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Abstract——In recent years, sub-synchronous oscillation acci‐
dents caused by wind power integration have received extensive 
attention. The recorded constant-amplitude waveforms can be 
induced by either linear or nonlinear oscillation mechanisms. 
Hence, the nonlinear behavior needs to be distinguished prior 
to choosing the analysis method. Since the 1960s, the higher-or‐
der statistics (HOS) theory has become a powerful tool for the 
detection of nonlinear behavior (DNB) in production quality 
control wherein it has mainly been applied to mechanical condi‐
tion monitoring and fault diagnosis. This study focuses on the 
hard limiters of the voltage source converter (VSC) control sys‐
tems in the wind farms and attempts to detect the nonlinear be‐
havior caused by bi- or uni-lateral saturation hard limiting us‐
ing the HOS analysis. First, the conventional describing func‐
tion is extended to obtain the detailed frequency domain infor‐
mation on the bi- and uni-lateral saturation hard limiting. Fur‐
thermore, the bi- and tri-spectra are introduced as the HOS, 
which are extended into bi- and tri-coherence spectra to elimi‐
nate the effects of the linear parts on the harmonic characteris‐
tics of hard limiting in the VSC control system, respectively. 
The effectiveness of the HOS in the DNB and the classification 
of the hard-limiting types is proven, and its detailed derivation 
and estimation procedure is presented. Finally, the quadratic 
and cubic phase coupling in the signals is illustrated, and the 
performance of the proposed method is evaluated and discussed.

Index Terms——Bi-coherence spectrum, detection of nonlinear 
behavior, hard limiting, higher-order statistics, tri-coherence 
spectrum, voltage source converter, wind farms.

I. INTRODUCTION 

WITH the implementation of the energy development 
strategy in China, the installation capacity of wind 

power has increased [1]. However, the stability problems 
caused by wind power integration are more serious, with 
sub-synchronous oscillation (SSO) being the most severe 

[2]. After SSO accidents, the amplitudes of the recorded acci‐
dent waveforms tend to be constant because the transition 
process is very fast. Many studies have analyzed SSO based 
on the weak-damping assumption. Here, the researchers lin‐
earized the power-system dynamic equations and conducted 
studies using linear analysis methods, including the eigenval‐
ue [3], dynamic equivalent [4], [5], impedance [6], [7], and 
complex torque coefficient [8], [9] methods. However, non‐
linear effects such as hard limiting in the control system of 
the wind generators, while the induced self-sustained oscilla‐
tion also exhibits a constant amplitude.

Current research on nonlinear oscillation analysis can be 
broadly classified into two categories.

1) Under small perturbations, constant-amplitude oscilla‐
tions induced by the negative damping of the voltage source 
converter (VSC) generally begin with divergent oscillations 
near the equilibrium point of the system. Owing to the influ‐
ence of the nonlinear factors in the VSC, such as hard limit‐
ing and pulse-width modulation (PWM) saturation, the oscil‐
lations will not continue to diverge, thereby resulting in con‐
stant-amplitude self-sustained oscillations [10]. To address 
the constant-amplitude oscillations caused by hard limiting, 
the describing function (DF) can be used to model the non‐
linear parts of the system, combined with a small-signal 
model of the system to analyze the characteristics of the os‐
cillations. For example, [11] established an impedance model 
of a VSC considering the PWM saturation and analyzed the 
mechanism of the constant-amplitude oscillations. Referenc‐
es [12] and [13] considered the bi-lateral hard limiting of the 
current and DC-voltage loops of a grid-connected VSC, re‐
spectively, and used the Nyquist criterion to obtain the ap‐
proximate calculation formula for the oscillation frequency 
and amplitude.

2) Under large disturbances such as faults, self-sustained 
oscillations can be caused by the effects of nonlinear parts 
such as hard limiting. Meanwhile, if the corresponding hard-
limiting parts are removed, the system can return to its origi‐
nal equilibrium point after the large disturbance. Current re‐
search on the mechanism of oscillations under large distur‐
bances is still in the preliminary stage. Reference [14] stud‐
ied the self-sustained oscillations caused by the hard limiting 
of static var generators (SVGs) in double-fed induction gen‐
erators after a fault and analyzed the influence of the system 
parameters on the non-smooth bifurcations. Reference [15] 
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analyzed the instable oscillations of the grid-connected 
VSCs at the positive-damping equilibrium points after they 
experienced large disturbances. When the d-axis current 
reaches its hard limit, the outer control loop of the DC volt‐
age loses its effectiveness, thereby resulting in electromagnet‐
ic oscillations in the system, accompanied by a continuous 
increase in the DC voltage.

The mechanism and corresponding analysis method of the 
nonlinear oscillations are different from those of linear oscil‐
lations. The direct analysis of the amplitude and frequency 
of the SSO using a linearized method and adoption of the 
corresponding measures to suppress the oscillation are unac‐
ceptable. Hence, before choosing the analysis method, it is 
important to determine the type of oscillation (linear or non‐
linear) from the waveform records.

Since its emergence in the early 1960s, the higher-order 
statistics (HOS) theory has become a powerful tool for the 
condition monitoring and fault diagnosis of the mechanical 
equipment. Its applications include harmonic retrieval [16], 
system identification [17], and feature extraction [18]. Fur‐
thermore, it is used for the detection of nonlinear behavior 
(DNB) [19]. Based on the bi-spectrum, the definitions of the 
bi-coherence spectrum and inverted bi-spectrum are present‐
ed in [20] and [21], respectively, and different statistical indi‐
cators based on HOS for DNB have been introduced.

Inspired by the aforementioned ideas in 1995, the re‐
searchers of power systems applied the bi-spectral analysis 
to the fault diagnosis and condition monitoring of the three-
phase induction motors to analyze and identify motor asym‐
metric faults and stator winding failure [22]. Subsequently, 
studies on the fault diagnosis using HOS have achieved con‐
siderable results. Reference [23] detected and identified 
asymmetric faults in induction motors by measuring the vi‐
bration data and analyzing the motor nonlinearity using the 
bi-coherence spectrum. In [24], considering the Gaussian 
and non-Gaussian noises in the mechanical signals, a new 
rolling bearing detection method was proposed, which inte‐
grated the bi-spectral analysis with the improved ensemble 
empirical mode decomposition.

In wind farms, [25] used a modulated signal bi-spectrum 
detector to diagnose bearing faults in doubly-fed induction 
generators. Reference [26] used a bi-spectral analysis to iden‐
tify single-point defects in rolling bearings. Reference [27] 
proposed an improved signal separation method based on the 
Vold-Kalman filter and HOS analysis for rotating mechani‐
cal systems under strong background noise.

However, the current applications of the bi-spectral analy‐
sis focus on the mechanical defects in the power systems, 
and few studies have analyzed the nonlinearity of the control 
modules in these systems, particularly in wind farms.

