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Abstract——Volt-var control (VVC) is essentially a non-convex 
optimization problem due to the non-convexity of power flow 
(PF) constraints, resulting in the difficulty in obtaining the opti‐
mum without convexity conversion. The existing second-order 
cone method for the convexity conversion often leads to a sharp 
increase in PF constraints and optimization variables, which in 
turn increases the optimization difficulty or even leads to opti‐
mization failure. This paper first proposes a deterministic VVC 
method based on convex deep learning power flow (DLPF). 
This method uses the input convex neural network (ICNN) to 
establish a single convex mapping between state parameters 
and node voltage to complete the convexity conversion while 
the optimization variables only correspond to reactive power 
equipment, which can ensure the global optimum with extreme‐
ly fast computation speed. To cope with the impact brought by 
the uncertainty of distributed energy and omit the additional 
worst scenario search of traditional robust VVC, this paper pro‐
poses robust VVC method based on convex deep learning inter‐
val power flow (DLIPF), which continues to adopt ICNN to es‐
tablish another convex mapping between state parameters and 
node voltage interval. Combining DLIPF with DLPF, this meth‐
od decreases the modeling and optimization difficulty of robust 
VVC significantly. Test results on 30-bus, 118-bus, and 200-bus 
systems prove the correctness and rapidity of the proposed 
methods.

Index Terms——Volt-var control, convexity conversion, convex 
deep learning, power flow.

I. INTRODUCTION 

THE problem of voltage and reactive power in local grid 
varying wildly and randomly brought by the uncertainty 

of distributed energy spawns the upgrade of volt-var control 
(VVC) to be more accurate and faster [1] - [3]. Due to the 
nonlinear and nonconvex nature of power flow (PF) con‐
straints in the optimization model, VVC is essentially a kind 
of non-convex and nonlinear programming problem, which 
can easily fall into local optimum with no pretreatment [4], 
[5]. For the optimal control strategy to coordinate various 

types of reactive power devices, existing studies generally 
adopt second-order cone (SOC) to transform PF constraints 
from non-convex to convex in advance [6]-[9]. However, the 
use of SOC will cause a sharp increase in optimization vari‐
ables and PF constraints, which, in turn, greatly increases 
the optimization complexity and computation time [10], and 
even leads to failure, which is contrary to the requirement of 
upgrading the computation accuracy and speed of VVC. 
Therefore, it is important to find a transformation method 
that can both complete the convexity conversion and signifi‐
cantly reduce the numbers of variables and constraints.

Because of the time-consuming nature of traditional PF 
methods (such as Newton-Raphson method) serving as basic 
tools for VVC, voltage stability analysis, etc., deep learning 
(DL) method has been introduced into PF in recent years 
[11]-[13]. The well-trained deep learning power flow (DLPF) 
model can realize the end-to-end and high-precision map‐
ping between the state parameters and PF results (such as 
node voltage and phase angle), eliminating the PF con‐
straints and iterative process required by the traditional meth‐
ods. However, the nonlinear mapping realized by the conven‐
tional DLPF is still non-convex. Therefore, to accelerate the 
computation speed and ensure the global optimum when 
DLPF is applied to VVC, it is also necessary to perform the 
convexity conversion for DLPF.

As the vigorous development and uncertainty of distribut‐
ed energy, traditional VVC should upgrade to deal with the 
problem that deterministic VVC (DVVC) strategy may not 
adapt to the actual scenarios. Recently, the methods for deal‐
ing with uncertainty mainly include stochastic programming 
and robust optimization. Stochastic programming generally 
converts uncertain programming into deterministic one by 
the simulation of random variables to achieve probabilistic 
optimum [14] - [17]. However, stochastic programming re‐
quires deterministic characterization of random variables by 
establishing probability density functions. But it is often dif‐
ficult to obtain the true distributions of random variables, 
and the artificially set distributions always bring large error, 
resulting in a large difference between the derived control 
strategy and the actual demand.

Robust optimization does not require the establishment of 
deterministic distributions, but only the range of random 
variables. At present, robust VVC (RVVC) is mainly divided 
into three categories. The first [18]-[20] is to directly use lin‐
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ear PF to convert the uncertainty constraints of distributed 
energy into the original VVC constraints, but linear PF al‐
ways brings large errors. 

The second [21]-[24] is to establish a two-stage robust op‐
timization model, which optimizes the master problem and 
sub-problems separately in each iteration for narrowing the 
gap between the upper and lower bounds of objective func‐
tion until convergence. This type of RVVC still has two 
drawbacks. ① The establishment of mathematical model is 
too complex, which needs lots of mathematical techniques 
such as SOC, dual transformation, big-M method to trans‐
form the original problem. ② The master problem has to 
add new variables and constraints formed by the subproblem 
in each iteration, and the subproblem is difficult to solve as 
its optimization in each iteration should take the uncertainty 
of random variables into account, resulting in a significant 
increase in the solution time compared with DVVC. Refer‐
ence [21] shows that the solution time of two-stage RVVC 
reaches about 25 times of DVVC when the forecasting error 
of distributed energy reaches 30%. 

The third [25] - [27] is the worst scenario method based 
RVVC (WSM-RVVC), whose core idea is to find and 
achieve the optimal operation of the worst scenario. The 
main idea of WSM-RVVC is clear and the modeling is sim‐
ple. However, in each iteration, the worst scenario search 
needs to be conducted in advance, which also takes a long 
time.

Based on the summary of existing DVVC and RVVC, this 
paper proposes a new RVVC method based on convex DL 
whose main contributions are described as follows.

