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An Embedded Consensus ADMM Distribution 
Algorithm Based on Outer Approximation for 

Improved Robust State Estimation of 
Networked Microgrids

Zifeng Zhang and Yuntao Ju

Abstract——Networked microgrids (NMGs) are critical in the 
accommodation of distributed renewable energy. However, the 
existing centralized state estimation (SE) cannot meet the de‐
mands of NMGs in distributed energy management. The cur‐
rent estimator is also not robust against bad data. This study in‐
troduces the concepts of relative error to construct an improved 
robust SE (IRSE) optimization model with mixed-integer nonlin‐
ear programming (MINLP) that overcomes the disadvantage of 
inaccurate results derived from different measurements when 
the same tolerance range is considered in the robust SE (RSE). 
To improve the computation efficiency of the IRSE optimization 
model, the number of binary variables is reduced based on the 
projection statistics and normalized residual methods, which ef‐
fectively avoid the problem of slow convergence or divergence 
of the algorithm caused by too many integer variables. Finally, 
an embedded consensus alternating direction of multiplier meth‐
od (ADMM) distribution algorithm based on outer approxima‐
tion (OA) is proposed to solve the IRSE optimization model. 
This algorithm can accurately detect bad data and obtain SE re‐
sults that communicate only the boundary coupling information 
with neighbors. Numerical tests show that the proposed algo‐
rithm effectively detects bad data, obtains more accurate SE re‐
sults, and ensures the protection of private information in all 
microgrids.

Index Terms——Distributed optimization, alternating direction 
of multiplier methods (ADMM), robust state estimation (RSE), 
mixed-integer nonlinear programming (MINLP), networked mi‐
crogrid (NMG).
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C. Variables
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Lagrange multiplier

Feasible region

Penalty factor

Continuous variable of objective function for 
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Binary variable for the r th measurement

Vector of binary viables

State estimation variable of MGa

Vector of state variables

State variable set of MGa

Internal state variable set in MGa

Coupling state variable set in MGa

I. INTRODUCTION 

AS a greater number of distributed energy resources 
(DERs), including distributed generators, distributed en‐

ergy storage systems, and flexible loads, are integrated with 
networked microgrids (NMGs) [1], the state estimation (SE) 
has become increasingly critical to the safety and reliable op‐
eration of NMGs. However, the conventional centralized SE 
methods have encountered the following significant technical 
challenges.

1) SE accuracy: the weighted least squares (WLS) estima‐
tor is used to find the best state estimates [2]. However, the 
WLS estimators are not robust against bad data, and even an 
erroneous measurement may significantly bias the estimation 
result [3]. To ensure the accurate estimation, a bad data de‐
tection (BDD) method is required. However, accurately de‐
tecting all bad data is a well-known challenge, particularly 
for bad leverage points.

2) Privacy issues: as microgrids are managed by different 
entities, the privacy-preserving is a concern with respect to 
managing NMGs. However, the centralized WLS estimators 
require global information, which leads to private informa‐
tion leakage from different microgrids and aggravates the 
burden of information communication.

The detection and elimination of bad data are critical for 
SE accuracy. An intelligent search strategy for conforming 
BDD methods was presented in [4], which addressed the is‐
sue of conforming error detection involving analog measure‐
ments and proposed a system topology with heuristic tool. 
Reference [5] proposed a robust SE (RSE) framework based 
on the Mahalanobis distance to filter out non-Gaussian nois‐
es measured by phasor measurement unit (PMU) and sup‐
press outliers. Reference [6] introduced an SE method based 
on entropy-related concepts to detect and correct measure‐
ment errors. This method was verified by theoretical models 
and examples, where an algorithm was shown to filter out 
numerous errors. Reference [7] proposed a mixed-integer 
nonlinear programming (MINLP) method for RSE, where 
each measurement with its associated uncertainty interval is 
represented by the upper and lower limits of tolerance. This 
method was shown to be robust against gross errors and was 

not susceptible to bad leverage measurements. To further 
guarantee the global optimum theoretically and reduce the 
time consumption as the number of iterations increases, [8] 
used the linearized measurement equation to transform the 
MINLP formulation for RSE in [9] into a mixed-integer lin‐
ear programming (MILP) one, which guaranteed that the 
global optimum would be found while avoiding convergence 
problems. These centralized BDD methods do not consider 
the distributed management required for NMGs to protect 
the information privacy.