In this study, we focus on the hard limiters in the VSC, 
which is a crucial component of wind turbines and SVGs. 
To apply the HOS to the hard-limiting DNB in the control 
system of VSCs in wind farms, four aspects must be consid‐
ered: ① suitability of the HOS for characterizing the nonlin‐
earity of the hard limiters in the VSC control system and se‐
lection of an appropriate HOS; ② approach to determine the 

characteristics using only the waveforms collected at the ter‐
minal of the VSC; ③ method to detect the nonlinear behav‐
ior caused by the bi- or uni-lateral saturation hard limiting, 
which is considered as the source of the nonlinearity in this 
study; and ④ approach to improve the effectiveness and 
quality of the spectrum.

By fully addressing the aforementioned aspects, this study 
seeks to analytically prove the effectiveness of the HOS ap‐
plied to the DNB induced by hard limiting in the VSC con‐
trol system.

The rest of this paper is organized as follows. Section II 
extends the conventional DF and analyzes the two types of 
hard limiting. In Section III, the HOS is introduced. In Sec‐
tion IV, the VSC control system is modeled while the HOS-
based hard-limiting DNB is analyzed and confirmed. The de‐
tailed procedures for the hard-limiting DNB in the VSC con‐
trol system are described in Section V. Its effectiveness is 
demonstrated through case studies in Section VI. Finally, 
Section VII draws the conclusions.

II. ANALYSIS OF HARMONIC CHARACTERISTICS OF HARD 
LIMITING 

The DF [28] has been effectively used to analyze the char‐
acteristics of the self-sustained oscillations or limit cycles 
caused by nonlinearity. In the conventional DF, only the first-
order Fourier series of the oscillation are maintained. In the 
DNB, however, the higher-order terms are required to distin‐
guish the self-sustained oscillations induced by hard limiting 
from the negatively damped oscillations induced by incor‐
rectly configured control parameters. Hence, the DF method 
is introduced and extended, and the harmonic characteristics 
of the bi- and uni-lateral saturation hard limiting are dis‐
cussed.

A. Extended DF

As shown in Fig. 1, the input signal of the studied nonlin‐
ear part x ( )t  is assumed to be sinusoidal as expressed below:

x (t ) =A sinωt (1)

where A and ω are the amplitude and frequency of the sinu‐
soidal input signal, respectively.

The hard-limit output y ( )t  is a periodic nonsinusoidal sig‐
nal, which can be expanded into a Fourier series as ex‐
pressed below:

y (t ) =A0 +∑
n = 1

¥

( )An cos nωt +Bn sin nωt (2)

where A0 is the magnitude of the DC component; and An 
and Bn are the coefficients of the cosine and sine parts of 

Nonlinear part

x(t) y(t)
N(A)

x(t)

y(t)

Fig. 1.　Typical hard limiter with a sinusoidal input.
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the nth Fourier harmonic, respectively.
In the conventional DF-based analysis method, the nonlin‐

ear part is considered oddly symmetrical and the linear part 
is considered low-pass. Consequently, A0 = 0, and y ( )t  can 
be approximated as:

y (t ) » y1(t ) =A1 cosωt +B1 sinωt = Y1ejφ1t (3)

where Y1 = A2
1 +B2

1  and φ1 = arctan
B1

A1

, and we have

ì

í

î

ï
ïï
ï

ï
ïï
ï

A1 =
1
π ∫0

2π

y ( )t cosωtd ( )ωt

B1 =
1
π ∫0

2π

y ( )t sinωtd ( )ωt
(4)

The ratio of the first-order Fourier series of y ( )t  to the 
magnitude of the input signal is defined as the DF of the 
nonlinear part, i.e., N ( )A .

N (A) = Y1

A
ejφ1 (5)

To extend the DF method, the higher-order harmonic coef‐
ficients An and Bn in (2) are calculated as:

ì

í

î

ï
ïï
ï

ï
ïï
ï

An =
1
π ∫0

2π

x ( )t cos nωtd ( )ωt

Bn =
1
π ∫0

2π

x ( )t sin nωtd ( )ωt
(6)

B. Bi-lateral Saturation Hard Limiting

As shown in Fig. 2(a), when a sine wave x (t ) =A sinωt 
passes through a time-domain bi-lateral saturation hard limit‐
er, its upper and lower parts that exceed the limits are set at 
the limit values, as expressed below:

y (t ) =
ì

í

î

ïïïï

ïïïï

-a         x ( )t <-a

x ( )t     -a £ x ( )t £ a

a           x ( )t > a

(7)

where a (a > 0) is the upper hard limit.

Here, the bi-lateral saturation hard limiting is oddly sym‐
metrical, and the output periodic signal is an odd function. 
Hence, the coefficients of the DC and cosine components in 
the Fourier series are 0, that is, An = 0 (n = 012). Accord‐
ing to (4), the fundamental Fourier coefficient of the output 
signal can be obtained as:

B1 =
1
π ∫0

2π

x (t ) sinωtd ( )ωt =
2
π (∫0

ϕ

Asin2ωtd (ωt ) +

∫
ϕ

π - ϕ

asin ωtd (ωt ) + ∫
π - ϕ

π

Asin2ωtd (ωt ) ) =
2A
π (arcsin

a
A
+

a
A

1 - ( )a
A

2 ) (8)

The nth Fourier coefficient is calculated similarly, and the 
results show that

B2n = 0 n = 123 (9)

The detailed calculation results are presented in Appendix 
A Table AI.

C. Uni-lateral Saturation Hard Limiting

As shown in Fig. 2(b), when a sine wave x (t ) =A sinωt 
passes through a time-domain uni-lateral saturation hard lim‐
iter, the upper or lower (depending on the actual situation) 
part that exceeds the limit is set at the limit value. Without 
loss of generality, the corresponding equations of the upper 
hard limit are expressed as:

y (t ) = ì
í
î

x ( )t x ( )t £A0 + a

A0 + a x ( )t >A0 + a
(10)

where A0 is the offset of the sinusoidal input signal, and A0 +
a is the upper hard limit.

The nth Fourier coefficient is calculated in Section II-B, 
and the results show that:

{A2n + 1 = 0    n = 012
B2n = 0        n = 012 (11)

The detailed calculation results are presented in Appendix 
A Table AII.

III. HOS ANALYSIS 

The definition of the HOS is introduced to analyze the 
harmonic characteristics of the nonlinear parts. The eigen‐
function method is an important tool in statistical analysis 
since it can easily define the higher-order moments and cu‐
mulants.

The first joint eigenfunction of k continuous random vari‐
ables x1x2xk is defined as:

Φ (ω1ω2ωk ) E ( )ej( )ω1 x1 +ω2 x2 + +ωk xk =

∫
-¥

¥

∫
-¥

¥

f ( )x1x2xk ej( )ω1 x1 +ω2 x2 + +ωk xk dx1dx2dxk

(12)

where f (·) is the probability density function; and E ( )·  is 
the expectation function.

