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Optimization Method for Electrical Water Heaters 
Considering Shifting Potentials of Electricity 

Consumption and Water-use Activities
Yuqing Bao, Member, IEEE, Zhonghui Zuo, and Xuehua Wu

Abstract——Electrical water heaters (EWHs) are important can‐
didates to provide demand-response services. The traditional op‐
timization method for EWHs focuses on the optimization of the 
electricity consumption, without considering the shifting poten‐
tial of the water-use activities. This paper proposes an optimiza‐
tion method for EWHs considering the shifting potentials of 
both the electricity consumption and water-use activities. Con‐
sidering that the water-use activities could be monolithically 
shifted, the shifting model of the water-use activities was devel‐
oped. In addition to the thermodynamic model of the EWH, the 
optimal scheduling model of the EWH was developed and 
solved using mixed-integer linear programming. Case studies 
were performed on a single EWH and aggregate EWHs, demon‐
strating that the proposed method can shift the water-use activi‐
ties and therefore increase the load-shifting potential of the 
EWHs.

Index Terms——Electrical water heater (EWH), demand re‐
sponse, load-shifting, water-use activity.

I. INTRODUCTION 

DEMAND response (DR) has been demonstrated to have 
a significant effect on the active balance of a power 

system. By taking advantage of time-varying price signals or 
incentive policies, electricity users can adjust their electrical 
power according to the requirements of power system, realiz‐
ing peak-load shaving, load-shifting, or accommodating the 
fluctuations of renewable energies.

The development of smart metering technologies has en‐
abled domestic appliances to participate in DR. Among all 
domestic DR appliances, thermostatically controlled loads 
(TCLs) have the greatest potential owing to their heat/cold 
storage characteristics. TCLs mainly include air conditioners 
(ACs) [1], [2], refrigerators [3], [4], and electrical water heat‐

ers (EWHs) [5], [6]. Compared with ACs and refrigerators, 
EWHs have the following advantages.

1) Less discomfort: unlike ACs or refrigerators, the tem‐
perature of EWHs does not need to be maintained at a com‐
fortable level at all time. Temporarily interrupting electrical 
power causes less discomfort to the users.

2) Easily shifted: as the scheduling of EWHs only needs 
to guarantee the water temperature during water use, the al‐
lowable temperature range is wide during periods without 
use of water. Therefore, the load of EWHs can be shifted 
more easily.

Several studies have focused on DR strategies. The con‐
trol strategies for EWHs can be categorized into three types: 
rule-based methods [7] - [9], learning-based methods [10] -
[13], and model-based optimization methods [14]-[19]. Rule-
based methods are realized using a group of control logic 
methods based on expert knowledge. The feedback control 
signal, e. g., EWH states [7], the required balancing reserve 
[8], and system frequency [9], is also required to calculate 
the specific control signal for EWHs to realize load-shifting 
or frequency control. In contrast to rule-based methods, 
learning-based methods consider the dynamics of the EWH 
system as a black box, without the need to model the entire 
system mathematically. Learning-based algorithms such as Q-
learning [10], double Q-learning [11], fitted Q-iteration [12], 
and deep reinforcement learning [13], have been adopted to 
train the control policy of EWHs. Although effective in ad‐
dressing nonconvex and nonlinear problems, learning-based 
methods are based on trial and error, which cannot guarantee 
a global optimum. Based on the mathematical models of 
EWHs, model-based optimization methods can determine the 
global optimal solution for EWHs. To implement optimiza‐
tion, the cost function and a group of operation constraints 
should be defined and then linearized or relaxed so that the 
problem can be solved using model-based optimization tech‐
niques such as dynamic programming [14], mixed-integer 
linear programming (MILP) [15]-[18], and convex program‐
ming [19].