Privacy issues have been widely studied for distributed SE 
[10]. In [11], a two-level SE approach was presented, where 
the local SE results at the first level were coordinated with 
those at the second level. Reference [12] proposed a hierar‐
chical SE (HSE) method, which allowed more efficient infor‐
mation for faster convergence with lower communication 
costs. However, implementing a coordinator required stron‐
ger synchronization across operating regions. To reduce the 
amount of exchanged information among adjacent areas, a 
new multi-area HSE method was proposed in [13] based on 
the exchange of sensitivity functions of local SE instead of 
the exchange of boundary measurements. Additionally, the 
convergence speed is effectively improved. In [14], a distrib‐
uted RSE method was developed based on the alternating di‐
rection of multiplier methods (ADMM), which respects pri‐
vacy policies, exhibits low communication pressure, and con‐
verges to centralized SE results. Reference [15] proposed an 
adaptive distributed quasi-Newton algorithm with an optimal 
step-length tuning strategy to solve the multi-area SE prob‐
lem. This algorithm obtains accurate estimation results and 
considers coupling information among areas while preserv‐
ing the privacy and independence of each area. Reference 
[16] proposed a fully distributed integrated solution based on 
a distributed subgradient algorithm to solve multi-area topol‐
ogy identification and SE problems. The distributed SE meth‐
od does not consider the detection and filtering of bad data, 
particularly bad leverage points, which might lead to inaccu‐
racies in SE results and affect the stability of the system.

To improve the SE accuracy and meet the distributed man‐
agement requirements of NMGs, this study constructs an im‐
proved RSE (IRSE) optimization model with MINLP and 
proposes an embedded consensus ADMM distribution algo‐
rithm based on outer approximation (OA). The proposed al‐
gorithm is susceptible to leverage points, accurately detects 
and eliminates bad data, and obtains accurate SE results for 
each microgrid. The main contributions of this study are as 
follows.

1) Because the elements of residual sensitivity matrix cor‐
responding to the leverage measurement are very small, it is 
difficult for traditional methods to detect bad leverage 
points. An IRSE optimization model with MINLP is con‐
structed in this study, which can find the optimal measure‐
ment set, unlike in statistics-based detection.

2) To improve the computational efficiency of the IRSE 
optimization model based on the projection statistics and nor‐
malized residual methods, the aggregate dimension of the 
suspicious measurement in the RSE is compressed, and the 
number of binary variables is reduced to ensure the optimal 
SE results.
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3) In terms of the communication and convergence, the 
outer layer of the proposed algorithm exchanges only bound‐
ary coupling information with neighbors to protect informa‐
tion in a fully distributed manner. Additionally, the inner lay‐
er of the proposed algorithm solves each microgrid in paral‐
lel, which can accurately detect bad measurements and ob‐
tain accurate SE results for each microgrid under limited in‐
teractions.

The remainder of this paper is organized as follows. Sec‐
tion II introduces centralized and distributed IRSE optimiza‐
tion models with MINLP. Section III provides a detailed in‐
troduction to the embedded consensus ADMM distribution 
algorithm based on OA. Case studies proving the accuracy 
and convergence of the proposed algorithm are presented in 
Section IV. Finally, a conclusion is given in Section V.

II. CENTRALIZED AND DISTRIBUTED IRSE OPTIMIZATION 
MODELS WITH MINLP 

A. Centralized IRSE Optimization Model

For the traditional SE, the relationship between the state 
variable and measurements for the entire system is expressed 
as [2]:

z = h(x)+ e (1)

where x usually includes the voltage magnitudes and phase 
angles of all buses.

To avoid the effects of outliers or erroneous measurements 
on the SE, a robust state estimator based on the maximum 
constraint satisfaction of uncertain measurements was pro‐
posed in [17], where each uncertain measurement is repre‐
sented by the upper and lower limits of the bounds on the 
measurement errors as:

hr (x)- zr £ k +
r (2)

hr (x)- zr ³-k -
r (3)

where the values of k +
r  and k -

r  are given in [2].
If all measurement errors are within the tolerance range 

[-k -
r k

+
r ], it is possible to find a solution that satisfies the 

aforementioned inequalities for all measurements. However, 
if some measurements have unexpectedly large errors, they 
will not satisfy (2) and (3). To effectively solve this prob‐
lem, the concept of relative error is introduced in this study 
to avoid the effects of applying the same tolerance range to 
the accuracy of SE results, (2) and (3) can then be respec‐
tively reformulated as:

hr (x)- zr £ k +
r | zr | +Mbr (4)

hr (x)- zr ³-k -
r | zr | -Mbr (5)

Therefore, the centralized IRSE optimization model with 
MINLP (Cen-model1) in [7] can be reformulated as:
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min
xbr

∑
r = 1

m

br

s.t.  g(x)= 0

       hr (x)- zr £ k +
r || zr +Mbr

       hr (x)- zr ³-k -
r || zr -Mbr

(6)

where g(x) includes the zero-injection constraint and phase 
angle constraints for slack buses. For a good measurement, 
br = 0, indicating that the solution of the r th measurement 
equation is in the interval [-k -

r k
+
r ]; otherwise, for a bad 

measurement, br = 1.
On this basis, we consider filtering out non-suspicious 

measurements to reduce the number of binary variables m, 
thereby reducing the complexity of Cen-model1. First, the 
projection statistics method is used to identify leverage mea‐
surements, and all leverage measurements are stored in the 
suspicious measurement set. Second, the normalized residual 
method [18] for unleveraged measurements identifies the 
measurement with bad data and stores the identified measure‐
ment in the suspicious measurement set. Finally, only the bi‐
nary variable for the suspicious measurements bc are re‐
tained, and Cen-model1 given in (6) is reformulated as Cen-
model2:
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min
xbc