1) A DVVC method based on convex DLPF is proposed. 
This method applies the convex DLPF to VVC, which 
builds the convex mapping between the state parameters and 
node voltage by adopting the input convex neural network 
(ICNN), and eliminates the non-convex and numerous PF 
constraints of traditional methods. As it makes the objective 
function and constraints of VVC fully convex with respect 
to the optimization variables, the solution complexity can be 
greatly reduced on the basis of ensuring the global optimum 
of control strategy.

2) An RVVC method based on convex deep learning inter‐
val power flow (DLIPF) is proposed. On the basis of using 
DLPF for convexity conversion of PF constraints, this meth‐
od continues to use ICNN to build another convex mapping 
between state parameters and node voltage interval, which 
directly converts the uncertainty of distributed energy 
through the unequal voltage constraints, and avoids the com‐
plex model transformation of two-stage RVVC and the worst 
scenario search of WSM-RVVC. It makes the modeling of 
RVVC simple and clear, and makes the optimization conve‐
nient and fast.

The remainder of this paper is organized as follows. Sec‐
tion II is the mathematical model of VVC. Section III pro‐
poses convex DLPF based DVVC method. Convex DLIPF 
based RVVC method is elaborated in Section IV. The numer‐
ical test results are demonstrated in Section V. Section VI 
presents the conclusion.

II. MATHEMATICAL MODEL OF VVC 

A. Basic Mathematical Model

To improve the voltage quality of power system, VVC 
usually selects voltage deviation as the optimization object. 
The mathematical model is commonly constructed as:
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min F =∑
i = 1

n

||Vi -Vitar||
2
2  

s.t.  PGi -PLi -Vi∑
j = 1

n

Vj (Gij cos δij +Bij sin δij )= 0

       QGi +QCi -QLi -Vi∑
j = 1

n

Vj (Gij sin δij -Bij cos δij )= 0

       Vi min £Vi £Vi max

       CQi min £CQi £CQi max

(1)

where F is the objective function; n is the number of system 
nodes; Vi and Vi,tar are the voltage and target value of node i, 
respectively; Vi min and Vi max are the lower and upper limites 
of Vi, respectively; PGi and QGi are the active and reactive 
power outputs of generators connected to node i, respective‐
ly; QCi is the reactive power compensation of node i; PLi and 
QLi are the active and reactive loads of node i, respectively; 
Gij and Bij are the conductance and susceptance of the line 
connecting nodes i and j, respectively; δij is the phase angle 
difference between nodes i and j; and CQimax and CQimin are 
the upper and lower regulation limits of the reactive power 
equipment connected to node i CQi, respectively. The first 
two constraints are active and reactive power balance con‐
straints of nodes, respectively, the third is state variable con‐
straint (node voltage constraint), and the fourth is control 
variable constraint (reactive equipment regulation constraint).

In (1), as V, δ, and QC are all needed to be counted, and 
the first two constraints need to be established for each 
node, the PF equations are not only non-convex and nonlin‐
ear, but also characterized by a massive number, whose cal‐
culation formula is shown in (2), which is nearly twice the 
number of nodes, resulting in VVC to be essentially a non‐
convex and nonlinear optimization problem that is extremely 
complex. Direct solution without convexity conversion is 
prone to problems such as falling into local optimum and 
slow computation speed. When the system size is large, the 
obtained control strategy may even fail. Thus, it is important 
to conduct the convexity conversion of PF constraints.

CPF = 2(n - 1)- nPV (2)

where CPF is the number of PF constraints; and nPV is the 
number of permanent voltage (PV) nodes.

B. Convexity Conversion of PF Constraints Based on SOC

According to [9], the PF constraints transformed by SOC 
can be expressed as:∑

e:j® e

Pje +PLj =PGj + ∑
i:i® j

(Pij - hijrij ) (3)

∑
e:j® e

Qje +QLj =QGj + ∑
i:i® j

(Qij - hij xij ) (4)

vj = vi - 2(rij Pij + xijQij )+ (r 2
ij + x2

ij )hij (5)

720



MA et al.: DETERMINISTIC AND ROBUST VOLT-VAR CONTROL METHODS OF POWER SYSTEM BASED ON CONVEX DEEP LEARNING













 











  2Pij

  2Qij

hij - vi 2

£ hij + vi (6)

(δi - δj )- (xij Pij - rijQij )/(V
c

i V c
j )= 0 (7)

where Pij and Qij are the active and reactive power flowing 
from node i to node j on line i-j, respectively; vi is the mode 
square of the voltage of node i; hij is the mode square of the 
current of line i-j; δi and δj are the phase angles of nodes i 
and j, respectively; rij and xij are the resistance and reactance 
of line i-j, respectively; and V c

i  and V c
j  are the constants usu‐

ally taken as 1.
Although the PF constraints can be converted into convex 

through SOC, it will cause a sharp increase in the number of 
PF constraints and optimization variables. In terms of PF 
constraints, (3) and (4) are nodal active and reactive power 
balance constraints, which correspond to the original PF con‐
straints. Formulas (5)-(7) are line constraints of voltage bal‐
ance, power balance, and phase angle balance, respectively, 
which should be valid for all lines. Therefore, the number of 
PF constraints increases after the convexity conversion is 3 
times that of lines. Due to the connection between different 
nodes, the number of lines is often much larger than that of 
nodes, so the number of PF constraints obtained by SOC 
transformation will be much larger than that of original PF 
constraints. In terms of optimization variables, the active 
power, reactive power, and current of lines are added, so the 
number of added variables is also 3 times that of lines. In 
summary, although SOC can transform VVC into a convex 
problem that can theoretically converge to global optimum, 
the proliferation of the dimension of optimization variable 
sharply expands the feasible space, which, in combination 
with the proliferation of PF constraints, significantly increas‐
es the difficulty in finding the optimum. These drawbacks 
will be more prominent when the system size is large.

