads to a heavy compu-
tation burden. According to the previous analysis, the fre-
quency coupling of an LCC-HVDC system includes “£2f;”
sequence coupling and “+12kf,” harmonic coupling. When
the harmonic coupling is ignored, a truncation order of 3 can
be selected. When the harmonic coupling is considered, a
truncation order of 13 is sufficient, as higher harmonics have
very small magnitudes.

The average magnitude distribution of Zfi: (H=13) is
shown in Fig. 3 using different colors. When the magnitude
is less than 107 the element of Z7%. is white. ZF%. is a
sparse matrix containing numerous zero elements. Therefore,
the dimensions of the impedance matrix can be further re-
duced without affecting accuracy. The detailed steps are as
follows.

| = |
~ o Positive __,, Negalve _onitude
AT R St A |
ETJSIC’P-Z'- m Step b, ETJ " ETJ m 1120
Positive| [0 Z====H-==—= "0 777 B0
2% 7, LA 220 | e
b TR ") R R
el
T D A
Negative 9:::::3‘;5:::9‘::::.TQ‘;':E:::‘Q} 40
i ol el 20
OIIIIIIMIIIIIIE IIITE I,
X x| | | O
Zintr
Fig. 3. Dimension reduction of Z/j}; based on its average magnitude distri-

bution.

Step 1: when Z{} is selected as the center, the elements in
the same row with magnitudes greater than 107 are extract-
ed. For example, in Fig. 3, Zi* ,, ZI%, Z{",, Z{",, and Z{,
are extracted.

Step 2: when ZI” ,, Z8%, Zi%,, Z{",, and Z{"}, are selected
as the center one by one, the elements whose magnitudes are
greater than 107 in the corresponding column are extracted.

Based on these two steps, a new impedance matrix can be
obtained, as shown in (12). The dimensions of the MIMO
impedance matrix are reduced from 54 to 5.

Zf}l”l,—lZ Z—p{’Z,O Zf){)Z,lZ Zf;’Z,—Z Z—ple,IO
C| Lz Zthe Zih Ziho
Zim=|Z0 o Zy ZWn Zh, Zh, | (12)
Zhon Zho Zhn 2L, Zhy
Zit- Zico  Zivn  Zi Zioao

C. Equivalent SISO Impedance Model

To facilitate the impedance measurements and the stability
analysis, the MIMO impedance matrix Z”. should ideally
be transformed into SISO impedances Z , and Z g, as de-
fined by:
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ZpsisozAU(})n/AI(l))

13
ZnsisozAUOn/AI(;’ ( )

where 7 and Z g are the positive- and negative-sequence
SISO impedances, respectively; AU and Al} are the funda-
mental positive-sequence voltage and current perturbations,
respectively; and AU and Al; are the fundamental negative-
sequence voltage and current perturbations, respectively.
Taking Z;, as an example, the main objective is to solve
the mathematical relationship between AU{ and Al;. The im-
pedance matrix shown in (12) is divided into blocks and re-
arranged. Z{% in the original matrix is moved to the first po-
sition, and the corresponding row and column are moved to
the first row and column, respectively, to obtain the new im-
pedance matrix Z/j, as shown by:
z

P pn
Zy +h(h#0) Zz 0.%h

AUy AL}
P _ Z P Z P Z pn »
AULye0) | = irh(}’zl : 0).0 th(z : 0). h(h#0) ih(}'ll : o2 || AT .0
AU}, Z3, zy +h(h#0) YAV Al
zi
(14)

The same operation is performed on the grid side to ob-
tain:

gpp gpp gpn
AUégp Zo,o Zo, +h(h+0) Z 0, +h Al 5’1’
gpp gpp gpn
AU f}f(wo) = Zih(h¢0).0 Zih(h¢0). +h(h+0) Zih(h¢0), +h || A f/f(w 0
gnp gnp gnn
AUE Z35% Z5 o) Z5"%), AIg
!
(15)

where the superscript g represents the grid side.

Because the grid impedance is directly connected in series
with the LCC-HVDC impedance, additional relationships ex-
ist, namely, AUF=AU{, AUE,.,=AUL,.,, AU =AU,
ALE . 0=AlL, .0, and AIE'=AI],. To simplify the derivation
of the SISO impedance, the harmonic components in (14)
and (15) are combined and expressed with some symbols,
€.8. [Z vy £ ], 1s represented by a. The simplified for-
mula is given as:

Lo )-[5 ollant,]
AUil-llf(LI:; 0) b Q AI i[-)hg(L; #0)
i
(16)
FANEF A
AUEGE, b OfJLALg,
z'

When (16) is solved, the positive-sequence SISO imped-
ance of an LCC-HVDC system can be derived as:

-1

_AUY b
Z 50 (8)= AP T +LZ§‘§{’ (Z3%+Lb) (17)
-1
ath
L=a 03— 18
e 0 Q) (18)

In many cases, the grid side is assumed to be linear and
symmetrical; that is, no coupling occurs in the three phases.
This implies that the nondiagonal elements in (15) are all ze-
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ro. Accordingly, (17) can be simplified as:
Z o (=2~ a(@+ Q) 'b 19
It can be observed that the SISO equivalent impedance in

the sequence domain contains frequency coupling of differ-
ent sequences and different harmonics.