∑
c = 1

C

bc

s.t.  g(x)= 0

       hr (x)- zr £ k +
r || zr

       hr (x)- zr ³-k -
r || zr

       hr (x)- zr £ k +
r || zr +Mbc

       hr (x)- zr ³-k -
r || zr -Mbc

(7)

B. Distributed IRSE Optimization Model

1)　Decoupling
As shown in Fig. 1, the NMGs are decoupled into Mi‐

crogrid a (MGa) and Microgrid b (MGb) at the branch 
(aibj ) by the bus replication method. 

Taking MGa as an example, by copying the information 
of bus bj to obtain a new coupling branch (aiaj' ), the inter‐
nal and coupling bus sets are obtained as aint ={ai } and acou =
{aj' }, respectively. The sets of internal state variables xai

 and 

boundary coupling variables xaj
 are denoted as xaint

={xai
} and 

xacou
={xaj'

}, respectively; and xa = xaint
 xacou

. The same defini‐

tions can be applied to MGb.
2)　Coupling Constraints

To ensure that the solution of the above distributed IRSE 
optimization model is identical to the estimated solution of 
Cen-model2. For MGa, the coupling variables must satisfy 
the following coupling constraints:

ì
í
î

ïï
ïï

xai
= xbi'

xaj'
= xbj

(8)

These coupling constraints are simply expressed as:

Aa xa -Ab xb = 0 (9)

where state variables xa and xb include the voltage magni‐
tude and phase angles of all buses in MGa and MGb, respec‐
tively.

The element of the coupling matrix Aa is expressed as:

Aa (cai)=
ì
í
î

ïï
ïï

1 xai
Î xaint

0 xai
Î xacou

(10)
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where caÎ{12...nacou
} and i ={12...na }, indicating Aa is 

an nacou
´ na matrix.

3)　Formulation of Distributed IRSE Optimization Model
For MGa, the distributed IRSE optimization model, denot‐

ed as Dis-model1, with 0-1 binary variables bar, is ex‐
pressed as:

min∑
r = 1

ma

bar (11)

s.t.
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ga (xa )= 0

har (xa )- zar £ k +
ar| zar | +Mbar

har (xa )- zar ³-k -
ar| zar | -Mbar

Aa xa -Ab xb = 0

(12)

where ga (xa ) includes zero-injection constraint and phase-an‐
gle constraints for slack buses in MGa. After non-suspicious 
measurements are filtered out, the distributed IRSE optimiza‐
tion model, denoted as Dis-model2, with binary variables 
bac, is rewritten as:

min∑
c = 1

Ca

bac (13)

s.t.
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har (xa )- zar £ k +
ar| zar | +Mbac

har (xa )- zar ³-k -
ar| zar | -Mbac

Aa xa -Ab xb = 0

(14)

III. EMBEDDED CONSENSUS ADMM DISTRIBUTION 
ALGORITHM BASED ON OA 

We describe the embedded consensus ADMM distribution 
algorithm based on OA to solve the SE problem of Dis-mod‐
el1 and Dis-model2.

A. Framework of Embedded Consensus ADMM Distribution 
Algorithm

Combining the decomposition of the dual ascent method 
and multiplier method, we add the coupling constraint to the 
Dis-model1 to obtain its augmented Lagrangian objective 
function, which is expressed as:

L(xabaxbbbλa )=∑
a = 1

N é

ë

ê
êê
ê∑

r = 1

ma

bar + λ
T
a (Aa xa -Ab xb )+

ù

û

ú
úú
úρk

a

2
 Aa xa -Ab xb

2

2
(15)

The iterative form of the ADMM distributed algorithm in 
[19] is expressed as:

x k + 1
a = arg min

xaÎ χa

L(xabax
k
b b

k
bλ

k
a ) (16)

x k + 1
b = arg min

xbÎ χb

L(x k + 1
a bk + 1

a xbbbλ
k
b ) (17)

λk + 1 = λk + ρk (Aa x k + 1
a -Ab x k + 1

b ) (18)

The computation of (17) for MGb cannot start until (16) 
for MGa is computed, which means the problems of MGa 
and MGb are solved sequentially rather than in parallel. This 
transforms the calculation time of each iteration into the to‐
tal calculation time for microgrid. For each microgrid to be 
calculated independently in parallel, the consistent variable 
ya is introduced in [20] to replace the coupled variables of 
adjacent microgrids.

yk
a =Ab xb - (1/ρk

a )λk
a (19)

Therefore, (15) can be rewritten as:
L(xabayaλa )=

∑
a = 1

N é

ë

ê
êê
ê ù

û

ú
úú
ú∑

r = 1

ma

bar + λ
T
a (Aa xa - ya )+

ρa

2
 Aa xa - ya

2

2
(20)

s.t.