The kth-order moment and cumulant of k random variables 
are obtained as:

E ( x1x2xk ) =
|

|

|
||
|
|
|( )-j

k ¶kΦ ( )ω1ω2ωk

¶ω1¶ω2¶ωk
ω1 =ω2 = =ωk = 0

(13)

cum ( x1x2xk ) =
|

|

|
||
|
|
|( )-j

k ¶k lnΦ ( )ω1ω2ωk

¶ω1¶ω2¶ωk
ω1 =ω2 = =ωk = 0

(14)

a

a

A

y(t) y(t)

x(t) x(t)

x(t) x(t)
π�ϕ
ϕ ϕ

ωt ωt

π�ϕ

A0+a

A0+a

A0+AA0

(a) (b)

Fig. 2.　Time-domain characteristics of bi- and uni-lateral saturation hard 
limiting. (a) Bi-lateral saturation. (b) Uni-lateral saturation.
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For a stationary continuous random signal x (t ), we set x1 =
x (t ) x2 = x (t + τ1 ) xk = x (t + τk - 1 ), which are later substi‐
tuted into (14). Consequently, the kth-order cumulant of the 
random signal x (t ) is expressed as:

ckx(τ1τ2τk - 1 ) = cum ( )x ( )t x ( )t + τ1 x ( )t + τk - 1

(15)

The kth-order cumulant spectrum Skx( )×  is defined as the 
(k-1)-dimensional discrete Fourier transform of the kth-order 
cumulant, which is expressed as:

Skx(ω1ω2ωk - 1 ) =
∑
τ1 =-¥

¥

 ∑
τk - 1 =-¥

¥

ckx( )τ1τ2τk - 1 e-j( )ω1τ1 +ω2τ2 + +ωk - 1τk - 1

(16)

Generally, a higher-order cumulant spectrum is referred to 
as a higher-order spectrum. Particularly, the third-order 
spectrum S3x(ω1ω2 ) is referred to as the bi-spectrum be‐
cause it is a two-frequency energy spectrum, which is rep‐
resented by B (ω1ω2 ) . Similarly, the fourth-order spectrum 

S4x(ω1ω2ω3 ) is referred to as the tri-spectrum, expressed 

as T (ω1ω2ω3 ).
IV. HARD-LIMITING DNB OF VSC CONTROL SYSTEM 

A. Modeling of VSC Control System

A typical direct-drive wind farm has 30-60 generators. 
Several direct-drive permanent magnet synchronous genera‐
tors (PMSGs) are connected to form a string structure. The 
strings are further connected to a point of common coupling 
(PCC) and finally to the grid with a voltage level of 35 kV 
through a series of boosting transformers and transmission 
lines (equivalent to a set of impedances) [29], as shown in 
Fig. 3.

Figure 4 shows the structure of a typical direct-drive wind 
generator. Because the machine-side converter adopts the 
maximum power tracking control, its interaction with the 
grid is limited. As presented in [30] and [31], the grid-relat‐
ed oscillation dynamics strongly depend on the DC capacitor 
and grid-side converter, and are slightly affected by the wind 
turbine, PMSG, and machine-side converter. Hence, the ma‐
chine-side component, including the wind turbine, PMSG, 
and machine-side converter, is equivalent to a power source 
that outputs the power received by the wind turbine. Addi‐
tionally, the grid-side converter is modeled as a VSC with 

its corresponding control system.

Moreover, static reactive power compensation equipment, 
such as SVGs, is generally installed in wind farms. In this 
study, the SVG model adopts a double closed-loop control 
scheme. The d-axis control loop stabilizes the DC bus volt‐
age, and the q-axis control loop varies based on the control 
mode. When the SVG operates in the constant-voltage con‐
trol mode, the control target of the loop is the terminal volt‐
age, and when it operates in the constant reactive power con‐
trol mode, the control target of the loop is the output reac‐
tive power. Owing to its ability to produce high-quality out‐
put voltage waveforms with reduced harmonic distortion and 
low switching frequencies, many existing SVGs in wind 
farms are based on cascaded H-bridge topology [32], [33]. 
The average-value model that ignores the PWM dynamics 
and models the cascaded H-bridge in the circuit as a con‐
trolled voltage source is adopted in this study. Therefore, the 
SVG is modeled as a VSC with its corresponding control 
system.

Thus, we obtain a unified VSC control system for the 
PMSGs and SVGs in the wind farms. The only difference is 
the choice of control targets in the d- and q-axis control 
loops, as shown in Fig. 5. In this study, four hard limiters 
are considered as the nonlinear parts: two in the inner con‐
trol loop of the current and two in the outer control loop of 
the voltage, respectively.

Rg
Lg
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R L

abc dq
θ 

idc iL

Cvdc
+

PLL

ia ib ic vavbvc
SPWM
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+
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id iq
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Δvd
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+ vd(Q)
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dcr v*

dr(Q
*
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(R2, L2,

Rl2, Ll2)

…

θ

−Δid
−Δiq

Fig. 5.　Structure of VSC control system.

In Fig. 5, vdc and v*
dcr are the measured and reference DC 

bus voltages, respectively; C is the DC capacitor; vd (or Q) 

...

...

...

...

L
b R

b

R
0

L
0

Grid

PCC

PMSG
1

PMSG
2PMSG

n ...

Fig. 3.　Model of wind farm connected to grid.
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Grid

Wind turbine

Machine-side Grid-side

Full power converter

Filter 

circuit

Converter controller

Fig. 4.　Structure of a typical direct-drive wind generator.
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and v*
dr (or Q*

r) are the measured and reference d-axis termi‐
nal voltages (or the output reactive power), respectively; id 
and iq are the d- and q-axis components of the output cur‐
rent of the VSC, respectively; e*

d and e*
q are the d- and q-axis 

components of the output voltage reference of the VSC, re‐
spectively; v′, v, vpcc, and vg are the voltages of the VSC out‐
put, terminal, PCC, and grid, respectively; θ is the output an‐
gle of the phase-locked loop (PLL); and R, L and R2, L2 are 
the equivalent resistances and inductances of the transformer 
and transmission line between the VSC output and terminal, 
respectively; Rl, Ll and Rl2, Ll2 are the equivalent resistances 
and inductances of the transmission line between the termi‐
nal and PCC, respectively; and Rg and Lg are the equivalent 
resistance and inductance of the transmission line between 
PCC and the grid, respectively.

B. Elimination of Effects from Linear Parts

While the nonlinear parts take effect inside the control sys‐
tem, the accident waveform record collected from the phasor 
measurement unit provides only voltage and current informa‐
tion at the terminal of the VSC. Hence, the relationship be‐
tween the HOS of the hard-limit output and that of the termi‐
nal electrical quantities must be derived.