Notwithstanding the variety of algorithms proposed for 
EWHs, the DR method is a key factor affecting the perfor‐
mance of EWHs. Among existing studies, electricity manage‐
ment is the most popular method for realizing DR using 
EWHs. Electricity management, which optimizes the heating 
power of EWHs, does not adjust the water-use activities. To 
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ensure a comfort level, the electricity management method 
defines the comfort level (tank water temperature) within a 
rigid range [7]-[12], [14], [15]. In addition to electricity man‐
agement, water-use curtailing is another method for realizing 
DR using EWHs. Water-use curtailing is realized by allow‐
ing the tank water temperature to be below the minimum 
limits so that the user’s comfort is sacrificed. Under these 
conditions, users can only use less hot water or use hot wa‐
ter at a lower temperature. To reflect the impact of DR on 
the discomfort of users, optimization usually includes the dis‐
comfort term in the objective function [13], [16]-[19].

The third DR method realized by EWHs is the shifting of 
water-use activities, which advances or postpones water-use 
activities without affecting the total water consumption. 
Compared with water-use curtailing, it is more realistic and 
acceptable for EWH users to shift water-use activities, as 
most users prefer postponing their bath time to having a 
bath at a lower temperature. However, little attention has 
been paid to shifting of water-use activities by EWHs.

To fill this gap, this paper proposes an optimization meth‐
od that considers the water-use shifting potential of EWHs. 
By developing a shifting model of the water-use activities, 
not only the water-use activities but also the electricity con‐
sumption is optimized. A summary of different DR methods 
realized by EWHs is presented in Table I. A schematic of 
the three different ways of DR realized by EWHs is shown 
in Fig. 1.

The contributions of this paper are summarized as follows.
1) The load-shifting potential of EWHs was increased by 

considering the shifting of water-use activities, which is prac‐
tical under real conditions. A corresponding optimization 
model was established considering both electricity manage‐
ment (shifting electricity consumption) and the shifting of 
water-use activities.

2) The nonlinear load-shifting model of EWHs was con‐
verted into a linearized form using a matrix encoding meth‐
od. Based on this, the optimization model could be solved 
using MILP to obtain a global optimum.

The remainder of this paper is summarized as follow. In 
Section II, the thermodynamic model of EWHs is derived. 
In Section III, a shifting model of water-use activities is es‐

tablished. The development of EWH optimization model is 
described in Section IV. Testing examples are provided in 
Section V. Finally, conclusions are summarized in Section 
VI.

II. THERMODYNAMIC MODEL OF EWHS 

A. Thermodynamic Modeling

The schematic diagram of an EWH is shown in Fig. 2. 
The EWH system consists of a water tank, mixing valve, 
and tap. The water in the water tank is heated using electric 
power. When the tap is opened, hot water from the water 
tank is mixed with cold water to maintain the desired tem‐
perature.

TABLE I
SUMMARY OF DIFFERENT DR METHODS REALIZED BY EWHS

Way of DR

Electricity 
manage‐

ment

√
√
√
√
√
√

Shifting of 
water-use 
activities

×

×

×

×

×

√

Water-use 
curtailing

×

×

√
×

√
×

DR method

Rule-based method

Learning-based method

Learning-based method

Model-based 
optimization method

Model-based 
optimization method

MILP

Reference

[7]-[9]

[10]-[12]

[13]

[14], [15]

[16]-[19]

Proposed 
method

Mixing

valve

Water tank

Tap

Heat 
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 Pdis(t)

Power output

 (equivalent water-

use power) Puse(t)
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Fig. 2.　Schematic diagram of an EWH.
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According to the first law of thermodynamics, the change 
in the internal energy within the tank equals the heat added 
to the tank. The differential equation is formulated as :

dE in (t)
dt

=Pe (t)-Pdis (t)-Puse (t) (1)

where Ein(t) is the internal energy of the water in the tank; 
Pe(t) is the electrical power input; Pdis(t) is the power dissi‐
pated from the tank into the environment; and Puse(t) is the 
equivalent water-use power.