xaÎ χa    a = 12N (21)

Then, the objective function (20) is decoupled as:

L(xabayaλa )=∑
r = 1

ma

bar + λ
T
a (Aa xa - ya )+

ρa

2
 Aa xa - ya

2

2

  (22)

Finally, the iterative process of the ADMM distributed al‐
gorithm is obtained as:

x k + 1
a = arg min

xaÎ χa

L(xabay
k
aλ

k
a ) (23)

yk + 1
a =

Aa x k + 1
a +Ab x k + 1

b

2
 a = 12...N (24)

λk + 1
a = λk

a + ρ
k
a

Aa x k + 1
a - yk + 1

a

2
(25)

where each microgrid is solved in parallel to effectively 

Decoupling

Centralized dispatch model

Coupling buses

Bus ai Bus bj

Fully distributed dispatch model

Coupling

system

ai
x bj

x

(ai, bj)

(ai, aj')

MGa MGb

'

'

MGa MGb

Bus ai
ai
x

Bus aj
aj
x

'

Bus bi'
bi
x bj

x
Bus bj

Load; Photovoltaic generator; Energy storage device

Wind power generator; Energy conversion device

Fig. 1.　Decoupling process of NMG.
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overcome the disadvantage of the sequential iteration in 
(23). In addition, the Lagrangian multipliers in (24) and (25) 
only need to exchange the boundary coupling information be‐
tween the adjacent microgrids, as shown in Fig. 2.

The proposed algorithm converges when the dual residu‐
als d k + 1

a  are less than a small convergence threshold ε, which 
is expressed as:

d k + 1
a =  Aa x k + 1

a -Ab x k + 1
b 2

(26)

The pseudocode of the ADMM distributed algorithm for 
solving the problem in (23)-(25) for MGa is presented as Al‐
gorithm 1.

B. OA Algorithm for Solving SE Problem at MGa

An OA algorithm based on the relaxation principles [21] 
is next introduced to solve the problem in (23) for MGa.

Step 1: initialization. Set the minimum and maximum val‐
ues of the objective function of MGa (a = 12N) as L0

fa
=

-¥ and U 0
fa
=+¥, respectively. The initial value of the SE 

variable x 0
a is set as the flat start value. Initialize b0

a, y0
a, 

and λ0
a.

Step 2: solve the nonlinear subproblem.
1) The nonlinear subproblem is feasible. Substitute the k th 

integer variable into MGa of the problems in (20) and (21). 
Here, the MINLP in (23) is relaxed into a nonlinear problem 
LaNLP as:

min LaNLP (xay
k
ab

k
aλ

k
a )=

∑
r = 1

ma

bar + λ
k
a (Aa xa - yk

a )+
ρk

a

2
 Aa xa - yk

a

2
(27)

s.t.

xaÎ χa    a = 12N (28)

where the optimal solution x k + 1
sa  of the SE variable and the 

maximum value of the objective function U k + 1
fa

 are obtained 

by solving (27) and (28).
2) If (27) and (28) are infeasible, a continuous variable μar 

is introduced as the objective function in MGa, and the com‐
putational feasibility problem LaNIPF is expressed as:

ì
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ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

min LaNLPF( )xay
k
ab

k
aλ

k
aμar =∑

r=1

ma

μarU
k+1
fa

s.t.  har (x k
a )+Ñhar (x k

a )(xa-x k
a )- zar-(kar || zar +Mbk

ar )£μar

       -kar || zar -Mbk
ar-[zar (x k

a )+Ñzar (x k
a )(xa-x k

a )- zar ]£μar

       μar³0

       a=12N
(29)

After solving (29), we can yield the optimal x k + 1
sa  

and U k + 1
fa

.

Step 3: solve the master problem.
1) The nonlinear subproblem is feasible. The MINLPs in 

(13) and (14) are approximated as mixed-integer linear prob‐
lems by Taylor’s first-order expansion method. In addition, 
the secant at point x k + 1

sa  is used as the new constraint condi‐
tion, and the continuous variable βa is introduced as the ob‐
jective function of the master problem, which can be ex‐
pressed as:
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ï
ïï
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ï
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ï
ïï
ï

ï

ï

ï

min βa

s.t.  Lk
a (x k + 1

sa bk
arλ

k
ay

k
a )+ÑLk

a (x k + 1
sa bk

arλ
k
ay

k
a )(xa - x k + 1

sa )-
                βa £ 0

       hk
ar (x k + 1

sa )+Ñhk
ar (x k + 1

sa )(xa - x k + 1
sa )- zar £ k +

ar +Mbk
ar

       hk
ar (x k + 1

sa )+Ñhk
ar (x k + 1

sa )(xa - x k + 1
sa )- zar ³-k -

ar -Mbk
ar

       aÎ 12N
       bk

arÎ{01}

(30)

ÑLk
a( x k + 1

sa bk
arλ

k
ay

k
a ) = ¶La (xabarλ

k
ay

k
a )

¶xa

x k + 1
sa (31)

Ñhk
ar (x k + 1

sa )=
¶har (xa )

¶xa

x k + 1
sa (32)

The continuous variable x k + 1
a  and binary variable bk + 1

ar  are 
updated for the (k + 1)th master problem, and the minimum 
value of the objective function for MGa is obtained as Lk

fa
= βa.