When the hard limiting in the d-axis inner control loop of 
the current takes effect, v̄d is produced by the nonlinear part 
after proportional-integral (PI) control, as shown in Fig. 5. 
Assuming that the PLL performs satisfactorily and the VSC 
is synchronized with the system, the d-axis frame model of 
the main circuit is expressed as:

Dv′d -Dvd = (sL +R)Did -ω0 LDiq (17)

where D represents the small-signal perturbation; and ω0 is 
the fundamental angular frequency.

Without considering the dynamics of the PWM, we as‐
sume that the VSC output tracks the reference signal:

Dv′d =De*
d (18)

Dv′q =De*
q (19)

From Fig. 5, the relationship between v̄d and v'd is ob‐
tained as:

Dv′d =De*
d =Dv̄d -ω0 LDiq +Dvd (20)

where v̄d is the hard-limit output in the d-axis inner control 
loop of the current.

Then, we obtain the relationship between id and v̄d by 
combining (17) and (20), as expressed below:

Did =
1

sL +R
Dv̄d (21)

Similarly, when the hard limiting in the q-axis inner con‐
trol loop of the current takes effect, the relationship between 
iq and v̄q is expressed as:

Diq =
1

sL +R
Dv̄q (22)

where v̄q is the hard-limit output in the q-axis inner control 
loop of the current.

When the hard limit in the d-axis outer control loop of the 
voltage takes effect, the output īd is produced by the nonlin‐
ear part after PI control. Thus, (20) can be rewritten as:

Dv′d =Gi( )s (Dīd -Did ) -ω0 LDiq +Dvd (23)

where īd is the output of the hard limit in the d-axis outer 
control loop of the voltage; and Gi (s) is the transfer function 
of the inner control loop of the current.

Then, we obtain the relationship between id and īd by com‐
bining (17) and (23), as expressed below:

Did =
Gi( )s

sL +R +Gi( )s
Dīd (24)

Similarly, when the hard limit in the q-axis outer control 
loop of the voltage takes effect, the relationship between iq 
and īq is expressed as:

Diq =
Gi( )s

sL +R +Gi( )s
Dīq (25)

where īq is the output of the hard limit in the q-axis outer 
control loop of the voltage.

Hence, the output of the nonlinear part in the control sys‐
tem can always be obtained from the current measured at 
the terminal after passing through the linear part by combin‐
ing (21), (22), (24), and (25). The system shown in Fig. 6 il‐
lustrates how to eliminate the effects of the linear parts on 
HOS of the terminal current, wherein e (n) and y (n) are the 
input and output, respectively; and H ( z ) represents the lin‐
ear time-invariant part.

The relationship between the HOS of e (n) and that of 
y (n) can be obtained based on the definition and properties 
of the HOS [34] as expressed below:

Sky(ω1ω2ωk - 1 ) =
Ske(ω1ω2ωk - 1 ) H (ω1 )H (ωk - 1 ) H *(ω1 +ω2 + +
ωk - 1 ) (26)

where Ske(ω1ω2ωk - 1 ) and Sky(ω1ω2ωk - 1 ) are the 

kth-order cumulant spectra of e (n) and y (n), respectively; 
H (ω) is the continuous transfer function of H ( z ); and * is 
the conjugation operator. Let k = 23 in (26). S2(ω) is denot‐
ed by P (ω) and S3(ω1ω2 ) is denoted by B (ω). Consequent‐
ly, we can obtain:

Py(ω) =Pe(ω) | H (ω) |2 (27)

By(ω1ω2 ) =Be(ω1ω2 ) H (ω1 ) H (ω2 ) H *(ω1 +ω2 ) (28)

Define bic (ω1ω2 ) as the bi-coherence [35] at the frequen‐

cy pair (ω1ω2 ), which is calculated as:

bic (ω1ω2 ) =
|

|

|

|
|
||
|

|

|
B ( )ω1ω2

P ( )ω1 P ( )ω2 P ( )ω1 +ω2

|

|

|

|
|
||
|

|

|

(29)

By combining (27), (28), and (29), we can obtain:

bicy(ω1ω2 ) = bice(ω1ω2 ) (30)

Further, we define the tri-coherence tric (ω1ω2ω3 ) [35] as:

e(n) y(n)
H(z)

Fig. 6.　Typical linear system.
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tric (ω1ω2ω3 ) = ||T ( )ω1ω2ω3

P ( )ω1 +ω2 +ω3 P ( )ω1 P ( )ω2 P ( )ω3

(31)

Similarly, it can be proven that tricy(ω1ω2ω3 ) =
trice(ω1ω2ω3 ).

Consequently, the linear part does not change the bi- or 
tri-coherence of the system. Obtaining the waveforms of id 
and iq at the terminal of the VSC and performing the HOS 
analysis enable the detection of the nonlinearity of the VSC 
system.

C. Bi-coherence Spectrum and Uni-lateral Saturation Hard-
limiting Detection

Based on the results in Section II-C, when a self-sustained 
oscillation occurs, the output of the uni-lateral saturation 
hard limiter contains the second harmonic of the oscillation 
frequency with the same phase as that of the fundamental 
frequency. Without loss of generality, let its initial phase be 
zero, i.e.,

y (t ) =B1 sin 2πft +B2 sin (2π ´ 2ft ) (32)

where f denotes the oscillation frequency; and B1 and B2 are 
the coefficients of the fundamental and second Fourier har‐
monics, respectively.

A Fourier transform is performed twice on the second-or‐
der autocorrelation function of y (t ). Consequently, the bi-
spectrum of y (t ) can be expressed as:

By(ω1ω2 ) =∫
-¥

¥ ∫
-¥

¥

f ∫
0

1/f

y ( )t y ( )t + τ1 y ( )t + τ2 dt × e-j2π ( )ω1 +ω2 dτ1 dτ2

(33)

The bi-spectrum has 12 symmetrical regions [35], as 
shown in Fig. 7(a).

