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Abstract——The increasing penetration of renewable energy 
sources (RESs) brings great challenges to the frequency security 
of power systems. The traditional frequency-constrained unit 
commitment (FCUC) analyzes frequency by simplifying the av‐
erage system frequency and ignoring numerous induction ma‐
chines (IMs) in load, which may underestimate the risk and in‐
crease the operational cost. In this paper, we consider a multi-
area frequency response (MAFR) model to capture the frequen‐
cy dynamics in the unit scheduling problem, in which regional 
frequency security and the inertia of IM load are modeled with 
high-dimension differential algebraic equations. A multi-area 
FCUC (MFCUC) is formulated as mixed-integer nonlinear pro‐
gramming (MINLP) on the basis of the MAFR model. Then, we 
develop a multi-direction decomposition algorithm to solve the 
MFCUC efficiently. The original MINLP is decomposed into a 
master problem and subproblems. The subproblems check the 
nonlinear frequency dynamics and generate linear optimization 
cuts for the master problem to improve the frequency security 
in its optimal solution. Case studies on the modified IEEE 39-
bus system and IEEE 118-bus system show a great reduction in 
operational costs. Moreover, simulation results verify the ability 
of the proposed MAFR model to reflect regional frequency secu‐
rity and the available inertia of IMs in unit scheduling.

Index Terms——Decomposition algorithm, frequency response, 
frequency-constrained unit commitment, induction machine, 
multi-area, mixed-integer nonlinear programming (MINLP).
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Set of bus indices for area j

Index of variations, deviations, and incre‐
ments

Indices of initial values and current values

Set of tie-lines

Index of generators

Indices of areas

Index of iterations

Index of time intervals

Value of variables x in the solution to current 
master problem

Unit regulating power of synchronous genera‐
tors (SGs)

Ratio of induction machine (IM) load to the 
total load in area j (default value as 0.6)

Fuel cost factors of SG unit i

Up and down reserve factors of SG unit i

Penalty factors of wind and photovoltaic 
(PV) curtailment

Fraction of total power generated by the tur‐
bine of SGs

Security threshold of settling frequency index

Rated frequency of power systems

Security threshold of frequency nadir index

Rotor inertia of IMs

Rotor inertia of SGs

Load rate of IMs

Load regulating factor

Number of SG units

Number of wind plants and PV stations

Rated capacity of SG unit i

Rated capacity of IMs

Security threshold of rate of change of fre‐
quency (RoCoF) index
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Startup cost of SG unit i

Number of periods in multi-area frequency-
constrained unit commitment (MFCUC)

Parameters in inertia of IM model

Ratio of variation of transmission power to 
phase angle difference between areas j and k

Reheat time constant of SGs

Impedance of line l1

Increment of bus phase angle

Variation of power flow on line l1

Power deviation in area j

Deviation of electromagnetic power in prima‐
ry frequency response (PFR)

Deviation of load on actual frequency

Deviation of load on rated frequency

Fluctuation of renewable energy source 
(RES) generation

Total power that is transmitted from area j to 
neighboring areas

Rotation speed of IMs

Synchronous speed of SGs

Total sensitivity of f¥ index at time τ

Operation cost in objective function

Reserve cost in objective function

Startup cost of SGs in objective function

Total sensitivity of fnadir index at time τ

RES curtailment cost in objective function

Total sensitivity of RoCoF index at time τ

Frequency index at time τ

System frequency

Settling frequency

Frequency nadir

Total inertia and unit regulating power at 
time τ

Available inertia of IMs

Mechanical power of SGs

Electromagnetic power of SGs

Mechanical power of IMs

Electromagnetic power of IMs

Generation of SG unit i at time τ

Up and down reserves of SG unit i at time τ

Load of bus k on rated frequency at time τ

Forecast generation of wind and PV

Real generation of wind and PV

Value of RoCoF index

Sensitivity of f¥ index to status of SG unit i 
at time τ
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Sensitivity of frequency indices to status of 
SG unit i at time τ

Sensitivity of fnadir index to status of SG unit 
i at time τ

Sensitivity of RoCoF index to status of SG 
unit i at time τ

Binary variable of commitment status of SG 
unit i at time τ (equals 1 if unit is on and 0 
otherwise)

Vector of commitment status of SG units at 
time τ

I. INTRODUCTION

WITH the aggravation of the global climate issue, low-
carbon development has become the consensus of 

most countries. In 2020, China put forward the goals of car‐
bon peak and carbon neutrality to address this global prob‐
lem. In this context, the penetration of renewable energy 
sources (RESs) is gradually increasing while the utilization 
of fossil and coal resources is being reduced in power sys‐
tems. While the increasing penetration of RESs reduces 
greenhouse gas emissions and fuel costs, it also brings new 
challenges to the security of power systems. Compared with 
traditional synchronous generators (SGs), RES generators 
provide weak inertia and lack the ability for PFR. Moreover, 
the uncertainties of RES worsen the power balance prob‐
lems. Therefore, it is difficult for power systems with a high 
penetration of RES to tolerate a large frequency deviation 
[1]. For instance, both the South Australia blackout on Sep‐
tember 28, 2016 [2] and the British blackout on August 9, 
2019 [3] were induced by frequency issues. As a result of 
the blackouts, the former lost a load of 1826 MW for 50 
hours, while the latter curtailed a load of nearly 1000 MW. 
As the unit commitment (UC) for 24 hours determines the 
pre-contingency operating status of power systems and also 
dominates the system frequency response (SFR) for several 
seconds during the contingency, it is essential to consider the 
frequency security constraints in UC.