2) The master problem in (30) is infeasible. As shown in 
Fig. 3, the feasible set of the original problem in (13) and 
(14) is enlarged by using the approximation method of (30). 
If the continuous variable x k + 1

a  obtained by (30) satisfies the 
original problem, it also solves the MINLP. If it is feasible 
to approximation method but is not feasible to the r th inequa‐
tion constraint in the original problem, we can add a new 
valid inequation derived from [22] and [23] to tighten the 
feasible region of the approximation problem and thus ex‐
clude the solution. 

Coupling information between adjacent microgrids

Internal information 

bcou
x

k k
z
a
, λ
a
, x
a

+1k

+1k

acou
x

+1k

bcou
x

+2k

acou
x

+2k

x
a

+1kx
b

+2kx
a

+2kx
b

k k
z
b
, λ
b
, x
b

+1k+1kz
a

, λ
a

+1k+1kz
b

, λ
b

+2k+2kz
a

, λ
a

+2k+2kz
b

, λ
b

+1k+1kz
a

, λ
a

, x
a

MGa

MGb
+1k+1kz

b
, λ
b

, x
b

The k th iteration The (k+1)th iteration

Fig. 2.　Information communication between two adjacent microgrids.

Algorithm 1: pseudocode of ADMM distributed algorithm

1

2

3

4

5

6

7

8

9

10

11

function ADMM (x 0
a x

0
b z

0λ0ρ0ε)

 k¬ 0

 while k < kmax or d k
a £ ε

  x k + 1
a ¬ arg min

xa

L(xabay
k
aλ

k
a ) a = 12N

  yk + 1
a ¬(Aa x k + 1

a +Ab x k + 1
b )/2

  λk + 1
a ¬ λk

a + ρ
k
a (Aa x k + 1

a - yk + 1
a )

  d k + 1
a ¬  Aa x k + 1

a -Ab x k + 1
b 2

  k¬ k + 1

 end while

 return x k + 1
a , yk + 1

a ,  and  λk + 1
a

end function
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This means that the OA algorithm can finally converge to 
a solution that satisfies all constraints in the original prob‐
lem.

In MGa, if the r th measurement inequation hk
ar (x k + 1

a )> 0, 
new inequality constraints are appended to (30), and the fol‐
lowing mixed-integer linearized feasibility problem is solved:

ì
í
î

(30)

s.t.  hk
ar (x k + 1

a )+Ñhk
ar (x k + 1

a )(xa - x k + 1
a )£ 0

(33)

The solution update yields x k + 1
a bk + 1

ar , and Lk
fa
= βα.

Step 4: convergence criteria. If |U k
fa
- Lk

fa
| < εin is not satis‐

fied, return to Step 2; otherwise, end the iteration to obtain 
the optimal x k + 1

a  and bk + 1
ar  for each microgrid.

The pseudocode of the OA algorithm for solving the prob‐
lem in (23) of BDD with MINLP for MGa is presented as 
Algorithm 2.

C. Modification Principle of Penalty Factor ρ

The penalty factor ρ is updated as a step factor to avoid 
algorithmic oscillations and slow convergence during the iter‐
ation. The study proposes the following amendment princi‐
ples for the updated ρ:

ρk + 1 =
ì
í
î

ρkα d k - d k - 1 £ 0.001

ρk /α d k - d k - 1 > 0.001
(34)

where the initial and maximum values of ρ are set as ρ0 = 10 
and ρmax = 108, respectively. The method for updating the pen‐
alty factor in (34) is adjusted appropriately according to the 
change size of the gradient d, which is suitable for any actu‐
al scenario.

IV. CASE STUDIES 

The 2-microgrid 5-bus and multi-microgrid 69-bus sys‐
tems are used to verify the accuracy and convergence of the 
proposed algorithm. Numerical simulations are performed on 
a laptop with an Intel i7-8550u (1.99 GHz) CPU and 16 GB 
of RAM using MATLAB. The CasADi [24] toolbox, IPOPT 
solver [25], and Bonmin solver [26] are used for optimiza‐
tions.

A. Case 1: 2-microgrid 5-bus System

A 10 kV single-phase 5-bus grid-connected NMG is con‐
structed by interconnecting Microgrid 1 (MG1) and Mi‐
crogrid 2 (MG2); the set of buses in MG1 is {1234'}, 
where Bus 1 is a slack bus, and the set of buses in MG2 is 
{3'45}. The state variables of MG1 and MG2 are the volt‐
age magnitudes and phase angles of all the buses, respective‐
ly. For the 2-microgrid 5-bus system, the measurement con‐
figuration is given in Table I, and the numbers of binary vari‐
ables and locations of bad measurements are given in Table II.