Therefore, to completely describe the entire bi-spectrum, 
only a symmetrical region in the resulting By(ω1ω2 ) is re‐

quired for analysis. Considering {(ω1ω2 ) |0 £ω1 £ω2} 
By(ω1ω2 ) can be calculated as:

By(ω1ω2 ) = π
4

jB2
1 B2δ (ω1 - 2πf ) δ (ω2 - 2πf ) (34)

where δ ( )×  is the Dirac delta function [36], which is ex‐
pressed as:

ì

í

î

ïïïï

ïïïï

δ ( )x = 0    x ¹ 0

∫
-¥

¥

δ ( )x dx = 1
(35)

where δ ( x) is a finite maximum at x = 0 when the input 
signal is discretized. In (34), By(ω1 ω2 ) is a finite maxi‐

mum if and only if ω1 = ω2 = 2πf ; otherwise, it is zero. 
Therefore, a peak can be observed at the x-y coordinates 

(2πf 2πf ) in the three-dimensional (3D) graph of 

{ |
|(ω1ω2By(ω1ω2 ) ) 0 £ω1 £ω2}. Furthermore, because (2πf

)2πf  is on the symmetry axis ω1 =ω2, when the area is ex‐

tended to {(ω1ω2 ) |ω1³0ω2³0} (areas 1 and 2 in Fig. 7(a)), 

the peak at (2πf 2πf ) still exists.
The power spectrum of y (t ) is derived as:

Py(ω) = ∫
-¥

¥

f ∫
0

1/f

y (t ) y (t + τ )dt × e-j2πωdτ =

1
2

B2
1

π
2
δ (ω - 2πf ) + 1

2
B2

2

π
2
δ (ω - 4πf ) (36)

Based on (29), (34), and (36), the bi-coherence spectrum 

( ){ }( )ω1ω2 |ω1 ³ 0ω2 ³ 0  can be calculated as:

bicy(ω1ω2 ) = || By( )ω1ω2

Py( )ω1 +ω2 Py( )ω1 Py( )ω2

=

       
π
4

B2
1 B2δ ( )ω1 - 2πf δ ( )ω2 - 2πf

     
1
2

B2
1

π
2
δ ( )ω1 - 2πf +

1
2

B2
2

π
2
δ ( )ω1 - 4πf

     
1
2

B2
1

π
2
δ ( )ω2 - 2πf +

1
2

B2
2

π
2
δ ( )ω2 - 4πf

   
1
2

B2
1

π
2
δ ( )ω1 +ω2 - 2πf +

1
2

B2
2

π
2
δ ( )ω1 +ω2 - 4πf

                                                                                    ω1 ³ 0ω2 ³ 0

(37)

Since F-1(δ (ω) ) = 1

2π
, it can be proven that the bi-co‐

herence spectrum of y (t ) reaches its peak if and only if ω1 =
ω2 = 2πf, as shown in Fig. 7(b). It is further calculated as:

bicy(2πf2πf ) =
π
4

B2
1 B2

1

2π

1

2π

1
2

B2
1

π
2

1

2π

1
2

B2
1

1

2π

π
2

1
2

B2
2

1

2π

π
2

= 1

(38)

In (35), bicy(ω1ω2 ) ³ 0. Therefore, the range of the corre‐

sponding bi-coherence value of each x-y coordinate in the bi‐
coherence spectrum is [01]. The larger the bi-coherence val‐
ue, the stronger the nonlinear phase coupling between the 
two frequencies corresponding to the coordinate (the stron‐

O
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2
34

5

6

7

8
9 10

11

12

2πf

1

ω2

ω1=ω2

ω1

π

π�π

�π

(a) (b)

b
ic
y 

(ω
1
,ω

2
)

2πfω
1 ω2

Fig. 7.　Related figures of bi-spectrum and bi-coherence spectrum. (a) Sym‐
metric region of bi-spectrum. (b) Peak of bi-coherence spectrum.

635



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 12, NO. 2, March 2024

ger the nonlinearity).

In (32), when y (t ) extends to y (t ) =∑
n = 1

+¥

Bn sin (2πnft), it 

can be proven that in the 3D graph of {(ω1ω2 

}|
|)bicy( )ω1ω2 ω1 ³ 0ω2 ³ 0 , there are peaks at the x-y coor‐

dinates (i × 2πfj × 2πf ) (ij = 123), and their corresponding 

bi-coherence values are equal to one. Furthermore, it can be 
proven that the conclusion remains unchanged when y (t ) =
∑
n = 1

+¥

A2n cos ( )2π ´ 2nft +∑
n = 0

+¥

B2n + 1 sin ( )2π ( )2n + 1 ft , which ac‐

curately represents the output of the uni-lateral saturation 
hard limiter according to (11).

D. Tri-coherence Spectrum and Bi-lateral Saturation Hard-
limiting Detection

Based on the results in Section II-B, when y (t ) =
∑
n = 0

+¥

B2n + 1 sin ( )2π ( )2n + 1 ft , which accurately represents the 

output of the bi-lateral saturation hard limiter according 
to (9), it can be proven that in the 4D graph of 

{ |
|( )ω1ω2ω3tricy( )ω1ω2ω3 ω1 ³ 0ω2 ³ 0ω3 ³ 0}, peaks 

exist at the x-y-z coordinates (( )2i + 1 ´ 2πf ( )2j + 1 ´ 2πf 

)( )2k + 1 ´ 2πf ( )ijk = 012 , with the peak values of 1. 

The range of the corresponding tri-coherence value of each 
x-y-z coordinate in the tri-coherence spectrum is [01]. Fur‐
thermore, the larger the tri-coherence value, the stronger the 
nonlinear phase coupling among the three frequencies corre‐

sponding to the coordinate (the stronger the nonlinearity).
The detailed derivation process is presented in Appen‐

dix B.

E. Nonlinearity Detection and Classification of VSC Control 
Systems

Based on Section IV-B, the nonlinearity induced by hard 
limiting in the VSC control system can be detected by trans‐
forming the current waveform into id and iq at the terminal 
of the VSC and performing the HOS (bi-/tri-coherence) anal‐
ysis. The nonlinearity of id represents the nonlinearity in the 
d-axis control loop of the VSC control system, whereas the 
nonlinearity of iq represents the nonlinearity in the q-axis.

Table I summarizes the results obtained in Sections IV-C 
and IV-D. By examining the relationship between the peak 
coordinates of the HOS and harmonic characteristics of the 
analyzed signal, the bi-coherence spectrum is used to detect 
the “phase coupling”. Thus, the harmonics with frequencies 
f1 + f2 = f3 and phases φ1 + φ2 = φ3 are simultaneously satisfied. 
Furthermore, the tri-coherence spectrum is used to detect 
whether f1 + f2 + f3 = f4 and φ1 + φ2 + φ3 = φ4 are both satisfied. 
It is noteworthy that the phase equation is sufficient but un‐
necessary in the phase coupling phenomenon, which is thor‐
oughly explained in Section VI-A.

Table I shows that the output of the uni-lateral saturation 
hard limiter contains harmonics of all orders and satisfies 
both the quadratic and cubic phase coupling. Thus, peaks ex‐
ist both in the bi- and tri-coherence spectra. Hence, the bi-co‐
herence spectrum must be first examined, followed by the 
tri-coherence spectrum. Nonlinearity can be assessed and 
classified, as shown in Fig. 8.

In this study, when detection is performed at the VSC ter‐
minal, only hard limiting related nonlinearity exists in the 

control system (average-value model), and all the other func‐
tion blocks in the control system can be represented by the 
transfer functions (linear blocks). Therefore, we assume that 
hard limiting is the only source of nonlinearity in Fig. 8.