The internal energy Ein(t) is related to the water tempera‐
ture Tin(t) and can be formulated as:

E in (t)= cρV tankT in (t) (2)

where c is the specific heat capacity of water; ρ is the densi‐
ty of water; and Vtank is the volume of the water tank.

The dissipation power Pdis(t), which is determined by the 
temperature difference between the tank and the environ‐
ment, can be formulated as:

Pdis (t)=
Tin (t)- Tamb (t)

R
(3)

where Tamb(t) is the ambient temperature outside the tank; 
and R is the thermal resistance of the tank.

The equivalent water-use power Puse(t) represents the pow‐
er loss caused by water use, i. e., by letting out hot water 
from and letting in cold water into the tank. Puse(t) can be ex‐
pressed as:

Puse (t)= cρB(t)(T in (t)- Tinlet (t)) (4)

where B(t) is the flow rate of the hot water leaving the tank; 
and Tinlet(t) is the temperature of the cold water flowing into 
the tank. Note that B(t) is not a fixed value, but is adjusted 
by the mixing valve according to Tin(t) and Tinlet(t) to main‐
tain the tap water temperature at the desired level Texp. The 
control algorithm for the mixing valve is defined as:

B(t)=B tap (t)
Texp - Tinlet (t)

Tin (t)- Tinlet (t)
(5)

where Btap(t) is the flow rate of the tap. By substituting (5) 
in (4), Puse(t) can be converted into:

Puse (t)= cρB tap (t)(Texp - Tinlet (t)) (6)

Substituting (2), (3), and (6) into (1) yields:
dTin (t)

dt
=

Pe (t)R -Puse (t)R - Tin (t)+ Tamb (t)
CR

(7)

where C is the equivalent heat capacity of the water tank, 
which is defined as:

C = cρV tank (8)

By solving the differential equation of (7), the discrete 
form of the thermal dynamics model is obtained by solving 
the differential equation in (7).

Tin (t + 1)= Tin (t)e
-
Dt
CR + (Pe (t)R -Puse (t)R + Tamb (t)) ( )1 - e

-
Dt
CR

(9)

where Δt is the step size of the scheduling horizon.

B. Overall Structure of Price-based DR Realized by EWHs

Figure 3(a) presents the overall structure of EWHs partici‐

pating in price-based DR. The participation of EWHs in 
price-based DR can be divided into three layers: the power 
system operator (PSO) layer, load aggregator (LA) layer, 
and electricity user layer. The interaction between the LAs 
and the PSO is established through bidding or long-term con‐
tracts to realize the supply-demand interaction of the aggre‐
gate users’ power. Price-based DR is implemented between 
the LAs and users or directly between the PSO and users. 
When participating in the DR, users receive price signals 
sent by either the LAs or the PSO while considering electric‐
ity-consumption shifting and water-use shifting for optimiza‐
tion. After the optimized results are obtained, the control sig‐
nals are sent to the EWHs to obtain the actual electrical pow‐
er Pe(t).

The electricity consumption and water-use activity to be 
optimized are represented by Btap(t) in (6) and Pe(t) in (9), as 
shown in Fig. 3(b).

III. SHIFTING MODEL OF WATER-USE ACTIVITY 

The load-shifting of the water-use activity results in water 
use ahead of or after the original schedule. The water-use ac‐
tivity is represented by the tap flow rate Btap(t), and the origi‐
nal curve of the flow rate (before shifting) can be defined as 
Btap0 =[0B tap1B tap2B tapd0], where B tap1, B tap2, , 
B tapd are the nonzero elements of Btap0, and d is the number 
of nonzero elements in Btap0. Assuming Btap0 can be monolith‐
ically shifted in the scheduling horizon, the solution space of 
Btap(t) can be represented as:

…

LA

…

Electricity price; Load response

Electricity price

PSO

LA

…

(a)

(b)

Co-optimization

(water-use 
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Time
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rate
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Time