Original problem Approximation New valid 

inequation ((33))((13) and (14)) method ((30))

y y y

x x
x

ha,r(xa    )<0+1k

ha,r(xa    )>0+1k

+1kxa

Fig. 3.　Excluding infeasible points by adding a new valid inequation.

Algorithm 2: pseudocode of OA algorithm

Input: MINLP problem for each microgrid and convergence criterion εin.

Output: (x k + 1
a bk + 1

ar ), i.e., the optimal solution to the problem in (25).

1

2

3

4

5

6

7

8

9

function OA (x 0
a b

0
ary

0
aρ

0
aL

0
fa
U 0

fa
kmax )

 k¬ 0

 while k < kmax or |U k
fa
- Lk

fa
| > εin

    if min LaNLP (×) is feasible then
   Obtain x k + 1

sa  and U k + 1
fa

 by solving (27) and (28)

    else
   Obtain x k + 1

sa  and U k + 1
fa

 by solving (29)

    end if

    if (30) and (31) are feasible then
   Obtain x k + 1

a bk + 1
ar , and Lk + 1

fa
 by solving (30) and (31)

    else
   Obtain x k + 1

a bk + 1
ar , and Lk + 1

fa
 by solving (33)

    end if

    k¬ k + 1

 end while

 return x k + 1
a   and  bk + 1

br

end function

TABLE I
MEASUREMENT CONFIGURATION OF 2-MICROGRID 5-BUS SYSTEM

All measurement 
configuration

U1P1 - 2P2 - 3P3 - 4P4 - 5
Q1 - 2Q2 - 3Q3 - 4Q4 - 5P1P2

P3P4P5Q1Q2Q3Q4Q5

Bad measurement 
configuration

P1 - 2Q2 - 3

Leverage 
measurement

P2 - 3Q1 - 2

Q2 - 3P1Q1

TABLE II
NUMBERS OF BINARY VARIABLES AND LOCATIONS OF BAD MEASUREMENTS 

IN 2-MICROGRID 5-BUS SYSTEM

Model

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Number of binary 
variables

[5]; [1]

[9]; [12]

5

23

Location of bad 
measurement 

[7, 9]; [9]

[7, 10]; [14]

[11, 13]

[21, 26]

Note: for an example, “[5]; [1]” means the numbers of binary variables in 
MG1 and MG2 are 5 and 1, respectively; “[7, 9]; [9]” means in MG1, the 
7th and 9th measurement equations have bad measurement and in MG2, the 
9th measurement equation has bad measurement.
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1)　Performance Comparison of Different Models
To verify that the improved Cen-model2 and Dis-model2 

are not affected by the values of k -
r  and k +

r , the calculation 
solutions of the centralized and distributed IRSE optimiza‐
tion models are provided, as listed in Table III, where L is 
the location where the calculated binary variable is 1, and 
the error value err is the difference between the SE results 
and the true value x true

a .

err =∑
a = 1

N

 xa - x true
a 2

(35)

Table III shows that Cen-model2 and Dis-model2 that in‐
troduce relative errors can accurately identify bad measure‐
ments and obtain SE results regardless of the values of k -

r  
and k +

r . However, Cen-model1 and Dis-model1 cannot accu‐
rately identify bad measurements and obtain accurate estima‐
tion results when k -

r  and k +
r  are 0.01, 0.1, and 0.5, and the er‐

ror value is also larger than the true value. Therefore, the 
IRSE optimization model can provide reasonable values of 
k -

r  and k +
r  for different measurements, which ensures bad mea‐

surements are identified and accurate SE results are obtained.
2)　Accuracy and Efficiency of Proposed Algorithm

The proposed algorithm is applied to perform distributed 
calculations on Dis-model1 and Dis-model2. Its state vari‐
ables have the flat start values, y0 = 0, k -

r = k +
r = 0.1, and ρ0 =

100. Under the limits of convergence accuracy, ε = 10-4 and 
kmax = 50 are set. Figure 4 shows the comparison between the 
true value of voltage amplitude and the corresponding re‐
sults obtained by the proposed algorithm in MG1 and MG2, 
where the error value err is only 0.00045 p.u.. The results re‐
veal that the proposed algorithm can accurately identify the 
location of bad data and obtain accurate SE results for each 

microgrid.

To investigate whether the proposed algorithm can pro‐
vide an accurate solution, we first compare the optimal solu‐
tions under different models, as shown in Table IV. It can be 
observed that the location where the calculated binary vari‐
able is 1 is identical to that of the bad measurement setting. 
Therefore, the proposed algorithm is confirmed as effective‐
ly identifying bad measurements.