V. PROCEDURE FOR HARD-LIMITING DNB OF VSC CONTROL 
SYSTEM 

The specific procedure for applying the hard-limiting 
DNB to the VSC control system is based on the theoretical 
analysis described in Section IV. The corresponding steps 
are summarized in Fig. 9, and the detailed process is as fol‐
lows.

To obtain the time series for the calculation, we first col‐
lect the accident waveform records of the current at the ter‐
minal of the VSC. The studied signals xa(k ), xb(k )  and 
xc(k ) are sampled from the three-phase currents ia(t ), ib(t )  
and ic(t ), respectively. We begin the sampling from the ini‐

TABLE I
CHARACTERISTICS OF BI-COHERENCE AND TRI-COHERENCE SPECTRA

Type

Fourier series

Bi-coherence

Tri-coherence

Phase coupling

f1 + f2 = f3φ1 + φ2 = φ3

f1 + f2 + f3 = f4φ1 + φ2 + φ3 = φ4

Uni-lateral saturation

y (t ) =∑
n = 1

+¥

A2n cos ( )2π ´ 2nft +∑
n = 0

+¥

B2n + 1 sin ( )2π ( )2n + 1 ft

Peaks

Peaks

Bi-lateral saturation

y (t ) =∑
n = 0

+¥

B2n + 1 sin (2π )( )2n + 1 ft

No peaks

Peaks

Start

N

N

Y

Y

End

Oscillation is linear

Do peaks 

exist in bi-coherence

 spectrum?

Do peaks 

exist in tri-coherence

 spectrum?

Oscillation is nonlinear

 induced by uni-lateral

 saturation

Oscillation is nonlinear

 induced by bi-lateral 

saturation

Fig. 8.　Flowchart of nonlinearity detection and classification.
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tial time t0 and set the sampling interval to Dt. The sam‐
pling point is denoted by k, and the sample length is L, i.e.,

ì

í

î

ï
ïï
ï

ï
ïï
ï

xa( )k = ia( )t0 + kDt

xb( )k = ib( )t0 + kDt

xc( )k = ic( )t0 + kDt

k = 12L (39)

Step 1: perform a dq transformation on the three-phase 
sampling signals xa(k ), xb(k ), and xc(k ). The initial phase θ0 
can be obtained by applying a PLL algorithm as expressed 
below:

[ ]xd( )k      xq( )k     x0( )k
T

=

2
3

é

ë

ê

ê

ê

ê

ê

ê
êêê
ê

ê

ê

ê

ê
ù

û

ú

ú

ú

ú

ú

ú
úúú
ú

ú

ú

ú

úcos ( )θ ( )k + θ0 cos ( )θ ( )k -
2
3
π cos ( )θ ( )k +

2
3
π

-sin ( )θ ( )k + θ0 -sin ( )θ ( )k -
2
3
π -sin ( )θ ( )k +

2
3
π

1
2

1
2

1
2

×

[ ]xa( )k     xb( )k     xc( )k
T

(40)

where θ (k ) =ω0kDt + θ0; and xd(k ), xq(k )  and x0(k ) are 

the transformation results in the dq0 coordinate system.
Step 2: set the transformation result xd(k ) of the previous 

step as the subsequent signal processing object, i.e.,

x (k ) = xd(k ) (41)

Step 3: divide x (k ) into M segments, wherein each seg‐
ment length is N (MN = L). Each segment is recorded as 
x( )i (l )  (i = 12M ; l = 12N).

Step 4: select an appropriate window function, such as a 
Hanning window, which is expressed as:

w (l ) = 1
2 (1 + cos (2π

l
N - 1 ) ) (42)

Multiply each segment of the signal by the window func‐
tion, and use the obtained results x' ( )i (l ) for further calcula‐
tions to reduce leakage errors, as expressed below:

x' ( )i (l ) = x( )i (l )w (l ) (43)

Step 5: for each segment x' ( )i (l ), subtract its mean value 
as:

x̂( )i (l ) = x' ( )i (l ) - x̄( )i (l ) (44)

Step 6: perform the fast Fourier transform (FFT) on each 
segment x̂( )i (l ):

X ( )i
k =

1
N∑l = 1

N

x̂( )i ( )l e-i × 2πkl/N k = 12N/2i = 12M (45)

Step 7: when dealing with the FFT results, consider a 
small parameter σ (for instance, σ = 0.001). Sweep i =
12M, and for any k, if X ( )i

k < σ max
k = 12N/2

X ( )i
k , then let 

X ( )i
k = σ2 max

k = 12N/2
X ( )i

k . This step can further increase the dif‐

ference in the order of magnitudes between the white noise 
and peak value in the spectrum. Thus, the analysis and con‐
clusion of the peak value is not affected by the appearance 
of the values close to 0/0 in the bi- and tri-coherence spec‐
trum.

Step 8: the estimated values of the power spectrum, bi-
spectrum, and tri-spectrum of x (k ) are expressed as:

P̂ (m) = 1
M∑i = 1

M

X ( )i
m X *( )i

m (46)

B̂ (mn) = 1
M∑i = 1

M

X ( )i
m X ( )i

n X *( )i
m + n (47)

T̂ (mno) = 1
M∑i = 1

M

X ( )i
m X ( )i

n X ( )i
o X *( )i

m + n + o (48)

Step 9: calculate the bi-coherence spectrum as:

b̂ic (mn) = || B̂ ( )mn

P̂ ( )m + n P̂ ( )m P̂ ( )n
(49)

Step 10: the obtained bi-coherence spectrum is a 3D 
graph. Its x-y coordinates are the (mn) frequencies and its z 
coordinate is the corresponding bi-coherence value, whose 
theoretical value range is [01].

Step 11: calculate the tri-coherence spectrum as:

t̂ric (mno) = || T̂ ( )mno

P̂ ( )m + n + o P̂ ( )m P̂ ( )n P̂ ( )o
(50)

Step 12: determination of DNB thresholds.
Peak value threshold: define σp as the nonlinear threshold 

(preferably 0.3). A peak in the bi- or tri-coherence spectrum 
whose value is greater than σp is considered to characterize 
the existence of the quadratic or cubic phase coupling, and 
the coordinates of the peak represent the corresponding fre‐
quencies. The conclusion and classification of the nonlineari‐
ty can be completed using the process provided in Fig. 8.