IV. SISO EQUIVALENT IMPEDANCE VERIFICATION AND
ANALYSIS OF SYSTEM STABILITY

A. SISO Equivalent Impedance Verification

To verify the accuracy of the derived SISO impedance,
the LCC-HVDC system shown in Fig. 1 is built using MAT-
LAB/Simulink, and the impedance is measured by injecting
disturbance signals at the point of common coupling (PCC).
Figure 4 shows the verification of the SISO impedances Z
and Z under different truncation orders, where H=1 de-
notes the impedance model when no coupling is considered,
H=3 denotes the impedance model when only sequence cou-
pling is considered, and H=13 denotes the impedance model
when both sequence and harmonic couplings are considered.

Magnitude (dB)

Phase (°)

Frequency (Hz)

Zpsiso (H=1);-- 'Zpsiso (H=3); 7Zpsiso (H=13);0 Zlnpsiso; o Zg
Znsiso (H=1); == Zgioo (H=3); — Ziso (H=13);0 Z, i
Fig. 4. Impedance models of LCC-HVDC system.

Figure 4 shows that for both positive- and negative-se-
quence impedances, the case of H=1 is completely different
from the measured impedance in the low-frequency range be-
cause frequency coupling is ignored. In addition, the case of
H=3 is also close to the measured value, even if its accura-
cy is not as good as that of H=13. Finally, the case of H=
13 is highly consistent with the measured impedances, thus
verifying the correctness of the derived SISO equivalent im-
pedance model.

B. Analysis of System Stability
System stability analysis is conducted using the Nyquist
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criterion to further demonstrate the effectiveness of the SISO
impedance model. The three cases listed in Table II are con-
sidered with different proportional coefficients K ;, of the
constant-current controller and different truncation orders H.

TABLE 11
CASE STUDIES UNDER DIFFERENT K ;. AND H

Case No. K e H
1 1.0989 3
2 1.6500
3 1.6500 13

Based on the assumption that both the LCC-HVDC and
power grid can operate stably, the system stability depends
on 1+Z/Z;  [20]. According to the Nyquist stability criteri-
on, an interactive system is stable if and only if the ratios of
positive- and negative-sequence impedances, i. €., Z,,/Z
and Z,,/Z ., meet the Nyquist criterion. The instability fre-
quency can be determined based on the frequency of the in-
tersection point between the Nyquist curve of the impedance
ratio and the unit circle.

Figure 5 shows the stability analysis results and time-do-
main verification, where the sampling rate is 20 kHz, and
the sampling window is 20 cycles. The red dotted, dashed,
and solid lines represent Z, /Z ;, in Cases 1, 2, and 3, re-
spectively. The blue dotted, dashed, and solid lines represent
Z /7, in Cases 1, 2, and 3, respectively.

Figure 5(a) shows that the Nyquist curve of A(s)=2,/Z
circles (=1, 0) and intersects with the unit cycle at 122 Hz
only in Case 3. This means that K, changes from 1.0989 to
1.65, resulting in an unstable condition. However, the Ny-
quist curve of Case 2 does not circle (-1, 0) because of the
change in the truncation order from 13 to 3. The simulation
results are shown in Fig. 5(b), where K, changes from
1.0989 to 1.65 at 1.5 s. The system clearly loses its stability
after 1.5 s, and fast Fourier transform analysis of the phase
current reveals two oscillation frequencies at 122.5 and 22.5
Hz. This result is thus consistent with that predicted in Case
3, indicating Z;, (H=13) is the most accurate impedance
model. No stability issues are observed for the negative se-
quence, as Z,/Z ., does not circle (-1, 0) in all cases.

V. CONCLUSION

This study presents an HTF-based SISO impedance model-
ing technique for LCC-HVDC systems. The main purpose of
the technique is to analyze frequency-coupling phenomena
from a circuit perspective and derive the relationship be-
tween the voltage and current at the same frequency. Case
studies demonstrate that the derived SISO impedance is very
accurate, indicating positive-sequence instability in the simu-
lation study. This also reveals that among different types of
frequency couplings, the sequence coupling plays a domi-
nant role in the dynamics of LCC-HVDC systems, whereas
the harmonic coupling derived from switching functions can
be ignored in most cases. If the latter must be considered to
ensure precise stability analysis, a truncation order of 13 is
suggested.
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