In addition, the proposed algorithm can converge with a 
limited time and limited number of iterations under Dis-mod‐
el2 to calculate the SE results. The iterative process of the 
proposed algorithm is shown in Fig. 5. The calculation time 
T of the proposed algorithm is longer than that of the central‐
ized one. However, this slight increase in calculation time is 
acceptable in exchange for ensuring information privacy for 
each microgrid.

3)　Sensitivity Analysis of Step Factor α
The size of the penalty factor ρ in the multiplier update 

step significantly affects the convergence of the proposed al‐

TABLE III
CALCULATION SOLUTIONS OF CENTRALIZED AND DISTRIBUTED 

IRSE OPTIMIZATION MODELS

Values of 
k -

r  and k +
r

0.100

0.500

0.010

0.001

Model

Cen-model2

Cen-model1

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Dis-model2

Dis-model1

L

[21, 26]

[11]

[7, 10]; [14]

[7]; []

[21, 26]

[]; []

[7, 10]; [14]

[]; []

[21, 26]

[21, 26]

[7, 10]; [14]

[7]; []

[21, 26]

[21, 26]

[7, 10]; [14]

[7, 10]; [14]

err

4.50 ´ 10-5

7.10 ´ 10-3

3.14 ´ 10-3

2.21 ´ 10-2

1.27 ´ 10-6

1.10 ´ 10-3

6.37 ´ 10-4

2.68 ´ 10-2

7.79 ´ 10-8

2.77 ´ 10-2

6.30 ´ 10-5

2.86 ´ 10-2

9.27 ´ 10-7

3.61 ´ 10-6

3.00 ´ 10-6

2.86 ´ 10-2

Is it accurately 
identified?

Yes

No

Yes

No

Yes

No

Yes

No

Yes

Yes

Yes

No

Yes

Yes

Yes

Yes

Note: [] indicates that there is no bad measurement, which means there are 
no binary variables.

0.9975

0.9980

0.9985

0.9990

0.9995

1.0000

V
o

lt
ag

e 
(p

.u
.)

0.9975
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0.9985
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(a)
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54

(b)

True value; Proposed algorithm

Fig. 4.　Comparison between true value of voltage amplitude and corre‐
sponding results obtained by proposed algorithm in MG1 and MG2. (a) 
MG1. (b) MG2.

TABLE IV
OPTIMAL SOLUTIOIN UNDER DIFFERENT MODELS

Model

Dis-model2

Dis-model1

Cen-model2

Cen-model1

L

[7, 9], [9]

[7, 10]; [14]

[11, 13]

[21, 26]

Number of 
iterations

11

3

6

48

T (s)

2.46

1.45

0.25

1.19

err

4.50 ´ 10-4

6.52 ´ 10-3

5.10 ´ 10-8

5.10 ´ 10-8

-6

-5

-4

-3

-2

-1

0

0 5 10 15 20 25 30

Number of iterations

lg
(|

|A
a
x
a
-
A
b
x
b
|| ∞

)

Fig. 5.　Iterative process of proposed algorithm.
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gorithm. Therefore, to improve the convergence speed, the 
modified principle in (33) is used to dynamically adjust the 
coupling constraint penalty factor. As shown in Fig. 6, the 
step factor α = 1 is too small such that the numerical calcula‐
tion is relatively stable, and no convergence occurs. 

-6

-5

-4

-3

-2

-1

1

0

0 10 20 30 40 50

Number of interations

lg
(|

|A
a
x
a
-
A
b
x
b
|| ∞

)

α=10
α=12
α=15
α=20
α=30
α=50
α=60

Fig. 6.　Convergence procedures with α.

When α = 6 is too large, even though the proposed algo‐

rithm can converge quickly, the updated value ρ in the last it‐
eration exceeds the set maximum value ρmax, which results in 
a false convergence to the wrong results. When α = 3 and α =
5, the proposed algorithm is more efficient and ensures that 
the value is stable during iteration. Finally, a reasonable 
range of α is set.

B. Case 2: Multi-microgrid 69-bus System

The calculation for a small-scale system with only two mi‐
crogrids is relatively simple. Therefore, we use the multi-mi‐
crogrid 69-bus system to verify the accuracy and efficiency 
of the proposed algorithm. The original 69-bus system is di‐
vided into two, three, four, and seven MGs (denoted as 2-
MG, 3-MG, 4-MG, and 7-MG systems for short) using the 
bus replication method, respectively. The numbers of binary 
variables as well as the locations and numbers of bad mea‐
surements in the centralized and distributed IRSE optimiza‐
tion models of each system are listed in Table V.

1)　Accuracy of Proposed Algorithm
The calculation results of the binary variables under differ‐

ent models are given in Table VI. 