Flatness threshold: in addition to the index σp for check‐
ing the peak values, a nonlinear index μ can be defined 
based on the graph flatness [37] for the bi-coherence spec‐
trum:

μ 
|

|
|
||
|
b̂ic2

max - (------
b̂ic

2

+ 2σ
b̂ic2 ) |||||| (51)

where 
------
b̂ic

2

 is the average of the estimated squared bi-coher‐

Preparation

Step 

 

Points

Step 1-Step 3

Step 4-Step 7

Step 8-Step 11

Obtain the time series for the 

calculation sampling from the

 accident waveform records

Pretreatments: dq transformation and 

division of segments

Windowing and FFT: reduction of 

leakage errors treatment of 0/0

Calculation of spectrum: eliminate 

the effects of random phases

Determination of DNB thresholds: 

peak value and flatness

Selection of d- and q-axis

Step 12

Step 13

Fig. 9.　Key points of procedure for hard-limiting DNB.
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ence; and σ
b̂ic2 is the standard deviation of b̂ic2. Based on the 

power-quality standard [38], the corresponding result of the 
index μ is 0.0180 for 35 kV networks obtained by simula‐
tion, while considering the measurement of the output cur‐
rents with the background harmonics. Consequently, we set 
the threshold μp = 0.10 to keep a sufficient margin. Here, the 
nonlinear behavior is considered existent if μ > μp.

For a single VSC with slight harmonic pollution, the peak 
value threshold is enough for the DNB. Contrarily, for the 
multi-VSCs or complex systems, the flatness threshold can 
be considered. However, only the existence of nonlinear be‐
havior in the control system can be verified, and misjudg‐
ment may occur when using the flatness threshold to locate 
the nonlinear oscillatory source, which is illustrated and dis‐
cussed in Section VI-C.

Step 13: the above steps implement the DNB on the d-ax‐
is control loop of the VSC control system. To study the q-ax‐
is control loop, return to Step 2: let x (k ) = xq(k ) and repeat 
Steps 3-12.

Consequently, the nonlinear behavior caused by the bi- or 
uni-lateral saturation hard limiting in the d- or q-axis control 
loop can be detected. Some of these steps increase the reso‐
lution and effectiveness of the HOS. Step 4 reduces the spec‐
trum leakage, Steps 6 and 8 eliminate the effect of the ran‐
dom phases, and Step 7 adds credibility to the presence of 
peaks.

VI. CASE STUDIES 

Three cases are presented and discussed to evaluate the ef‐
fectiveness of the proposed method for the hard-limiting 
DNB in the VSC control system.

Case 1 considers an artificially constructed signal that is 
abstracted from the harmonic characteristics of the uni-later‐
al saturation hard limiter in Section II-C to further demon‐
strate whether φ1 + φ2 = φ3 is a necessary condition of phase 
coupling in HOS.

Case 2 sets up a grid-connected PMSG model to demon‐
strate the effectiveness of the proposed process in detecting 
the nonlinearity owing to the uni-lateral saturation hard limit‐
ing by collecting accident waveform records at the terminals 
of the VSCs. In this case, the nonlinearity owing to bi-later‐
al saturation hard limiting is also detected later using the tri-
coherence spectrum.

Case 3 sets up an IEEE 9-bus system with three SVGs 
and one static VAR compensator (SVC), wherein the self-
sustained oscillation is induced by two SVGs. This case 
shows that the HOS can only detect the presence of nonlin‐
earity but not locate the source of the nonlinear oscillations.

A. Case 1

Here, the following signal is considered in MATLAB.

x (n) =cos ( )2πf1n/fs+φ1+w1( )n +cos ( )2πf2n/fs+φ2+w2( )n +
cos ( )2πf3n/fs+φ3+w3( )n (52)

where f1 = 0.6381 Hz;  f2 = 0.8345 Hz;  f3 = f1 + f2; fs is the sam‐
pling frequency; and wi(n)  (i = 123) is a -20 dB Gaussian 
white noise.

In (52), let φ1 = φ2 = φ3 = 0, and record x (n) as x1(n). Fur‐

ther, let φ1 = φ2 = 0, φ3 = π/2, and record x (n) as x2(n).
Figure 10(a) shows the frequency spectrum of x1(n), from 

which three frequency components f1, f2, and f3 can be 
found. However, the relationship between them cannot be de‐
termined. Figure 10(b) shows the bi-coherence spectrum of 
x1(n) as a contour map. Its peak appears at ( f1 f2 ) and 
( f2 f1 ), with a peak value of 1.0. Hence, the power at f3 
comes entirely from the quadratic phase coupling of f1 and 
f2, which confirms the conclusion in Section IV-C. Figure 
10(c) and (d) shows the frequency and bi-coherence spec‐
trum of x2(n), which are almost the same as those in Fig. 
10(a) and (b), respectively. However, in our initial setting, 
φ1 + φ2 = φ3 in x1(n), whereas φ1 + φ2 ¹ φ3 in x2(n).
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Fig. 10.　Detection of quadratic phase coupling. (a) Frequency spectrum of 
x1(n). (b) Bi-coherence spectrum of x1(n). (c) Frequency spectrum of x2(n). 
(d) Bi-coherence spectrum of x2(n).
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Previous studies [39] - [41] considered a quadratic phase 
coupling which is equivalent to f1 + f2 = f3 and φ1 + φ2 = φ3. In 
this case, when the condition extends to “φ1 + φ2 - φ3 is con‐
stant”, the phase coupling phenomenon and the peaks will al‐
so exist in the bi-coherence spectrum. Therefore, the phase 
equation is a sufficient but not unnecessary condition.

In this study, according to (11), the output of the uni-later‐
al saturation hard limiter can be expressed as:

y (t ) =∑
n = 1

+¥

A2n cos ( )2π ´ 2nft +∑
n = 0

+¥

B2n + 1sin ( )2π ( )2n + 1 ft =

∑
n = 1

+¥

A2n sin ( )2π ´ 2nft +
π
2

+∑
n = 0

+¥

B2n + 1sin ( )2π ( )2n + 1 ft

(53)

Therefore, the peaks with values greater than σp will ap‐
pear in its bi-coherence spectrum similarly to a “chess‐
board” because any two integer multiples of the fundamental 
frequency have the property of the quadratic phase coupling. 
However, if the bi-coherence could detect only those satisfy‐
ing f1 + f2 = f3 and φ1 + φ2 = φ3 simultaneously, no peaks in the 
bi-coherence spectrum will exist, which does not match the 
actual situation.

B. Case 2

A detailed grid-connected PMSG model is set up in 
PSCAD/EMTDC with the structure of the VSC control sys‐
tem shown in Fig. 11.

First, the parameters are adjusted to make the hard limit 
of PI in the d-axis outer control loop of the voltage take ef‐
fect. Table II presents the parameter settings.

The simulation is implemented as follows.
t = 0  s: use a voltage source to charge the DC capacitor. 

In the initial state, the PMSG is off-grid, and the active pow‐
er and reactive power references are both zero.

t = 0.2 s: the DC capacitor side is switched to the power 
source, and the PMSG is connected to the grid.

t = 1.0 s: the active power is set to be 0.34 MW.
t = 2.0 s: Gi(s) is set to be 0.2 + 20/s.

t = 4.0 s: Gi(s) is set to be 0.012 + 12.5/s.
Figure 12 shows the d-axis current reference idref. Accord‐

ing to Fig. 12, the oscillation can be divided into two stages.