Time

Individual

 EWHs
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Fig. 3.　Schematic of price-based DR using EWHs. (a) Overall structure of 
EWHs participating in price-based DR. (b) Price-based DR of individual us‐
ers.
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Btaps =

é

ë

ê

ê

ê
êê
ê

ê

ê ù

û

ú

ú

ú
úú
ú

ú

ú
B tap1 B tap2  0

0 B tap1  0

  
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(10)

Btaps contains every possible curve of Btap(t), and every 
row in (10) represents a potential profile of Btap(t), which 
can be described by the vector Btap =[B tap (1)B tap (2) 
B tap (N t )]. By introducing a 0-1 binary variable y(t) that indi‐
cates the row number of Btap in Btaps, Btap can be calculated 
as:

Btap = [ y(1) y(2)  y(N t ) ] B taps (11)

where Nt denotes the number of time steps in the scheduling 
horizon. Note from (10) and (11) that the value of y(t) also 
represents the start time of the water-use activity. y(t)= 1 in‐
dicates that water use starts at time t. Variable y(t) should 
satisfy the uniqueness constraint:

∑
t = 1

Nt

y(t)= 1 (12)

To calculate the specific starting time of a water-use 
event, an auxiliary 0-1 binary variable z(t) is introduced to 
construct the following constraint:

z(t)- z(t + 1)= y(t) (13)

Equation (13) provides every z(t)= 1 before water-use ac‐
tivity and every z(t)= 0 after water-use activity. Using z(t), 
the starting time of water-use activity ts can be obtained as:

ts =∑
t = 1

Nt

z(t)Dt (14)

To guarantee the tap temperature Texp during water use, the 
mixing valve requires the tank water temperature Tin(t) to be 
higher than Texp during water use, as shown in Fig. 4.

The water temperature constraint can be formulated as:

ì
í
î

Texp £ Tin (t)£Tmax          ts £ t £ ts + d - 1

T inlet (t)£Tin (t)£Tmax    else
(15)

where Tmax is the maximum water temperature limit of the 
tank. The first condition in constraint (15) cannot be directly 
solved using MILP. To address this problem, the originally 
defined ytap(t) and newly defined binary variable u(t) are in‐
troduced to convert (15) into the following equivalent form:

∑
i = 0

d - 1

y(t + i)= u(t + d - 1) (16)

Tinlet (t)+ u(t)(Texp - Tinlet (t))£Tin (t)£Tmax (17)

It can be observed from (16) and (17) that u(t) represents 
whether time t is during the water-use activity. u(t)=1 indi‐
cates that water is used (the tap outputs water) at time t.

A schematic of the shifting model is provided in Fig. 5, 
which shows examples of Btap0, Btaps, Btap, y(t), z(t), and u(t). 
The shifting models described by (10) - (14), (16), and (17) 
are linear constraints that can be solved using MILP.

IV. DEVELOPMENT OF EWH OPTIMIZATION MODEL 

A. Objective Function

The price-based optimization of an individual EWH aims 
to minimize electricity costs. Considering the monolithically 
shifted water-use activities, comfort costs should also be con‐
sidered. The objective function can be formulated as:

min Ctotal =Celec +Ccmft (18)

where Celec and Ccmft are the electricity and comfort costs, re‐
spectively.

The electricity cost Celec is the sum of the electricity costs 
of all periods in the scheduling horizon.