At present, most studies on frequency-constrained unit 
commitment (FCUC) analyze frequency dynamics according 
to the center of inertia (COI) principle. After ignoring the 
spatial distribution characteristic of power system frequency, 
the COI principle usually assumes that the frequency in the 
whole system is unique and is regarded as the average fre‐
quency of the system [4]. Based on COI, frequency response 
models such as the average system frequency (ASF) model 
[5] and its simplification and the SFR model [6] are succes‐
sively proposed. The governor and prime mover models of 
generators are aggregated in the PFR of generators into the 
SFR model, and the mechanical dynamics of the multi-ma‐
chine system are simplified to those of a single-machine sys‐
tem. This can simplify the frequency model of power sys‐
tems so that the analytical constraints of frequency security 
can be constructed. However, the COI principle that the en‐
tire system shares a frequency may lead to significant errors 
in large systems with an uneven inertia distribution [7]. With 
the ASF model or the SFR model, three frequency security 
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indices can be analyzed in the constraints of FCUC, namely, 
the rate of change of frequency (RoCoF), the frequency na‐
dir fnadir, and the settling frequency f∞ [8].

Considering the highly nonlinear calculations of frequency 
security indices of power systems, the FCUC is mostly mod‐
eled with mixed-integer nonlinear programming (MINLP), 
which cannot be solved efficiently by commercial solvers. In 
[9] and [10], the complicated frequency index constraints are 
substituted with constraints, such as inertia, kinetic energy, 
and available synchronous capacity. These constraints can be 
represented in a simple form. However, as the frequency se‐
curity is measured indirectly, it is difficult for the results of 
FCUC to guarantee accuracy. In addition, intelligent algo‐
rithms such as particle swarm optimization [11], deep neural 
network [12], optimal classification trees [13], and genetic al‐
gorithm [14] are also used to solve the nonlinear FCUC 
model. Although these algorithms can solve the MINLP mod‐
el directly, they may get stuck in local optimum solutions.

Many linearization techniques are also adopted to handle 
the constraints of frequency security indices, with which the 
FCUC can be converted to mixed-integer linear program‐
ming (MILP). Separable programming is used in [15] to lin‐
earize the frequency index fnadir by translating it into a larger 
linear program that involves additional binary variables. The 
data-driven piecewise linearization method is adopted in [16] 
to handle the highly nonlinear frequency constraints with a 
mixed-integer second-order cone problem of hyperplane fit‐
ting and data classification. Similarly, [17] and [18] use 
piecewise linearization to linearize the frequency function by 
introducing an MILP problem. In [19], an assumption that 
fnadir is a linear function of RoCoF is utilized, with which 
fnadir can be linearized. Although these linearization tech‐
niques can develop the MILP that is easier to solve, they are 
limited to the simplified system frequency model and cannot 
deal with complicated multi-area frequency dynamics.

Recently, the decomposition optimization framework has 
also been introduced to the FCUC [20]. The original MINLP 
model is decomposed into a master problem and several sub‐
problems. The master problem solves UC with optimization 
cuts from the subproblems as a substitution of the nonlinear 
frequency constraints. The subproblems update the optimiza‐
tion cuts of frequency indices for the current solution to the 
master problem. The master problem and subproblems are 
solved iteratively until the optimal solution is found. In [21], 
the two-stage stochastic FCUC is decomposed with the L-
shape algorithm, in which the subproblems check the fre‐
quency security and generate the feasibility cuts and optimal‐
ity cuts for the master problem. In [22], an improved tri-lev‐
el Benders decomposition algorithm is proposed to optimize 
the primary and secondary frequency responses. Reference 
[23] uses the cuts of unit regulating power to represent the 
frequency response ability of systems. The practicality of 
these methods for FCUC with the COI principle has been 
verified. However, the decomposition optimization frame‐
work for multi-area FCUC (MFCUC) remains to be devel‐
oped.

Although the above studies provide powerful tools for 
FCUC, there are some limitations. Firstly, frequency analysis 

with COI may induce an underestimate of frequency security 
risk as it ignores the difference in frequency responses in dif‐
ferent areas, especially for large-scale systems. Secondly, the 
load of power systems has complicated frequency response 
properties. In existing FCUC models, the load is usually ag‐
gregated, and only its PFR is modeled as a proportional ele‐
ment. However, studies have shown that the induction ma‐
chines (IMs) in load can also provide inertia support during 
disturbances [24], [25]. As the IMs account for a large pro‐
portion (usually 50%-70%) of the load, the FCUC needs to 
incorporate the inertial response of IMs into frequency dy‐
namics analysis. It is especially valuable in receiving-end 
power systems with a high penetration of renewables. This 
is because the number of SGs in the receiving-end power 
systems is significantly less than that in the sending-end 
power systems. In addition, the integration of renewable en‐
ergy further reduces the inertia from SGs in receiving-end 
power systems.