To validate the computation burden increased by SOC con‐
vexity conversion, Table I presents the number of PF con‐
straints, the number of optimization variables, and the aver‐
age calculation time using SOC-based VVC for IEEE 30-bus 
system, IEEE 118-bus system, and Illinois 200-bus system 
of USA. In Table I, the values before and after the arrow 
“→” indicate numbers of PF constraints or optimization vari‐
ables before and after the SOC convexity conversion, respec‐
tively.

As shown in Table I, with the increasement of system 
scale, the impact of using SOC for convexity conversion on 
VVC becomes increasingly obvious. Both the number of PF 

constraints and the number of optimization variables show a 
sharp increase compared with those of the original problem, 
ultimately leading to a significant decrease in the VVC opti‐
mization speed. Hundreds of seconds of optimization is obvi‐
ously not suitable for online VVC, especially for the system 
with distributed energy access.

III. CONVEX DLPF BASED DVVC METHOD

A. Convex DL Model Based on ICNN

To address the shortcomings of convexity conversion of 
SOC applied to VVC, this paper adopts ICNN proposed in 
[28], [29] to complete the convexity conversion of PF con‐
straints and interval PF described in the following text. As 
shown in (8) and Fig. 1, the differences between ICNN and 
conventional DL are as follows: ① ICNN sets the weight pa‐
rameters of hidden layers to be non-negative and the activa‐
tion function to be a non-decreasing convex function; ② to 
compensate for the possible degradation of model fitting abil‐
ity caused by setting all the weight parameters of hidden lay‐
ers non-negative, ICNN adds a direct connection of the input 
layer with each hidden layer by referring to residual net‐
work [30].
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Z [l]=W [l] A[l- 1]+W [l]
X X + b[l]

A[l]= g[l] (Z [l] )

W [l]³ 0
g[l]~convex

(8)

where Z[l] is the linear output of layer l; A[l] and A[l- 1] are the 
nonlinear outputs of layer l and layer l - 1, respectively; X is 
the state parameter of power system; W[l] and b[l] are the 
weight and bias parameters of layer l, respectively; W [l]

X  is 
the weight parameter corresponding to the direct connection; 
and g[l] is the activation function.

The backpropagation of ICNN is given in (9), which is 
similar to conventional DL, except for the addition of the 
derivation for W [l]

X .
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dZ [l]= dA[l]*g′[l] (Z [l] )

dW [l]= dZ [l] (A[l- 1] )T

dW [l]
X = dZ [l] X T

db[l]= dZ [l]

dA[l- 1]= (W [l] )TdZ [l]

(9)

where * represents the multiplication of the elements at the 
same position in two matrices of the same size; and g' is the 
derivative of g.

It is easy to prove the convexity of ICNN: ① in the linear 

TABLE Ⅰ
CALCULATION TIME COMPARISON FOR SOC-BASED VVC IN 

DIFFERENT SYSTEMS

Test system

30-bus

118-bus

200-bus

Number of PF 
constraints

53→176

181→739

350→1085

Number of optimiza‐
tion variables

58→181

234→792

398→1133

Average calculation 
time (s)

5.35

256.41

380.31

X �
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�

Fig. 1.　DL model architecture of ICNN.
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calculation part of (8), since W[l] is non-negative parameter, 
it is obvious that Z[l] is convex with respect to A[l- 1]; ② in 
the nonlinear calculation part of (8), as g[l] is a non-decreas‐
ing and convex function, A[l] is convex with respect to Z[l]; 
③ according to [31], the composition of a convex function 
and a convex non-decreasing function is also convex. As the 
output of each DL layer is the input of the next layer, ICNN 
is essentially a nested composition of multi-layer convex 
functions, so the final output of the ICNN is convex with re‐
spect to the input.

To test the convexity conversion ability of ICNN, Grie‐
wank function is adopted to test the effectiveness and effi‐
ciency of optimization methods. The expression of Griewank 
function is given as:

G(x1x2...xn )= 1 +
1

4000∑i = 1

n

x2
i -∏

i = 1

n

cos
xi

i
(10)

where x1, x2, ..., xn are the n-dimensional input variables.
To make use of contour lines to visually reflect the non-

convexity of Griewank function and avoid the influence of 
other variables on the value of Griewank function, this paper 
sets two-dimensional input variables for analysis. Figure 2 
shows the contour lines formed by true values of Griewank 
function for x1x2Î[-500500] at function values equal to 
20, 40, 60, 80, 100, respectively. Figure 3 shows the contour 
lines formed by ICNN fitted values of Griewank function 
with the same ranges of x1, x2, and function values. The 
small graphs at the center of Figs. 2 and 3 are the enlarged 
contour plots drawn by the two above methods. Figure 4 
shows the synthetic contour map of the two methods.

As observed in Fig. 2, due to the non-convexity of Grie‐
wank function, the contours at different values all show a 
non-convex form of non-smooth, dense, and uneven distribu‐
tion, indicating that the function has many local optimal 
points around any set value. As observed in Fig. 3, after the 
convexity conversion by ICNN, the contours made at any 
value are totally smooth and convex. The synthetic contour 
map in Fig. 4 shows that the contour lines formed by ICNN 
are completely in the envelope formed by the contour lines 
of true values, indicating that the error of fitting Griewank 
function by ICNN is extremely small. The above results 
demonstrate that ICNN can successfully complete convexity 
conversion with a high fitting accuracy.