Celec =∑
t = 1

Nt

pelec (t)Pe (t)Dt (19)

where pelec (t) is the electricity price.
The comfort cost Ccmft can be represented by the length of 

the shifted-ahead or delayed water-use time as:

Ccmft = pcmft || ts - ts0 (20)

where ts0 is the original starting time of the water-use activi‐
ty; and pcmft is the comfort price (comfort cost per unit shift‐
ed time). To be solved by MILP, (20) needs to be further 
transformed into the following equivalent form:

t

Temperature

Texp

Tmax

ts

Duration of water-

 use activity

Tin(t)

Tinlet(t)

[Tinlet(t),Tmax]

[Tinlet(t),Tmax]

ts+d�1

[Texp,Tmax]

Fig. 4.　Allowable range of tank water temperature Tin(t).
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Fig. 5.　Shifting model of water-use activity.
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Ccmft = pcmft (σ+ + σ- ) (21)

ts = ts0 + σ+ - σ- (22)

where σ+ and σ‒ are two auxiliary variables that satisfy:

ì
í
î

σ+ ³ 0

σ- ³ 0
(23)

B. Constraints

1)　Thermodynamic Constraint
The thermodynamic constraint is formulated using the dis‐

crete thermodynamic models represented by (6) and (9).
2)　Shifting Model Constraints

The shifting model constraint is described by (10) - (14), 
(16), and (17).
3)　Water with Shifting Time Limit Constraints

The shifted starting time of the water-use activity ts 
should be limited within the range.

tsmin £ ts £ tsmax (24)

where tsmin and tsmax are the minimum and maximum allow‐
able limits of ts, respectively.
4)　Electrical Power Limit Constraints

The electrical power Pe(t) should be limited to the nomi‐
nal power range.

0 £Pe (t)£PN (25)

where PN is the nominal power of the EWH.
5)　Initial Temperature Constraints

The initial temperature constraint defines the initial value 
of the water temperature.

Tin (1)= Tin1 (26)

where Tin1 denotes the initial water temperature Tin(t).

C. Summary of Optimization Model

In summary, the optimization model includes the objective 
functions (18), (19), (21)-(23) and constraints (6), (9), (10)-
(14), (16), (17), (24)-(26).

By solving the optimization problem based on MILP, the 
global optimum of the decision variables Btap(t) and Pe(t) can 
be obtained to guide the adjustment of both water-use shift‐
ing and electricity use.

V. TESTING EXAMPLES

A. Experimental Setup

The test examples are based on the Haier LEC6001-CC 
EWH model. The key parameters of the EWH are listed in 
Table II. The thermal resistance R, which cannot be directly 
obtained from the nameplate, is calculated by trial and error. 
Using the parameters in Table II, (6), and (9), the simulated 
tank water temperature Tin(t) is calculated and compared 
with the actual recorded Tin(t), as shown in Fig. 6(a). 
The manually recorded on/off electrical power status and wa‐
ter-use activities are shown in Fig. 6(b) and (c), respectively. 
The simulated Tin(t) is very close to the actual recorded Tin(t), 
indicating that the thermodynamic models of (6) and (9) 
with the parameters in Table II describe the thermal charac‐
teristics of the EWH well.

In addition to the EWH model, the electricity price is an 
important factor that needs to be considered. In the follow‐
ing examples, the electricity price refers to the time-of-use 
(TOU) electricity price for residential users in Jiangsu Prov‐
ince. The peak price ppeak, which is 0.5583 ¥/kWh, is imple‐
mented from 08:00 to 21:00, whereas the valley price pvalley, 
which is 0.3583 ¥/kWh, is implemented during other periods 
of the day.

Regarding water-use activities, the testing examples are 
based on the following assumptions.

1) Assuming uniform sampling, error-free signal transmis‐
sion, and accurate parameters.

2) Assuming that all users are rational and capable of de‐
termining the optimal water usage and heating time based on 
electricity prices and personal comfort demands.

3) Recognizing that different users may have varying time 
periods for shifting water usage, reflecting the differences in 
their comfort requirements.

4) Not considering the impact of uncertain factors such as 

TABLE II
KEY PARAMETERS OF EWH

Parameter

c

ρ

Vtank

PN

Tmax

Tamb

Tinlet

Texp

R

Value

4200 J/(kg∙℃)

1000 kg/m3

0.06 m3

2 kW

75 ℃

12 ℃

12 ℃

40 ℃

600 ℃/kW
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Fig. 6.　Simulated tank water temperature Tin(t) versus actual recorded Tin(t). 
(a) Tank water temperature Tin(t). (b) On/off status of recorded electrical 
power. (c) Recorded water-use activities.
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temporary changes in water demand.