In this context, this paper proposes an MFCUC model 
considering the inertia of IMs. The main contributions are 
summarized as follows:

1) The frequency dynamics of IMs is modeled in the 
FCUC by incorporating the inertia support of IMs into the 
system inertia response. The RoCoF and frequency nadir are 
improved by the available inertia of IMs, and thus the opera‐
tional cost for frequency security enhancement is also re‐
duced. It improves the tolerability of power systems for 
large frequency disturbances, especially those lacking inertia 
from SGs.

2) The multi-area frequency response (MAFR) model is 
considered to develop the MFCUC considering the inertia of 
IMs. Compared with the COI-based SFR model, the differ‐
ences in frequency dynamics between areas are accurately 
modeled in the proposed model.

3) A multi-direction decomposition algorithm for solving 
the MFCUC efficiently is proposed. In addition to traditional 
optimization cuts, sensitivity cuts are proposed to further en‐
hance the robustness of the decomposition algorithm for MF‐
CUC.

The structure of this paper is organized as follows. Sec‐
tion II introduces the frequency response model. Section III 
proposes the MFCUC model, and Section IV discusses the 
solution to MFCUC model. Finally, case studies are per‐
formed in Section V and conclusions are drawn in Section 
VI.

II. FREQUENCY RESPONSE MODEL

A. Frequency Response Model for SGs and Load

In security assessment studies, the frequency dynamics of 
power systems is dominated by the response of generators 
and loads. It should be noted firstly that only conventional 
SG units and loads participate in frequency response in this 
paper, while RES generators are not considered as assumed 
in most studies.

The SGs exchange power with the grid through the 
change of amplitude and phase of electromotive force 
(EMF). According to the physical mechanism of SGs, the 

756



WANG et al.: MULTI-AREA FREQUENCY-CONSTRAINED UNIT COMMITMENT FOR POWER SYSTEMS WITH HIGH PENETRATION...

stator and rotor flux rotate at a synchronous speed, which 
makes the phase of EMF and the rotor position relatively 
static. After ignoring the damping factor of SGs, the phase 
motion of EMF can be directly expressed by the rotor mo‐
tion equation (1).

2Hsg

dω*
s

dt
=P *

sgM -P *
sgE (1)

In the per-unit form, the system frequency f * is equal to 
ω*

s. Therefore, the frequency response model in the complex 
frequency domain is:

2Hsg sDf * = DP *
sgM -DP *

sgE (2)

The mechanical power deviation DP *
sgM of SGs in the low‐

er-order generator model [6] is calculated as:

DP *
sgM =-

1
μG

1 + sFHPTR

1 + sTR

Df * (3)

In most studies on frequency security, the inertia of load 
is ignored, and it is only modeled in the PFR as:

DP *
L =DP *

LN + kLDf * (4)

B. Inertial Response Model of IMs

It is noted that the frequency response model of load only 
includes the PFR, and its inertia response is neglected. For 
power systems with high penetration of RESs, the total iner‐
tia from SGs decreases with the increase of electric power 
generation from RES. Although the inertia of loads is small‐
er compared with that of SGs, it is of great significance for 
frequency security. In power systems, IMs account for a 
large proportion that is not less than 50% of the load. It has 
been found that IMs are able to provide inertial support like 
SGs when power deviation occurs [24], [25]. The modeling 
of the inertia of IMs can help improve the frequency securi‐
ty indices in FCUC and thus may further reduce the opera‐
tional cost. In this subsection, the inertial response model of 
IMs is introduced and will be incorporated into the follow‐
ing MAFR model.

Firstly, the rotor motion equation of IMs is expressed as 
(5), which is the same as that of SGs.

2Him

dω*
r

dt
=P *

imM -P *
imE (5)

In IMs, the phase of the EMF and the position of the ro‐
tor are asynchronous owing to the slip between the stators 
and the rotors. The rotor motion equation (5) in IMs cannot 
describe the phase motion of EMF and the active power. To 
describe the phase motion of EMF like SGs, the available in‐
ertia of IMs is proposed in [24], [25] for frequency response 
analysis of power systems. By this way, the phase motion 
equation of EMF in the complex frequency domain is:

Mim sDf * = DP *
imM -DP *

imE (6)

The available inertia of IMs in (6) is defined as:

Mim(s) = 2HimG (s) (7)

G (s) = s + T2

T1 s + 1
K
s (8)

It can be found from (8) that the available inertia of IMs 
is affected by both rotor inertia and slip frequency regula‐

tion. In contrast to the inertia of SGs, which is constant in 
frequency response analysis, the available inertia of IMs has 
a time-varying property. More details can be found in 
[24], [25].

C. COI-based SFR Model with IMs

The COI-based SFR model is widely adopted in the fre‐
quency security assessment of power systems, which is 
shown in Fig. 1. To integrate the frequency response con‐
straints into UC, a power disturbance is set in the power sys‐
tem on each hour, and then the frequency security is 
checked [20]. The amount of power disturbance on each 
hour can be set according to forecast errors of load and re‐
newable energy [17], generator outages [12], voltage source 
converter based multi-terminal direct current outage [26]. In 
this paper, we consider the power deviation induced by the 
load fluctuation ΔPL and the RES fluctuation ΔPRES for fre‐
quency security assessment. If we ignore the transmission 
loss, the total power deviation is also equal to the deviation 
of electromagnetic power ΔPE in PFR.