B. DVVC Using Convex DLPF

When applying ICNN to the convexity conversion of DV‐
VC, the required operation is simply replacing the original 
PF constraints by the convex mapping between state parame‐
ters (including PL, QL, PG, CQ) and the node voltage formed 
by ICNN. Unlike SOC that requires a certain sacrifice of 
computation accuracy and a significant increase in the num‐
bers of PF constraints and optimization variables to com‐
plete the convexity conversion, ICNN can fulfill the convex 
relationship of the node voltage with respect to state parame‐
ters with high accuracy, at the expense of little error be‐
tween the model prediction voltage and the label value, thus 
greatly reducing the optimization complexity of DVVC. The 
mathematical model with convex DLPF based on ICNN can 
be expressed as:
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min∑
i = 1

n

||Vi -Vitar||
2
2

s.t.  V = ICNNPF (PGPLQLCQ)

       Vi min £Vi £Vi max

       CQi min £CQi £CQi max

(11)

where ICNNPF is the well-trained ICNN of convex DLPF.
Based on the use of ICNN, in order to match the convex 

DLPF model with physical information of power system 
while maintaining stronger generalizability, the scheme in 
[11] is adopted by adding the deviation loss functions of ac‐
tive and reactive power calculated by the predicted voltage 
and the physical information, like rij and xij of lines, to the 
training loss function. The stop condition of ICNN training 
is that the average voltage prediction error for 1000 test sam‐
ples is less than 0.0002 p.u..
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Fig. 2.　Contour lines formed by true values of Griewank function.
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Fig. 3.　Contour lines formed by ICNN fitted values of Griewank function.
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Ñω J(ω)=
¶(J(V )+ J(P)+ J(Q))

¶V
¶V
¶ω

J(V )= ||Vf (S|ω)-V* (S)||2
2

J(P)= ||Pf (V )-P*||
2
2

J(Q)= ||Qf (V )-Q*||
2
2

(12)

where ω is the ICNNPF parameter; J(ω) is the loss function 
for training ω; J(V), J(P), and J(Q) are the loss functions of 
node voltage, active power, and reactive power, respectively; 
¶ is the bias derivative operation; Vf, Pf, and Qf are the pre‐
dicted values of node voltage, active power, and reactive 
power, respectively; and V*, P*, and Q* are the correspond‐
ing label values.

IV. CONVEX DLIPF BASED RVVC METHOD

Since it is clear and simple to implement the WSM-RV‐
VC, which has a higher accuracy compared with the linear 
PF based RVVC and a simpler modeling process compared 
with the two-stage RVVC, this paper only elaborates on 
WSM-RVVC and improves it to form the convex DLIPF 
based RVVC method.

A. WSM-RVVC

The essence of WSM-RVVC is finding the set of random 
variables that can make node voltage the worst correspond‐
ing to the current system state and optimal control strategy 
first, and then complete the upgrade of optimal control strate‐
gy in the corresponding extreme scenario. The iteration con‐
tinues until the optimal control strategy makes the voltage 
range of each node meet the operation constraints. There‐
fore, the key to completing WSM-RVVC lies in: ① how to 
find two sets of random variables corresponding to the maxi‐
mum and minimum extreme node voltage in the uncertain 
range; ② how to find the optimal control strategy in the fea‐
sible space of control variables, which can meet all con‐
straints and make the objective function reach the minimum 
in the two extreme scenarios.

For the above two key problems, the common practice in 
the existing literature is to establish a two-level optimization 
model. The lower model mainly uses the worst scenario 
method (WSM) to determine the set of random variables cor‐
responding to the two extreme scenarios, i.e., when the maxi‐
mum and minumim extreme node voltages occur, respective‐
ly. It takes the node voltage as the target function, the ran‐
dom variables as the control variables, and the forecast error 
range as the upper and lower bounds of control variables, 
which can be expressed as:
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max or min Vi

s.t.  V =PFC(
------
PG PLQLCQ* )

       
------
PG =PG (1 + ξ)

       -ξmax £ ξ £ ξmax

(13)

where PFC(·) is the function for PF calculation; 
------
PG is the 

random output of distributed energy; CQ* is the current opti‐
mal control strategy provided by the upper model; and ξ and 
ξmax are the deviation factor of distributed energy output and 

its maximum value, respectively.
The upper model is mainly to optimize the two extreme 

scenarios provided by the lower model, i.e., to find the opti‐
mal control strategy of reactive power equipment to achieve 
the optimal operations of the two extreme scenarios on the 
basis of meeting all the constraints, which can be expressed 
as:
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min ( )∑
i = 1

n

||VHi -Vitar||
2
2 +∑

i = 1

n

||VLi -Vitar||
2
2

s.t.  VH =PFC(PGHPLQLCQ)

       PGH =PG (1 + ξH )

       VL =PFC(PGLPLQLCQ)

       PGL =PG (1 + ξL )

       Vmin £VH £Vmax

       Vmin £VL £Vmax

       CQmin £CQ £CQmax

(14)

where VH and VL are the node voltages obtained through 
PFC using the current optimal control strategy in the two ex‐
treme scenarios provided by the lower model, respectively; 
Vmin and Vmax are the lower and upper limits of node volt‐
ages, respectively; ξH and ξL are the deviation factors corre‐
sponding to the two extreme scenarios, respectively; and 
PG,H and PG,L are the distributed energy output corresponding 
to the two extreme scenarios, respectively.