B. Optimization of Single EWH

The proposed method is performed on a single EWH 
whose key parameters are listed in Table II. To verify the ef‐
fectiveness of the proposed method, the following three 
methods are compared.

1) Method 1: no optimization. Water is heated immediate‐
ly before the water-use activity without considering the TOU 
price.

2) Method 2: traditional methods. The electrical power of 
the EWH is optimized by considering the TOU price. How‐
ever, the shifting of water-use activity is not considered.

3) Method 3: the proposed method. The electrical power 
of the EWH is optimized by considering both the TOU price 
and the shifting of the water-use activity.

The original water-use activity is assumed to be between 
19:00 and 20:00, representing dish-washing and bathing ac‐
tivities. Note that this may only be one of the typical water-
use activities in China, as water-use activities may differ ow‐
ing to habits, customs, etc.

The optimization results for a single EWH using Methods 
1-3 are shown in Fig. 7. From Fig. 7, the following remarks 
can be observed.

1) Method 1 heats the water tank just before the water-use 
activity, without considering utilizing the valley electricity 
price.

2) Method 2 attempts to preheat the EWH during the val‐
ley electricity price before 08:00. During the water-use activ‐
ity, the EWH is heated again to ensure adequate hot water.

3) Method 3 (the proposed method) postpones the water-

use activity until 21:00 to utilize the valley electricity price.
Table III lists the energy consumption and electricity costs 

of the EWH using Methods 1-3. Method 3 (the proposed 
method) consumes the most electricity energy but has the 
lowest electricity cost.

C. Optimization of Aggregate EWHs

To illustrate the performance of the proposed method on 
aggregate EWHs, the parameters of the EWHs are random‐
ized based on Table II, with a relative standard deviation of 
0.05. To perform price-based optimization, individual EWHs 
are optimized, and the aggregate power could be obtained by 
summing the individual optimization results. The aggregate 
flow rate and electrical power of the EWHs are denoted by 
B tapagg (t) and Peagg (t), respectively. B tapagg (t) and Peagg (t) can 
be formulated as :

B tapagg (t)=∑
i = 1

NEWHs

B tapi (t) (27)

Peagg (t)=∑
i = 1

NEWHs

Pei (t) (28)

where Btap,i(t) and Pe,i(t) are the flow rate and electrical pow‐
er of the ith EWH, respectively; and NEWHs is the total num‐
ber of EWHs.

Considering 100 EWHs in the price-based DR, the optimi‐
zation results of the aggregate EWHs are shown in Fig. 8, 
and the optimization results of five randomly selected EWHs 
are shown in Fig. 9.
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Fig. 7.　Optimization results for a single EWH. (a) Flow rate of tap Btap(t). 
(b) Electrical power Pe(t). (c) Tank water temperature Tin(t).
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Fig. 8.　Optimization results of aggregate EWHs. (a) Aggregate flow rate 
Btapagg (t). (b) Aggregate electrical power Peagg (t).

TABLE III
ENERGY CONSUMPTION AND ELECTRICITY COSTS OF EWH USING 

METHODS 1-3

Method

Method 1

Method 2

Method 3

Energy consumption (kWh)

6.0763

7.0959

7.2559

Electricity cost (¥)

3.3924

3.0583

2.8477
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To demonstrate the peak-shaving performance of different 
methods, Fig. 10 presents the curves of the total electrical 
load by adding the aggregate load of the EWHs to the actual 
electrical load data. From Figs. 8-10, the following observa‐
tions can be obtained.

1) The optimization results of the aggregate EWHs shown 
in Fig. 8 are similar to those of a single EWH (as shown in 
Fig. 7). Method 3 postpones the aggregate water-use activi‐
ties until after 21: 00 to utilize the lower valley electricity 
price.