DPE =DPL +DPRES =∑
i = 1

NG

DPsgEi +DPimE (9)

In this paper, the massive IM units in power systems with 
different rated voltage levels are aggregated in the analysis 
of inertia response. Considering the available inertia of IMs 
in (7), the transfer function of inertial response Ginertia(s) in 
Fig. 1 can be expressed as:

Ginertia(s) = fbase

2∑
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NG

uG
i P G

Ni Hsgi s +P IM
N Mim s

(10)

D. MAFR with IMs

It has been demonstrated in [7] that the post-contingency 
frequency dynamics of a multi-area grid consists of two 
parts, namely, the frequency evolution of the COI and cer‐
tain inter-area oscillations. Certain inter-area oscillations are 
caused by the uneven distribution of generator inertia in dif‐
ferent areas [7]. As the COI-based SFR model can only cap‐
ture the average frequency dynamics in multi-area power sys‐
tems with uneven inertia distribution, it may lead to conser‐
vative UC schemes in the areas with high inertia and the vio‐
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Fig. 1.　COI-based SFR model with IMs.
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lation risk of frequency security in the areas with low iner‐
tia. It is more practical to construct an MAFR model with IMs.

Unlike the COI-based SFR model, the MAFR model di‐
vides a system into several areas, and then each area is rep‐
resented by its average frequency. Figure 2 shows the fre‐
quency response in area j of MAFR model with IMs.

DPDj =DPRESj +DPLNj (11)

As shown in Fig. 2, the frequency response in area j in‐
cludes two parts. The first part is the frequency response in 
area j, which can be modeled as the COI-based SFR model. 
Namely, all buses in area j have the same variation of volt‐
age phase angle. The second part is the power interactions 
between area j and other areas. Suppose that there is a tie 
line l1 between the areas j and k. The transmission power be‐
tween areas j and k can be calculated as (12) if we simplify 
the AC power flow in [27] by DC power flow.

DFl1
=
Dθa -Dθb

Xl1

=
2π ∫( )Dfj -Dfk dt

Xl1

(12)

where buses a and b are in areas j and k, respectively.
In the complex frequency domain, we have the Laplace 

transform of (12) as (13).

DFl1
(s) = 2πTj - k

s (Dfj -Dfk ) (13)

Tj - k =
1

Xl1

(14)

If there are multiple tie-lines between areas j and k, it is 
easy to have the parameter Tj - k as (15).

Tj - k =∑
lÎA

1
Xl

(15)

The frequency response in area j of MAFR model with 
IMs in Fig. 2 is constructed to simulate the frequency securi‐
ty constraints in MFCUC in Section III-B.

III. MFCUC MODEL

The MFCUC model considering the inertia of IMs is pro‐

posed with the MAFR. The objective function of the pro‐
posed MFCUC model is to minimize the operational cost un‐
der the operational constraints of power systems and area fre‐
quency security constraints.

A. Objective Function

The objective function of the MFCUC model is construct‐
ed as (16)-(20).
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B. Constraints

The operational constraints of SGs include the generation 
limits, the up and down reserve limits, the ramp rate limits, 
and the minimum startup and shutdown time limits. The first 
three constraints can be found in [28], while the minimum 
startup and shutdown time limits can be found in [29]. In ad‐
dition, considering the uncertainty of load and RES, the total 
reserve in power systems is also required to be larger than 
the sum of the forecast errors. The constraint of total system 
reserve capacity can be set with a reserve factor, as in [28]. 
The generation constraints of wind plants and PV stations 
can be found in [30]. In this paper, we consider the case that 
the actual generation of renewable energy is limited by the 
forecasted value. To make the system operate in the sched‐
uled security region, the power system operators choose to 
curtail some renewable generation when it is higher than the 
forecasted value. Network constraints, including transmission 
capacity limits, phase angle limits, and active power balance, 
can be found in [28].

Compared with the low-frequency issue, the over-frequen‐
cy issue can be mitigated more practically by tripping the re‐
newable plants or the SGs to eliminate the excessive power 
in the power system. The low-frequency issue is more chal‐
lenging in power systems with high penetration of renewable 
energy due to the lack of inertia from renewable energy. 
Thus, in this paper, the frequency security constraints for ar‐
ea j are described with the limits of three low-frequency indi‐
ces, which are expressed as:

RoCoFjτ £RoCoFmax (21)

fnadirjτ ³ fnadirmin (22)

f¥jτ ³ f¥min (23)

In this paper, the frequency dynamics is simulated with 
the Simulink toolbox in MATLAB. As shown in Fig. 2, the 
startup and shutdown status of generating units in each area 
is required by the simulation of the MAFR model. Mean‐
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Fig. 2.　Frequency response in area j of MAFR model with IMs.
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while, the violations of constraints (21) - (23) also make the 
MFCUC model adjust the generator status in each area. 
When the simulation is completed, the frequency indices in 
constraints (21)-(23) can be directly calculated from the sys‐
tem frequency dynamic record. The value of RoCoF is calcu‐
lated with 10 subsequent cycles, i.e., 200 ms at 50 Hz [31]. 
The value of the frequency nadir is identified as the maxi‐
mum frequency deviation in the record. The value of the set‐
tling frequency is identified as the frequency deviation at the 
end of the simulation.