WSM-RVVC considers the two extreme scenarios formed 
by random variables in each iteration through the interaction 
between the upper and lower optimization models, so the fi‐
nal control strategy can completely eliminate the out-of-limit 
possibility caused by the uncertainty of distributed energy, 
achieve the optimal operation of the extreme scenarios, and 
has high robustness. However, WSM-RVVC still has the fol‐
lowing disadvantages: ① to obtain the two extreme scenari‐
os under the current control strategy, it has to complete the 
optimization of the maximum and minimum voltages of all 
nodes in each iteration, so the optimization of lower model 
is time-consuming; ② the objective function is not properly 
formulated. Although the actual output of distributed energy 
may deviate from the predicted value, the probability of ex‐
treme operation scenarios is usually very low. If only the 
two extreme scenarios are optimized, on the one hand, the 
optimization performance of the final actual operation scenar‐
io may be reduced. On the other hand, in each iteration of 
upper model, it has to complete two PF calculations to ob‐
tain the maximum and minimum voltage value, which takes 
more time.

B. RVVC Using Convex DLIPF

In order to ensure the optimization accuracy of RVVC as 
well as the convenience and rapidity of its modeling and so‐
lution, this paper mainly modifies WSM-RVVC, and finally 
realizes the optimal control of the maximum probability op‐
eration scenario (MPOS) using convex DLIPF. Its core ideas 
are mainly summarized as follows.

1) ICNN is used again to directly form the convex map‐
ping between the state parameters and the extreme voltage 
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value. That is, instead of WSM-RVVC which needs multiple 
optimizations of the lower model, the maximum and mini‐
mum node voltages caused by the uncertainty of random 
variables under the current control strategy can be obtained 
through only a single forward calculation of DLIPF model.

2) Since the operation value with the maximum probabili‐
ty of distributed energy is the median value of the forecast‐
ing range, this paper takes the scenario corresponding to the 
median value unit as RVVC object instead of WSM-RVVC 
directly taking the two extreme scenarios. To overcome the 
uncertainty brought by the random variables, the inequality 
constraints of the extreme voltage of each node, which are 
obtained from convex DLIPF, are directly added into the RV‐
VC model.

The ICNN for the mapping of convex interval PF is 
named ICNNEV. The parameters of ICNNPF and ICNNEV are 
set to be ω and θ, respectively.

Based on the above core ideas, the main steps of convex 
DLIPF based RVVC method are as follows.

Step 1: training of sample generation for convex DLIPF. 
By randomly adjusting the node loads to be 0-1.2 times the 
normal level, the active power output of generators to be 0-1 
times the rated power value, and the instructions of reactive 
equipment and deviation factor of distributed energy output 
to be the interval of upper and lower limits to form different 
scenarios, the input of training samples [PL, QL, PG, CQ, ξ] is 
formed. The maximum and minimum voltages of each node 
are obtained by WSM to form [VH,VL ] as the output of train‐
ing samples. Then massive training samples can be obtained 
to conduct the supervised training of ICNNEV. To minimize 
the generation time of training samples, ICNNPF continues to 
be adopted to replace the PF constraints, so the mathemati‐
cal model of WSM can be expressed as:

ì

í

î

ï
ïï
ï
ï
ï

ï
ïï
ï
ï
ï

max or min Vi

s.t.  V = ICNNPF (
------
PG PLQLCQ )

       
------
PG =PG (1 + ξ)

       -ξmax £ ξ £ ξmax

(15)

Step 2: training of convex DLIPF. The massive training 
samples generated in the first step are input into ICNN for 
training. As the convex feature of ICNN, the network output 
(extreme node voltage) is also convex relative to the net‐
work input (state parameters and deviation factor of distribut‐
ed energy output).

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

J(θ)=∑
i = 1

m

(vH (S ′|θ)-VH (S ′))2 + (vL (S ′|θ)-VL (S ′))2

S ′=[PLQLPGCQξ]

θ = θ - αÑJ(θ)

(16)

where J is the training loss function; m is the number of 
training samples; vH, vL and VH, VL are the predicted extreme 
voltages of ICNNEV and the true extreme voltages, respective‐
ly; S ′ generated by WSM is the input variable set; and α is 
the learning rate.

Step 3: convex DLIPF based RVVC. As ICNNEV forms the 
direct mapping between state parameters and extreme volt‐

age of each node, the lower model of WSM-RVVC can be 
completely eliminated, and the uncertainty caused by distrib‐
uted energy can be transformed into the upper model by on‐
ly generating the inequality constraints of the maximum and 
minimum voltages of each node through the forward calcula‐
tion of ICNNEV, Therefore, the finally established RVVC 
model can be expressed as:

ì

í

î

ï

ï

ï
ïï
ï
ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

min ∑
i = 1

n

||Vi -Vitar||
2
2

s.t.  V = ICNNPFC (PG0PLQLCQ)

       [VHVL ]= ICNNEV (PG0PLQLCQξ)

       Vmin £VH £Vmax

       Vmin £VL £Vmax

       CQmin £CQ £CQmax

(17)

where PG0 is the median value of the distributed energy fore‐
casting range.

As can be obtained from the above modeling process, the 
convex DLIPF based RVVC uses ICNNPFC to replace the 
original PF constraints, and uses ICNNEV to replace the origi‐
nal lower optimization model, which effectively transforms 
the uncertainty of distributed energy. Due to the convex fea‐
ture of ICNN, the objective function and constraints of the 
model are all convex, so it is much easier to solve the new 
type of RVVC. In addition, as long as the grid topology 
does not change, the established ICNNPFC and ICNNEV can be 
used repeatedly for different scenarios, and only the third 
step is required for each optimization, which truly realizes 
the convenience of RVVC modeling and solution.