2) Figure 9 shows that different users perform similarly 
under the uniform peak-valley TOU price. In Method 3, the 
tank water is preheated, and water-use activities are post‐
poned by most users.

3) Figure 10 shows that both Methods 2 and 3 can shift 
the peak load to off-peak hours. Compared with Method 2, 
Method 3 shifts the peak load more, and the maximum load 
is lower, which is therefore more beneficial to the stability 
of the power system.

Table IV lists the aggregate energy consumption and ag‐
gregate electricity cost of the EWHs using Methods 1-3. 
Method 3 results in the lowest electricity cost, which is in 
accordance with Table III.

D. Influence of Electricity Price on Optimization Results

The electricity price, which can be adjusted according to 
the requirements of power system, is a key factor that af‐
fects the optimization results of EWHs. To investigate the in‐
fluence of the electricity price on the optimization results, 
the following two indicators are considered for the analysis.

1) Starting time of the valley price tvs: the moment when 
the TOU electricity price changes from peak price ppeak to 
valley price pvalley. To ensure that the durations of the peak 
and valley prices are consistent, the starting time of the peak 
price is adjusted by tvs.

2) Peak-valley ratio K: it is defined as K = ppeak /pvalley, indi‐
cating the peak-valley difference in the TOU electricity 
price. To ensure that the average price is consistent, ppeak and 
pvalley are calculated for a given K.

The definitions of tvs and K are shown in Fig. 11.

The optimization results for the tvs values of hour 19, hour 
20, hour 21, and hour 22 are shown in Fig. 12, and the con‐

500

1000

1500

2000

T
o

ta
l 

lo
ad

 (
k

W
)

0 5 10 15 20 25
Time (hour)

Method 1
Method 2
Method 3

Fig. 10.　Peak-shaving performance using different methods.
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TABLE IV
AGGREGATE ENERGY CONSUMPTION AND AGGREGATE ELECTRICITY COST 

OF EWHS USING METHODS 1-3

Method

Method 1

Method 2

Method 3

Aggregate energy 
consumption (kWh)

526.7589

632.3078

609.6932

Aggregate electricity 
cost (¥)

290.9868

260.1719

227.4769

Time

Electricity price

ppeak

pvalley

tvs

K=ppeak/pvalley

Fig. 11.　Definitions of tvs and K.
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tour map of the influence of tvs on the optimization results is 
shown in Fig. 13. The optimization tends to postpone the wa‐
ter-use activities until tvs to utilize the valley price. However, 
if tvs is too late (e. g., tvs = 22 hours), a large number of 
EWHs will not postpone the water-use activities. These 
EWHs consume more electricity early in the morning to uti‐
lize the valley price.

The optimization results for different values of K (1, 1.3, 
1.6, and 1.9) are shown in Fig. 14, and the contour map of 
the influence of K on the optimization results is shown in 
Fig. 15. A larger value of K tends to postpone more water-
use activities to utilize the valley price and leads to more 
electricity consumption early in the morning and late at 
night to utilize the valley price.

E. Sensitivity Analysis of Comfort Price

The comfort price pcmft reflects the users’ willingness to 
shift water-use activities and has a significant impact on the 
optimization results of EWHs. In this subsection, a sensitivi‐
ty analysis is conducted on the comfort price pcmft to deter‐
mine the approximate range of pcmft required for noticeable 
EWH load-shifting.

This case study considers 100 EWHs. Assuming that the 
comfort price pcmft varies from 0 to 0.45 ¥/hour, the influ‐
ence of pcmft on the optimization results is investigated. The 
aggregate flow rates and electrical power of the 100 EWHs 
are shown in Fig. 16(a) and (b), respectively.
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The optimization results for five randomly selected EWHs 
with different values of pcmft out of the 100 EWHs are shown 
in Fig. 17. The statistical results of the impact of pcmft on wa‐

ter-use activities and the corresponding contour maps are 
shown in Fig. 18.