IV. SOLUTION TO MFCUC MODEL

As the available inertia of IMs in (7) is highly nonlinear 
in the time domain, it is difficult to derive the analytical for‐
mula of three frequency indices in (21)- (23). This makes it 
rather challenging to efficiently solve the MFCUC with the 
inertia of IMs. Thus, a decomposition algorithm is construct‐
ed in this section. Firstly, we review the classical decomposi‐
tion algorithm in existing studies on solving the FCUC with 
the COI principle. Then, to address the multiple-area fre‐
quency issues, we propose a new optimization cut based on 
sensitivity analysis in the decomposition algorithm. Finally, 
a multi-direction optimization framework using parallel cal‐
culation is proposed to improve the robustness of MFCUC 
solutions.

A. Decomposition Algorithms for FCUC with COI Principle

Since constraints (21) - (23) are nonlinear and not analyti‐
cal, it is difficult for commercial optimization solvers to 
solve the FCUC model directly. As the decomposition algo‐
rithms are powerful tools to solve the MINLP, they have 
been developed for solving the FCUC with the COI princi‐
ple [20]. Generally, the original FCUC model is decomposed 
into a master problem and several subproblems. The master 
problem is the FCUC without consideration of constraints 
(21)-(23), which is linear and can be efficiently solved. The 
solution to the master problem determines the SFR capabili‐
ty. The subproblem is constructed to check whether con‐
straints (21)-(23) are satisfied for the solution to the current 
master problem. If the current solution to the master prob‐
lem fails to satisfy constraints (21)-(23), an optimization cut 
is generated and added to the master problem to improve the 
frequency security of its solution. The decomposition algo‐
rithm is terminated when constraints (21) - (23) are satisfied 
or no feasible solution can be found.

In the decomposition algorithms for FCUC, the inertia Hsg 
and the unit regulating power μ-1

G  are widely used to quanti‐
fy the frequency response ability. Correspondingly, when 
constraints (21)-(23) are not satisfied at time τ, the optimiza‐
tion cuts can be generated as [23]:

HΣτ > ĤΣτ (24)

KΣτ > K̂Στ (25)

Here, HΣτ and KΣτ are defined as:

HΣτ =∑
i = 1

NG

uG
iτHsgi (26)

KΣτ =∑
i = 1

NG

uG
iτ μ

-1
Gi (27)

B. Multi-direction Optimization Framework with Sensitivity 
Cuts for MFCUC

As the sensitivity cuts of inertia and unit regulating power 
only assess frequency security indirectly and are mainly de‐
signed for the FCUC with the COI principle, the optimiza‐
tion cuts (24) and (25) may lead to suboptimal solutions 
when the MAFR is considered. In this context, we propose a 
series of cuts based on the sensitivities of system frequency 
indices to further improve the robustness of the decomposi‐
tion algorithm for MFCUC.

Firstly, let function g denote the MAFR model in Section 
II-D, which is given as:

FIτ = g (uG
τ ) (28)

In this paper, the sensitivity of frequency indices to the 
commitment status of unit i at time τ, SFIiτ, is defined as the 
first-order analytic derivative of function g at the MFCUC 
solution uG

τ . With the sensitivity definition, (28) can be ap‐
proximated as (29).

FIτ0 » g (uG
τ0 ) +∑

i = 1

NG

SFIiτDuG
iτ (29)

As function g is highly nonlinear and includes binary vari‐
ables, it is rather difficult to accurately get its first-order ana‐
lytic derivative. Thus, a simulation-based numerical analysis 
method is used to calculate the sensitivity in this paper. The 
steps are described as follows.

Firstly, when the frequency security constraints are violat‐
ed at time τ, we approximate the sensitivities of frequency 
indices to the commitment status of SG units as (30)-(32).

SRoCoFiτ =
RoCoFiτ -RoCoFτ0

uG
iτ - uG

iτ0
(30)

Snadiriτ =
fnadiriτ - fnadirτ0

uG
iτ - uG

iτ0
(31)

S¥iτ =
f¥iτ - f¥τ0
uG

iτ - uG
iτ0

(32)

Then, we use the numerical simulation to acquire the in‐
dex value RoCoFiτ following the change of commitment sta‐
tus of unit i. In the numerical simulation, the principle for 
setting the change of commitment status of unit i is de‐
scribed as follows.

1) If uG
iτ0 = 0, we have uG

iτ = 1. Namely, when the SG unit i 
is not committed in uG

τ0, its status is changed to be commit‐
ted in uG

τ .
2) If uG

iτ0 = 1, we have uG
iτ = 0. Namely, when the SG unit i 

is committed in uG
τ0, its status is changed to be not commit‐

ted in uG
τ .

After simulating the frequency response with the updated 
commitment status of the unit i, the sensitivities of frequen‐
cy indices can be calculated as (30)-(32).

Compared with the amount of inertia and unit regulating 
capacity, the sensitivities provide more direct optimization in‐
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formation for frequency security improvement. Thus, the op‐
timization cuts based on the sensitivities are proposed as fol‐
lows.