V. NUMERICAL TESTS

A. Validation of Convex DLPF Based DVVC Method

The correctness and rapidity of convex DLPF based DV‐
VC method are verified using the IEEE 118-bus system and 
Illinois 200-bus system of USA, whose detailed parameters 
are both obtained from MATPOWER toolbox of MATLAB. 
The control objects are the built-in generators. The target is 
to make the voltage of all nodes close to the value 1 p. u. 
and the voltage constraint is set to be [0.97 1.03]p. u.. To 
evaluate the control effect of the proposed method, compara‐
tive experiments with different DVVC methods are carried 
out. The description of different DVVC methods used for 
comparison are listed in Table II, where interior point meth‐
od (IPM) is the basic mathematical method for solving non‐
linear optimization problems among them. The basic parame‐
ter settings, and numbers of variables and PF constraints of 
different DVVC methods are listed in Table III. Five hun‐
dred randomly generated scenarios are used to compare 
the control effects of different methods. The comparison 
indicators include the average voltage deviation (AVD), 
the average calculation time (ACT), and the success rate 
of DVVC.

Table IV and Table V show the comparisons of different 
DVVC methods for IEEE 118-bus and Illinois 200-bus sys‐
tems in 500 different test scenarios, respectively.
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To exhibit the control effects of the three methods more 
clearly, Figs. 5(a) and 6(a) compare the AVD indicator of 
methods 1 and 2 corresponding to scenarios 1-100, while 
Figs. 5(b) and 6(b) show the comparison between methods 1 
and 3. Since the AVD indicator is too large when DVVC 
fails using method 3, Figs. 5(c) and 6(c) provide a more de‐
tailed comparison of methods 1 and 3 for the scenarios 
where DVVC is successful using method 3.

The statistical numbers of optimization variables and PF 
constraints by the three DVVC methods shown in Table III 
are first analyzed. When solving directly by method 2, the 
variables to be solved include the voltage and phase angle of 
all nodes except the balance node, so the total variable num‐
bers are 2(n - 1)= 234 and 398 for the IEEE 118-bus and Illi‐
nois 200-bus systems, respectively; regarding PF constraints, 

the active power balance of all nodes except the balance 
node and the reactive balance of the load nodes need to be 
modeled, so the total constraint numbers are 2(n - 1)- nPV =
181 and 350, respectively. When using method 3, the vari‐
ables to be solved increase the active power, the reactive 
power transmitted by the head node, and the current of each 
line, so the total variable numbers are 2(n - 1)+ 3nl = 792 and 

TABLE Ⅳ
COMPARISON OF DIFFERENT DVVC METHODS FOR IEEE 118-BUS SYSTEM

Method

1

2

3

Average AVD

With failure 
scenarios using 

method 3

2.18×10-3

2.36×10-3

10.84×10-3

Without failure 
scenarios using 

method 3

2.13×10-3

2.27×10-3

2.22×10-3

ACT (s)

0.087

4.380

256.410

Success 
rate (within 
voltage con‐
straint) (%)

100.0

100.0

83.8

TABLE Ⅴ
COMPARISON OF DIFFERENT DVVC METHODS FOR ILLINOIS 200-BUS SYSTEM

Method

1

2

3

Average AVD

With failure 
scenarios using 

method 3

2.66×10-3

2.80×10-3

11.55×10-3

Without failure 
scenarios using 

method 3

2.60×10-3

2.73×10-3

2.67×10-3

ACT 
(s)

0.16

6.93

380.31

Success 
rate (within 
voltage con‐
straint) (%)

100.0

100.0

77.4
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Fig. 5.　AVD comparisons between different DVVC methods based on IEEE 118-bus system. (a) AVD comparison of methods 1 and 2. (b) AVD compari‐
son of methods 1 and 3. (c) AVD comparison of methods 1 and 3 corresponding to scenarios where DVVC is successful using method 3.
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Fig. 6.　AVD comparisons between different DVVC methods based on Illinois 200-bus system. (a) AVD comparison of methods 1 and 2. (b) AVD compari‐
son of methods 1 and 3. (c) AVD comparison of methods 1 and 3 corresponding to scenarios where DVVC is successful using method 3.

TABLE Ⅱ
DESCRIPTION OF DIFFERENT DVVC METHODS

Method

1

2

3

Description

Convex DLPF + IPM (proposed method in this paper)

Pure IPM

SOC + IPM

TABLE Ⅲ
BASIC PARAMETER SETTING AND NUMBERS OF VARIABLES 

AND CONSTRAINTS

Method

1

2

3

Parameter

DL structure

Learning rate

Number of variables for two systems

Number of PF constraints for two 
systems

Penalty factor

Convergence precision

Number of variables for two systems

Number of PF constraints for two 
systems

Penalty factor

Convergence precision

Number of variables for two systems

Number of PF constraints for two 
systems

Value

[214, 500, 500, 118], 
[302, 600, 600, 200]

0.0003

53, 48

1, 1

0.1

10-6

234, 398

181, 350

0.1

10-6

792, 1133

739, 1085
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1133, respectively. Regarding PF constraints, the voltage bal‐
ance, head node power balance, and phase angle balance of 
each line need to be added, so the total constraint numbers 
are 2(n - 1)- nPV + 3nl = 739 and 1085, respectively.

Therefore, compared with the DVVC without convexity 
conversion, applying SOC to DVVC will greatly increase 
the numbers of variables and PF constraints. In contrast, 
when solving with the convex DLPF (method 1), since the 
end-to-end convex mapping between the state parameters 
and node voltage is established with the ICNNPF, the number 
of PF constraints is only 1; regarding variables as the active 
and reactive power loads PL and QL, the active power out‐
puts of generators PG are determined, and the variables to be 
solved are only the regulation states of reactive power equip‐
ment, which are the terminal voltage values of generators. 
As a result, the number of variables to be solved and the 
number of PF constraints to be handled can be significantly 
reduced by using convex DLPF.