TABLE VI
CALCULATION RESULTS OF BINARY VARIABLES UNDER DIFFERENT MODELS

System

2-MG

3-MG

4-MG

7-MG

Original

Model

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Binary variables

L

[139, 143, 144, 150, 174, 176, 188, 192]

[278, 293, 296, 313, 371, 396, 377, 404]

[69, 77, 90, 92]; [75, 76, 89, 93]

[70, 86, 109, 115]; [83, 87, 129, 137]

[69, 77, 90, 92]; [50, 54]; [39, 40]

[70, 86, 109, 115]; [62, 70]; [44, 48]

[49, 64, 66]; [50, 54]; [39, 40]; [25]

[50, 79, 85]; [62, 70]; [44, 48]; [26]

[37, 49]; [31]; [27]; [25]; [17]; [24]; [21]

Number

8

8

8

8

8

8

8

8

8

8

It can be observed that the location where the calculated 
binary variable is 1 corresponds to the bad measurement set‐

ting given in Table V, and the number of binary variables 
with 1 indicates the amount of bad measurements. Thus, the 
proposed algorithm is confirmed as obtaining the correct bi‐
nary solution, and the bad measurement can then be effec‐
tively identified.

In addition, Fig. 7 shows the comparison between true val‐
ues of voltage amplitude and corresponding results obtained 
by proposed algorithm for MG1 in each system. It shows 
that the proposed algorithm has a smaller error, and the ob‐
tained results can be directly used as accurate power flow re‐
sults. The proposed algorithm can accurately identify the lo‐
cation of bad measurement and simultaneously obtain reason‐
able and accurate power flow results.
2)　Efficiency of Proposed Algorithm

In the proposed algorithm, after each microgrid implements 
the independent solution in parallel through the interactive 
boundary coupling information to update their own multiplier 
and consistency variable information, the dual residual value 
is less than the convergence criterion value ε under a limited 
number of iterations. The convergence performance results 
and the iterative process of the proposed algorithm in each sys‐
tem are presented in Table VII and Fig. 8, respectively.

TABLE V
NUMBERS OF BINARY VARIABLES AS WELL AS LOCATIONS AND NUMBERS OF BAD MEASUREMENTS OF EACH SYSTEM

System

2-MG

3-MG

4-MG

7-MG

Original

Model

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Dis-model2

Dis-model1

Cen-model2

Cen-model1

Number of binary variables

[40]; [26]

[100]; [108]

[40]; [22]; [6]

[133]; [74]; [72]

[27]; [22]; [6]; [16]

[91]; [74]; [72]; [44]

[20]; [14]; [4]; [16]; [2]; [8]; [8]

[65]; [40]; [46]; [44]; [28]; [36]; [28]

70

275

Bad measurement

Location

[139, 143, 144, 150, 174, 176, 188, 192]

[278, 293, 296, 313, 371, 396, 377, 404]

[69, 77, 90, 92]; [75, 76, 89, 93]

[70, 86, 109, 115]; [83, 87, 129, 137]

[69, 77, 90, 92]; [50, 54]; [39, 40]

[70, 86, 109, 115]; [62, 70]; [44, 48]

[49, 64, 66]; [50, 54]; [39, 40]; [25]

[50, 79, 85]; [62, 70]; [44, 48]; [26]

[37, 49]; [31]; [27]; [25]; [17]; [24]; [21]

Number

8

8

8

8

8

8

8

8

8

8
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The Cen-model1 fails to converge to the correct solution 
within a finite time due to the presence of numerous integer 
variables. By contrast, by filtering out some binary vari‐
ables, the Cen-model2 iterates 37 times within 3.704 s to 
converge to the accurate solution. Therefore, the distributed 
solutions can be used for binary problems, and large-scale 
centralized decomposition with numerous binary variables 
can be considered for use in multiple small-scale systems 
containing a small number of binary variables for computa‐
tion. Accordingly, the efficiency of the distributed IRSE opti‐
mization model is higher than that of the centralized one.

V. CONCLUSION 

This study constructs an IRSE optimization model with 
MINLP, which overcomes the disadvantage of inaccurate re‐
sults derived from different measurements when considering 
the same error as in the RSE optimization model. Second, to 
reduce the complexity of the IRSE optimization model, the 
number of binary variables is reduced based on projection 
statistics and normalized residual methods. This effectively 
avoids the problem of slow convergence or divergence of 
the algorithm caused by too many binary variables. In addi‐
tion, to solve the aforementioned problem and meet the 
needs of NMGs in distributed energy management, an em‐
bedded consensus ADMM distribution algorithm based on 
OA is proposed, which can accurately identify bad measure‐
ments and obtain accurate SE results by communicating only 
boundary coupling information with neighbors. Finally, the 
simulation results verify that the IRSE optimization model 
and the proposed algorithm are accurate, computationally 
fast, and robust.

Although the IRSE optimization model can perform inde‐
pendent calculations for each microgrid, the process of up‐
dating each microgrid multiplier and consistent variable 
must be delayed until all microgrids are calculated in paral‐
lel. Because the calculation time of each microgrid is differ‐
ent, a microgrid with fast calculation cannot commence until 
a microgrid with slow calculation is completed. Therefore, 
we will consider asynchronously distributed calculations in 
future to further improve the effectiveness of the algorithm.
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