Suppose uG
τ (n) is the solution to the master problem in the 

nth iteration. The solution in the next iteration can be denot‐
ed as:

uG
τ (n + 1) = uG

τ (n) +DuG
τ (33)

As the frequency indices in the (n + 1)th iteration should be 
improved, we have the following constraints:

RoCoFτ(n + 1) <RoCoFτ(n) (34)

fnadirτ(n + 1) > fnadirτ(n) (35)

f¥τ(n + 1) > f¥τ(n) (36)

Considering (29)-(32), we can obtain:

∑
i = 1

NG

SRoCoFiτDuG
iτ < 0 (37)

∑
i = 1

NG

SnadiriτDuG
iτ > 0 (38)

∑
i = 1

NG

S¥iτDuG
iτ > 0 (39)

Finally, the optimization cuts are derived as:

CRoCoFτ < ĈRoCoFτ (40)

Cnadirτ > Ĉnadirτ (41)

C¥τ > Ĉ¥τ (42)

CRoCoFτ =∑
i = 1

NG

SRoCoFiτu
G
iτ (43)

Cnadirτ =∑
i = 1

NG

Snadiriτu
G
iτ (44)

C¥τ =∑
i = 1

NG

S¥iτu
G
iτ (45)

Figure 3 shows the calculation flowchart of the proposed 
sensitivity cuts for MFCUC. Firstly, the master problem is 
solved to provide an initial UC scheme. Then, with the gen‐
erator status from the solution to master problem, the sub‐
problem uses the Simulink toolbox to acquire the frequency 
dynamic record following the power disturbance each hour. 
The frequency indices in constraints (21) - (23) are directly 
checked with the system frequency dynamic record. When 
constraints (21) - (23) are violated, the proposed sensitivity 
cuts are generated. It should be noted that when there are 
multiple violations of frequency security, we generate the 
sensitivity cuts (40) - (42) for the area with the worst viola‐
tion. Once more, the master problem is solved again after 
the optimization cuts is updated. The loop in Fig. 3 is per‐
formed until the solution to master problem does not violate 
the constraints (21)-(23) during all periods.

With the construction of the sensitivity cuts for MFCUC, 
the proposed multi-direction method in Fig. 4 is adopted to 
further improve the robustness of the decomposition algo‐

rithms. When the frequency security constraints are not satis‐
fied, the optimal solution to MFCUC is searched in three di‐
rections. In each direction, an MILP problem is generated by 
adding the inertia cut (24), unit regulating power cut (25) or 
the proposed sensitivity cuts (40)-(42). After all MILP prob‐
lems in three directions are solved in parallel, the most eco‐
nomical scheme is selected as the optimal solution.

Generally, to apply the proposed MFCUC in the real 
world, the input parameters in Fig. 4 should be acquired 
firstly. Especially, the distribution of IM loads in the grid 
should be quantified precisely. Then, the frequency security 

Input parameters

Solve the model

Output the final solution

Y

N

Start

Build master problem model

Solution to master problem

Set a power deviation to an area
successively and then simulate the

multi-area frequency response model

Results of frequency
simulation and indices

Are constraints (21)-(23)
satisfied during all periods?

Calculate the index sensitivities for
every area and every power deviation

Frequency index
sensitivities

Form the cuts (40)-(42) by the worst
sensitivities for every frequency indices 

Optimization
sensitivity cuts

Add the cuts (40)-(42) into master
problem model

End

Fig. 3.　Calculation flowchart of proposed sensitivity cuts for MFCUC.

Subproblem

Inertia cut

Direction 1 Direction 2

Solution 1 Solution 2 Solution 3

Compare and output: best of three solutions

Input: topology, loads, renewable energy forecast, generation, cost,

start-stop, and frequency response parameters of units

Master
problem

Subproblem

Master
problem

Unit regulating
power cut

Direction 3

Subproblem

Master
problem

Sensitivity cut

Fig. 4.　Flowchart of proposed multi-direction method.
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criterion should be set by the operators. Finally, the UC 
scheme can be solved as introduced in this section.

V. CASE STUDY

To verify the effectiveness of the proposed model, case 
studies are performed on the modified three-area IEEE 39-
bus system and the IEEE 118-bus system in this section. Fig‐

ure 5 shows the topologies of the modified multi-area sys‐
tems. All the system parameters can be found in [32]. In the 
modified systems, PV is installed on each load bus with the 
load proportion. Both wind power and PV power do not par‐
ticipate in frequency response. The forecast errors of load 
and RES are set to be ±5% and ±10%, respectively. The pen‐
alty factors CW and CPV are set to be 200 and 180 $·MW-1·
h-1, respectively.
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761



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 12, NO. 3, May 2024

In this section, the master problem of MFCUC is solved 
by Gurobi, and the check of frequency constraints (21)-(23) 
in subproblems is performed with MATLAB/Simulink. In 
the Simulink settings, the step size is set to be 0.005 s, and 
the terminal time is 50 s. According to the simulation re‐
sults, RoCoF is calculated as an average value in the first 
ten cycles, and f∞ is the frequency at t = 50 s. For the fre‐
quency security constraints in FCUC, RoCoFmax, fnadir,min, and 
f∞,min are set to be 0.50 Hz/s, 49.50 Hz, and 49.70 Hz, respec‐
tively. It should be noted that all the frequency indices in 
case studies are represented by the worst values among mul‐
tiple areas at the same time.