Next, the statistical indicators of the three DPRO methods 
in Table IV and Table V are analyzed. 

1) For the IEEE 118-bus system and Illinois 200-bus sys‐
tem, the success optimization rates of methods 1 and 2 are 
both 100%, while those of method 3 are only 83.8% and 
77.4%, respectively. The reason is that convexity conversion 
by SOC makes the variables and PF constraints increase sig‐
nificantly, resulting in a significant increase in solution com‐
plexity and difficulty, and many control scenarios can not 
meet the voltage constraints. Therefore, Fig. 5(b) shows that 
the AVDs of several scenarios using method 3 form bumps 
that are much higher than those using method 1.

2) In terms of the average AVD indicator of 500 control 
scenarios, the average value of method 1 is the smallest 
whether ignoring the failure scenarios using method 3 or 
not. It proves that although the convex DLPF formed by con‐
vexity conversion of ICNN sacrifices the small error of node 
voltage, the control effect of DVVC will not be affected at 
all. The above conclusions can also be reflected in Figs. 
5(a), 5(c), 6(a), 6(c) for all scenarios. The bumps obtained by 
the AVDs of several scenarios using method 1 are all lower 
than those using methods 2 and 3. In addition, the AVDs of 
several scenarios using method 2 (e. g., the 10th scenario of 
IEEE 118-bus system) are too far from that of method 1 in 
Fig. 5(a), which forms a much higher bump and proves the 
non-convexity of DVVC. The bumps formed by the AVDs 
of several scenarios using method 3 corresponding to the 
successful optimization scenarios are also higher than those 
using method 1, which proves that SOC can not guarantee 
the convergence to global optimum within the maximum iter‐
ations when the variables and PF constraints are too large. 

3) In terms of ACT indicator, method 1 with only 0.087 s 
for IEEE 18-bus system and 0.16 s for Illinois 200-bus sys‐
tem is also the best, followed by method 2 with 4.38 s and 
6.93 s, respectively. Method 3 with 256.41 s and 380.31 s is 
the worst, which shows that the computation speed of DV‐
VC is not only related to the convexity, but also greatly af‐
fected by the number of optimization variables and PF con‐
straints. With the convexity conversion by ICNN to form 

convex DLPF, the numbers of computation variables and PF 
constraints are greatly reduced, the computation speed of 
DVVC can be significantly improved. For IEEE 118-bus sys‐
tem, the computation speed of method 1 is 50.3 times that 
of method 2 and 2947.2 times that of method 3. For Illinois 
200-bus system, the multiples are 43.3 and 2376.9, respec‐
tively.

B. Validation of Convex DLIPF Based RVVC Method

The correctness and rapidity of convex DLIPF based RV‐
VC method are verified using IEEE 30-bus system and Illi‐
nois 200-bus system, whose data are still from the MAT‐
POWER toolbox of MATLAB. In order to verify that the 
proposed method can effectively eliminate the impact 
brought by the uncertainty of distributed energies, the two 
test systems are both assumed to be connected to distributed 
energies with different capacities, where the 26th and 30th 
nodes of IEEE 30-bus system are both connected to distribut‐
ed energy resources with the capacity of 15 MVA, the 177th, 
178th, 199th, 200th nodes of Illinois 200-bus system are con‐
nected to distributed energy resources with the capacity of 
50 MVA, and the forecasting deviation range of active pow‐
er output is set to be [-30%, 30%]. The control objects of 
the IEEE 30-bus system are generators and transformer taps, 
while those of the Illinois 200-bus system are the generators. 
The target is still to make the voltage of all nodes close to 
the value of 1 p. u.. Similar to DVVC, comparative experi‐
ments with different RVVC methods are carried out in this 
paper as well as comparisons with convex DLPF based DV‐
VC method, which are all specified in Table VI. The control 
scenario of convex DLPF based RVVC is the MPOS which 
corresponds to the combination of the median values in the 
fluctuation range of all distributed energies. Similarly, 500 
randomly generated scenarios are used to compare the con‐
trol effects of different methods. The comparison indexes in‐
clude average AVD and ACT.

Table VII shows the comparison of different RVVC meth‐
ods in terms of average AVD and ACT indicators of 500 test 
scenarios. To exhibit the control effects of the four methods 
more clearly, Figs. 7(a) and 9(a) compare the AVD indica‐
tors of methods 1 and 4 corresponding to 50 scenarios of 
IEEE 30-bus system and Illinois 200-bus system, respective‐
ly; Figs. 7(b) and 9(b) show the comparison between meth‐
ods 4 and 5; and Figs. 7(c) and 9(c) show the comparison 
between methods 4 and 6. Figure 8 compares the operating 
range of node voltage corresponding to scenario 9 using 
methods 1 and 4 based on IEEE 30-bus system. Figure 10 is 
the corresponding comparison of scenario 11 based on Illi‐
nois 200-bus system.

TABLE Ⅵ
DESCRIPTION OF DIFFERENT RVVC METHODS

Method

4

5

6

Description

Convex DLIPF based RVVC

WSM-RVVC

WSM + SOC based RVVC
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Due to the forecasting error of distributed energy, the set 
voltage constraint may not be met when using the reactive 

power equipment control strategy obtained by DVVC for the 
extreme scenarios. Therefore, the control strategy needs to 
be adjusted, but the impact is the worsening of MPOS con‐
trol effect.