From Figs. 16-18, the following remarks can be obtained.
1) The comfort price pcmft had a significant impact on the 

shifting of water-use activities, which is reflected by the 
flow rate of the tap B tapagg (t) (Figs. 16(a) and 18(b)), and the 
number of EWHs shifting the water-use activities (Fig. 
18(a)). A smaller value of pcmft leads to more EWHs shifting 
water-use activities. The aggregate tap flow rate B tapagg (t) fur‐
ther determines the aggregate electrical power Peagg (t) (Figs. 
16(b) and 18(c)).

2) For individual EWHs, when pcmft is smaller, more 
EWHs shift the water-use activities to hour 21, or even later, 
and the majority of these EWHs take advantage of lower off-
peak electricity prices after hour 21. There is a significant 
heating process in the tank water temperature Tin(t) after 
hour 21 (Fig. 17).

3) As pcmft varies from 0 to 0.45 ¥/hour, the percentage of 
EWHs involved in the shifting of water-use activities de‐
creases from approximately 100% to close to 0% (Fig. 18(a)). 
When pcmft exceeds 0.3 ¥/hour, very few EWHs are involved 
in the shifting of water-use activities. However, when pcmft is 
below 0.2 ¥/hour, there is a noticeable shift in the water-use 
activities among the EWHs, and when pcmft is below 0.1 ¥/
hour, the shift in water-use activities becomes highly signifi‐
cant.

VI. CONCLUSION

This paper proposes a scheduling method for EWHs that 
considers the shifting potential of water-use activities, by 
which the water-use activities could be monolithically shift‐
ed in the scheduling horizon. The key findings of this paper 
are summarized as follows.

1) The proposed method can shift water-use activities, and 
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Fig. 17.　Optimization results for five randomly selected EWHs with different values of pcmft. (a) Flow rate of tap Btap(t). (b) Electrical power Pe(t). (c) Tank 
water temperature Tin(t).

50 10 15 20 25 0

2

4

6

0

50

100

150

200

Time (hour)
(b)

Pe,agg(t) (kW)

Btap,agg(t) 

(m3/hour)

50 10 15 20 25

Time (hour)
(c)

0.05
0.10
0.15
0.20
0.25

0.35
0.40
0.45

0.30

20

40

60

80

100

p
cm

ft
 (

¥
/h

o
u

r)

0.05
0.10
0.15
0.20
0.25

0.35
0.40
0.45

0.30

p
cm

ft
 (

¥
/h

o
u

r)
N

u
m

b
er

 o
f 

E
W

H
s 

sh
if

ti
n

g
 t

o
 

w
at

er
-u

se
 a

ct
iv

it
ie

s

pcmft (¥/hour)
(a)

0.450.400.350.300.250.200.150.100.050

Fig. 18.　Statistical results of impact of pcmft on water-use activities and cor‐
responding contour maps of Btapagg (t) and Peagg (t). (a) Influence of pcmft on 
number of EWHs shifting to water-use activities. (b) Influence of pcmft on 
optimized Btapagg (t). (c) Influence of pcmft on optimized Peagg (t).

1258



BAO et al.: OPTIMIZATION METHOD FOR ELECTRICAL WATER HEATERS CONSIDERING SHIFTING POTENTIALS OF ELECTRICITY...

therefore increase the load-shifting potential of EWHs.
2) The proposed method leads to higher energy consump‐

tion but lower electricity costs under the TOU peak-valley 
price.

3) The starting time of the valley price and the peak-val‐
ley ratio are the two key indices that affect the water-use 
shifting potential and load-shifting potential of EWHs.

Future studies should investigate the frequency control ca‐
pacity of EWHs under water-use activities and develop a cor‐
responding scheduling and control model for the power sys‐
tem.
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