The parameters of IMs in this paper are also listed in 
[32]. The rated power of IMs in area j is calculated as:

P IM
Nj =

λ × max
τ ( )∑

kÎΩj

PLNkτ

Ke

(46)

A. IEEE 39-bus System

To verify the effectiveness of FCUC with different optimi‐
zation cuts, the following six cases are considered for com‐
parison. The optimization cuts in Cases 2-4 are generated for 
the total frequency response resources in the power system, 
while the optimization cuts in Cases 5 and 6 are generated 
for each area. For example, in Case 2, a cut of the total iner‐
tia in the power system is generated for the master problem 
when the frequency security is not guaranteed. And in Case 
5, the inertia cuts are generated for three areas, respectively.

Case 1: conventional UC without frequency constraints.
Case 2: MFCUC with the inertia cut for the total system.
Case 3: MFCUC with the unit regulating power cut for 

the total system.
Case 4: MFCUC with the proposed sensitivity cut.
Case 5: MFCUC with the inertia cuts for each area.
Case 6: MFCUC with the unit regulating power cut for 

each area.
Cases 2-6 are solved in the MAFR model with IMs. The 

simulation results of Cases 1-6 are compared in Table I. Fig‐
ure 6 shows the three indices during each period among 
three areas for cases 1-4.

From Table I, it is found that Case 1 provides the least op‐
erational cost. However, it can be found from Table I that 
Case 1 cannot avoid the violation of frequency security dur‐
ing the 8th-12th hours, while Cases 2-4 improve the frequency 

security with an incremental cost. The results of Fig. 6 veri‐
fy that the frequency constraints can be satisfied with the 
proposed sensitivity cuts or with the cuts for increasing iner‐
tia and unit regulating power. Moreover, compared with Cas‐
es 2 and 3, Case 4 provides a more economical scheme for 
frequency security enhancement as the number of committed 
units with the on status is the lowest, as shown in Fig. 7.

The results also show that the optimization cuts in Cases 
5 and 6 for each area may make the FCUC infeasible after 
several iterations. For example, after the first iteration of 
FCUC in Case 5, we have the frequency index RoCoF2,11 as 
0.5076 Hz/s and RoCoF3,11 as 0.5056 Hz/s. This indicates 
that the limit of RoCoFmax is violated in areas 2 and 3 at the 
11th hour. However, all the SG units in areas 2 and 3 have al‐
ready started up at this time, which means it is impossible to 
further increase the inertia in areas 2 and 3. Thus, the result 
in Case 5 indicates no solution, which is similar to the itera‐
tions in Case 6. This indicates that it may not be practical in 
the MFCUC to generate the inertia cuts or the unit regulating 
power cuts for each area instead of the whole power system.

To illustrate the differences between the COI-based SFR 
model and the MAFR model in MFCUC, we consider the 
following Cases 7 and 8 for comparison with Case 4.

Case 7: FCUC with the proposed sensitivity cuts that con‐
sider the COI-based SFR model with IMs.

Case 8: frequency responses in the solution of Case 7 are 
simulated by the MAFR model.

Table II compares the simulation results of Cases 4, 7, 
and 8. Figure 8 shows the three indices during each period 

TABLE I
SIMULATION RESULTS OF CASES 1-6

Case

Case 1

Case 2

Case 3

Case 4

Case 5

Case 6

Iteration

8

10

4

No solution

RoCoFmax 
(Hz·s-1)

0.7683

0.4923

0.4923

0.4923

fnadir,min (Hz)

49.3948

49.6068

49.6043

49.5932

f∞,min (Hz)

49.5868

49.7468

49.7416

49.7085

Cost 
(M$)

1.2024

1.2159

1.2186

1.2146
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Fig. 6.　Three indices during each period among three areas for Cases 1-4. 
(a) RoCoFmax. (b) fnadir,min. (c) f∞,min.
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among three areas. It can be observed from Table II and Fig. 
8 that the FCUC with the COI-based SFR model is more 
economical than the MFCUC in Case 4, but it fails to guar‐
antee the frequency security in each area. This illustrates 
that the COI-based SFR model may underestimate the risk 
of frequency violations in large power systems.

To further illustrate the difference between the frequency 
response models in FCUC, we take the 9th hour in Fig. 8 as 
an example. When a power deviation occurs in area 1 at the 
9th hour, the comparison of dynamic frequency responses be‐
tween MAFR and COI-based SFR model is shown in Fig. 9.

It is shown in Fig. 9 that the frequency starts to decrease 
after power deviation both in Cases 7 and 8. However, the 
COI-based SFR model only reflects the average dynamic fre‐
quency, while the MAFR model can capture the frequency 
differences between areas. As the power deviation occurs in 
area 1, it is the first area in which the frequency decreases 
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Fig. 9.　Comparison of dynamic frequency response between MAFR and 
COI-based SFR model.

TABLE II
SIMULATION RESULTS OF CASES 4, 7, AND 8

Case

Case 4

Case 7

Case 8

RoCoFmax (Hz·s-1)

0.4923

0.4209

0.5924

fnadir,min (Hz)

49.5932

49.5602

49.5698

f∞,min (Hz)

49.7085

49.7031

49.7152

Cost (M$)

1.2146

1.2102
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acutely. It is also noted that the frequency nadirs in the COI-
based SFR model and the MAFR model are rather different. 
This is because a large amount of power is transmitted to ar‐
ea 1 from other areas when a power deviation occurs in area 
1 in the MAFR model. However, these interactions are not 
modeled in the COI-based SFR model.