Therefore, it is easy to find the difference between the 
AVD using DVVC and RVVC for some scenarios in of Fig. 
7(a) and 9(a). To illustrate the effectiveness of method 4 in 
more detail, for the scenario 9 of IEEE 30-bus system and 
the scenario 11 of Illinois 200-bus system with the largest 
difference, the voltage fluctuation ranges using methods 1 
and 4 are drawn in Figs. 8 and 10, respectively.

Figures 8(a) and 10(a) show that when DVVC is adopted, 
although the node voltage of MPOS can be regulated to the 
set voltage constraint, due to the forecasting error of distrib‐
uted energy, the maximum possible voltage of node 26 in 
IEEE 30-bus system can reach 1.041 p. u. and that of node 
178 in Illinois 200-bus system can reach 1.035 p. u., which 
both exceed the set voltage constraint. Figures 8(b) and 10(b) 
show that when method 4 is adopted, the fluctuation range 
of each node can be adjusted within the set voltage con‐
straint, proving that the impact of forecasting error on VVC 

can be effectively eliminated.
As observed from Figs. 7(b) and 9(b), since method 5 

does not perform the convexity conversion, the robust opti‐
mization problem is non-convex, and the global optimum of 
the control strategy cannot be guaranteed, so the AVDs of 
MPOS obtained using method 5 are all inferior to those of 
method 4. As observed from Figs. 7(c) and 9(c), method 6 is 
the upgraded version of method 5 by adding the SOC based 
convexity conversion of PF constraints, and the robust opti‐
mization problem is convex. However, as mentioned above, 

TABLE Ⅶ
COMPARISON OF DIFFERENT RVVC METHODS

Method

1

4

5

6

IEEE 30-bus system

Average AVD

3.33×10-3

3.47×10-3

3.71×10-3

3.48×10-3

ACT (s)

0.058

0.147

12.170

50.250

Illinois 200-bus system

Average AVD

2.68×10-3

2.77×10-3

2.87×10-3

2.80×10-3

ACT (s)

0.16

1.82

73.89

873.44
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Fig. 7.　AVD comparisons between different RVVC methods based on IEEE 30-bus system. (a) AVD comparison of methods 1 and 4. (b) AVD comparison 
of methods 4 and 5. (c) AVD comparison of methods 4 and 6.
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SOC significantly increases the numbers of optimization vari‐
ables and PF constraints, resulting in a significant increase 
of the difficulty in solving. Therefore, for the scenarios that 
need to conduct robust optimization such as scenario 9 in 
IEEE 30-bus system and scenario 11 in Illinois 200-bus sys‐
tem, the AVDs of several scenarios using method 6 are still 
worse than those using method 4.

In terms of computation speed, as observed in the Table 
VII, since method 4 eliminates the lower model of the tradi‐
tional RVVC model which needs iterations to search the ex‐
treme scenarios, and uses the ICNN to establish the direct 
mapping between state parameters and extreme voltage, the 
calculation amount is greatly reduced. The ACTs of several 
scenarios using method 4 are only 0.147 s and 1.82 s for the 
IEEE 30-bus and Illinois 200-bus systems, respectively, and 
the computation speed is 82.9 times and 40.6 times that of 
method 5, 341.8 times and 479.9 times that of method 6, re‐
spectively.

VI. CONCLUSION 

A DVVC method based on convex DLPF is proposed in 
this paper. Different from SOC which makes the numbers of 
optimization variables and PF constraints greatly increase 
when applied to DVVC, this method only needs to use IC‐
NN to establish a convex mapping (convex DLPF) between 
state parameters and node voltage to replace the traditional 
PF constraints, then the DVVC can be converted into a con‐
vex optimization problem. At the same time, the numbers of 
optimization variables and PF constraints are greatly re‐
duced, which can greatly reduce the optimization difficulty. 
The experimental results based on IEEE 118-bus system veri‐
fy the correctness and fast computation speed of the pro‐

posed method.
A convex DLIPF based RVVC method is proposed in this 

paper. Unlike the traditional RVVC which needs to conduct 
the search of two extreme scenarios to upgrade the current 
optimal control strategy of reactive power equipment, this 
method continues to use ICNN to establish a convex map‐
ping between state parameters and node voltage interval, 
which can eliminate the iterative search of extreme scenarios 
of traditional RVVC. This method combines the two convexi‐
ty maps of convex DLPF and convex DLIPF to realize the 
convexity conversion of RVVC, greatly simplifying the mod‐
eling and optimization difficulty of robust optimization. The 
experimental results based on IEEE 30-bus system verify the 
superiority of the proposed method.

Compared with traditional DVVC and RVVC, this paper 
introduces ICNN to achieve the transformation of PF con‐
straints and robust optimization constraints brought by dis‐
tributed energy access, eliminating many complex modeling 
operations and calculation steps of existing methods, greatly 
simplifying the modeling process, and improving computa‐
tion speed. Unlike other methods (such as reinforcement 
learning [32] and generative adversarial network (GAN) 
[33]) dedicated to establishing the end-to-end mapping be‐
tween system states and control method without no convexi‐
ty conversion, the convex feature of ICNN introduced in this 
paper also ensures the optimality of the control method. The 
limitation of the proposed method is that the convex map‐
pings formed by ICNN need to be generated in advance, 
which takes some time. But these mappings only need to be 
trained offline once and can be repeatedly used when ap‐
plied to online calculation. In the future, we will conduct fur‐
ther research on how the proposed method in this paper can 
be applied to unbalanced distribution networks and other op‐
timization problems with PF constraints and robust con‐
straints such as power dispatching problem.
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