To illustrate the impact of IMs on frequency response, we 
consider the following cases for comparison. For simplicity, 
we set all the SG units committed at the 1st-24th hours in 
Cases 9 and 10.

Case 9: MAFR model with IMs.
Case 10: MAFR model without IMs.
Figure 10 shows three indices during each period among 

three areas for Cases 9 and 10. It can be found from Fig. 10 
that the RoCoFmax and fnadir,min are improved in Case 9 com‐
pared with those in Case 10. In addition, f∞,min in Case 9 is 
almost the same as that in Case 10. This indicates that the in‐
ertia of IMs mainly enhances the early stage of the frequen‐
cy response of power systems. This can be significant for 
power systems with high penetration of RESs, since most 
cascading trips of RESs are induced by violations of RoCoF 
or fnadir limits.

We also take the 12nd hour as an example to compare the 
dynamic frequency response in Cases 9 and 10. The simula‐
tion is performed with a power deviation in area 3, and the 
results are shown in Fig. 11. It can be clearly observed that 
the IMs can provide inertia to improve the frequency re‐
sponse but do not participate in the PFR.

Finally, Case 11 is considered to further illustrate the im‐

pact of IMs on MFCUC.
Case 11: MFCUC with the proposed sensitivity cut, in 

which λ is set to be 0.3 and the other parameters are the 
same as those in Case 4.

Table III compares the simulation results of Cases 4 and 
11. Figure 12 compares the inertia provided by SGs for each 
area during each period. The results indicate that the demand 
for inertia from SGs decreases with the increment of λ. 
Thus, the consideration of the inertia of IMs can help reduce 
the operational cost in FCUC.

B. IEEE 118-bus System

In this subsection, we further validate the proposed MF‐
CUC model on the IEEE 118-bus system. Similar to Section 
V-A, the following Cases 12-16 are considered.

Case 12: conventional UC without frequency constraints 
for the IEEE 118-bus system.

Case 13: MFCUC with the inertia cut for the total system, 
in which the inertia of IMs is considered in the MAFR mod‐
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Fig. 10.　Three indices during each period among three areas for Cases 9 
and 10. (a) RoCoFmax. (b) fnadir,min. (c) f∞,min.
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TABLE III
SIMULATION RESULTS OF CASES 4 AND 11

Cases

Case 4

Case 11

λ

0.6

0.3

RoCoFmax (Hz·s-1)

0.4923

0.4981

fnadir,min (Hz)

49.5932

49.6048

f∞,min (Hz)

49.7085

49.7497

Cost (M$)

1.2146

1.2213
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el.
Case 14: MFCUC with the unit regulating power cut for 

the total system, in which the inertia of IMs is considered in 
the MAFR model.

Case 15: MFCUC with the proposed sensitivity cut, in 
which the inertia of IMs is considered in the MAFR model.

Case 16: MFCUC with the proposed sensitivity cut, in 
which the inertia of IMs is not considered in the MAFR 
model.

Table IV shows the simulation results of Cases 12-16. 
And Fig. 13 shows three indices during each period among 
three areas for Cases 12-16.

It can be observed from Table IV and Fig. 13 that the sys‐
tem frequency indices in Case 12 are significantly lower 
than their thresholds as they do not consider the frequency 
constraints. On the contrary, the frequency constraints are 
not violated in Cases 13-16 with the varying degrees of cost 
increments.

The results also show that the cost increments in Cases 15 

and 16 are slighter than those in Cases 13 and 14. The slight‐
est cost increment is 1.3% in Case 15 while the greatest one 
is 7.1% in Case 14. The reason is that the proposed sensitivi‐
ty cut can help the operators improve the uniformity of the 
inertia distribution in the multi-area power system while the  
operators are required to increase the total inertia due to iner‐
tia cut or the unit regulating power cut. As a result, the incre‐
ment of the number of committed units is less when the sen‐
sitivity cut is considered. Additionally, the UC in Case 15 is 
more economical than that in Case 16 as the inertia of IMs 
is considered.

VI. CONCLUSION

In this paper, an MFCUC considering the MAFR model 
with the inertia of IMs is developed to address the frequency 
security issues of power systems with a high penetration of 
RESs. To solve the proposed MFCUC, this paper proposes a 
multi-direction optimization framework with sensitivity cuts. 
The conclusions are drawn as follows.

1) The proposed MFCUC is more precise than traditional 
FCUC with the COI-based SFR model. It can capture the 
spatial distribution characteristic of frequency response and 
thus avoid underestimating frequency violation risk.

2) The consideration of IMs in the MFCUC can enhance 
the frequency response with the improvement of the RoCoF 
index and frequency nadir index, which may reduce the oper‐
ational cost of power systems compared with the MFCUC 
without the consideration of IMs.

3) The proposed sensitivity cuts can further improve the 
robustness of the decomposition algorithm for solving the 
nonlinear MFCUC, especially when it is not practical to gen‐
erate the traditional cuts of inertia and unit regulating capaci‐
ty for each area instead of the whole power system in MF‐
CUC.
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