Stage I: after t = 4.0  s and before any hard limit takes ef‐
fect, the system can be analyzed with small-signal lineariza‐
tion. Based on the parameters presented in Table II, the dom‐
inating mode of the system state space model is 6.32 ±
j190.06, which is on the right side of the imaginary axis. It 
induces a divergent oscillation and activates the hard limits 
of PI.

Stage II: after the oscillation causes idref to reach the hard 
limit of PI in the d-axis outer control loop of the voltage, 
the hard limit becomes uni-laterally saturated and the system 
cannot be analyzed by the linearization method. At the PCC, 
a constant-amplitude self-sustained oscillation of 33.8 Hz is 
observed, as shown in Fig. 13. The oscillating frequency can 
be computed and examined using the DF-based Nyquist cri‐
terion [13]. Since the transient process is short, the collected 
accident waveform record may only contain the constant-am‐
plitude part, which superficially resembles a weakly-damped 
linear oscillation.
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TABLE II
PARAMETERS IN CONTROL BLOCKS OF PMSG

Symbol

Vg

f0

PN

HPLL( )s

P

C

R

L

Rg

Lg

Gdc( )s

Gq( )s

Gi( )s

Description

Grid voltage

Fundamental frequency

Rated capacity of PMSG

PLL

Active power

DC capacitor

Connection resistance

Connection inductance

Grid-side resistance

Grid-side inductance

DC-voltage controller

Reactive power controller

Inner-loop current controller

Value

0.69 kV

50 Hz

1.5 MW

500 + 900/s

0.34 MW

200 mF

0.001 Ω

0.35 mH

0.005 Ω

0.4 mH

9 + 500/s

0.3 + 50.28/s

0.012 + 12.5/s
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Figure 14 shows the bi-coherence and power spectra of 
idref and idpcc. The bi-coherence spectra are shown as contour 

maps whose x-y axis range is restricted to {( f1f2 ) |ω1 ³

0ω2 ³ 0}, respectively. As shown in Fig. 14(a), the bi-coher‐

ence spectrum of idref resembles a “chessboard”. Hence, the 
quadratic phase coupling exists between any two integer mul‐
tiples of the fundamental frequency. Generally, the transfer 
function of the VSC control system is low-pass, which can 
be observed by comparing Fig. 14(b) and (d). However, the 
bi-coherence spectrum of idpcc can still maintain the property 
of the quadratic phase coupling, as shown in Fig. 14(c). 
Here, the peaks of the higher harmonics disappear because 
their amplitudes are too small to maintain a distinction from 
the background noise. Hence, Fig. 14(c) confirms that non‐
linearity owing to uni-lateral saturation hard limit can be de‐
tected by collecting accident waveforms at the terminal of 
VSCs based on the HOS analysis. In this case, nonlinearity 
exists in the d-axis control loop of the VSC system.

Next, we adjust the parameters to examine the effective‐
ness of the tri-coherence spectrum. We set the upper and 
lower limits of the d-axis current reference idref to ±¥ and 
set those of the d-axis voltage reference vdref to ±0.08. Then, 
the hard limit of vdref takes effect and induces a bi-lateral sat‐
uration self-sustained oscillation.

Figure 15(a) shows the bi-coherence spectrum of idpcc, 
with a global maximum value of only 0.002134, which is 
much smaller than the nonlinear threshold σp. Consequently, 
we consider that no peaks representing the nonlinearity exist 
in the contour map and no uni-lateral saturation exists.

Figure 15(b) shows the tri-coherence spectrum of idpcc, 
with a peak at the x-y-z coordinates (33.8 Hz, 33.8 Hz, 
33.8 Hz). Here, the aliasing error expands the peak range, 
thereby making the maximum value larger than one; howev‐
er, it still demonstrates the bi-lateral saturation in the system, 
which proves the effectiveness of the calculation and classifi‐
cation processes proposed in Section IV-E and Section V.

C. Case 3

Figure 16 illustrates a topology derived from the IEEE 9-
bus system, wherein the network parameters of buses 1-9 
correspond with the IEEE 9-bus system. Contrary to the 
IEEE benchmark system, an SVC is located at the medium-
voltage bus 13 for reactive power adjustment, and two grid-
connected wind farms and their corresponding SVGs are lo‐
cated at buses 14 and 15. The PMSGs and SVGs use the 
double-loop VSC control, as presented in Section IV-A. The 
control parameters are presented in Table III.
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The case study system is simulated using PSCAD/EMT‐
DC. In the case, a self-sustained oscillation is induced by 
mismatching the reference terminal voltages of SVG1 and 
SVG2, which are denoted by Vref1 and Vref2, respectively. Fig‐
ure 17 shows the oscillation-related waveforms of the voltag‐
es and currents. In Fig. 17(a), when t < 2 s, set Vref1=Vref2=

1.005 p.u., thereby stabilizing the voltage amplitudes V14, Vpcc1, 
and Vpcc2. Contrarily, when t ³ 2.45 s, set Vref1 = 1.005 p.u. 
and Vref2 = 1.000 p.u.. Consequently, V14 deviates from the 
previous equilibrium point, which fluctuates in the range of 
0.97 - 1.04 p.u.. Based on Fig. 17(b), i14 significantly increas‐
es when t ³ 2.45  s. The major harmonic frequencies of the in‐
stantaneous current i14 are 17.5  Hz and 82.5  Hz (50  Hz ±
32.5  Hz), and the sub-synchronous current flows from the 
VSCs to the networks. As shown in Fig. 17(c), the SVC 
stimulates a linear LC resonance, whose combination of ca‐
pacitance and network inductance matches the sub-synchro‐
nous frequency of the VSCs. Additionally, the current wave‐
form of the SVC shows that the SVC functions as a harmon‐
ic amplifier.

Calculated as (51), Table IV shows that the nonlinear in‐
dex μ > μp for the SVGs and μ μp for the SVC, which indi‐
cates that the SVGs are the main contributors to the nonlin‐
earity. Hence, the nonlinearity is detected in the system. 
However, the hard limiting takes effect in only two SVGs. 
Therefore, the proposed method can only detect the nonlin‐
ear behavior in the system, but not its location. Furthermore, 
the precise localization method needs to be developed in fu‐
ture studies.

VII. CONCLUSION 

This study proposes a method based on the HOS analysis 
for the hard-limiting DNB in the VSC control system in 
wind farms, wherein the PMSGs and VSGs are modeled us‐
ing a unified VSC control model. The contributions are sum‐
marized as follows.

1) The effectiveness of the bi- and tri-spectra is proven 
when characterizing the nonlinear behavior induced by hard 
limiting in the VSC control system.

2) The effects of the linear parts in the VSC control sys‐
tem are eliminated using the bi- and tri-coherence, which fa‐
cilitate the hard-limiting DNB with only the waveforms col‐
lecte at the terminal of the VSC. Additionally, the phase 
equation is proven to be a sufficient and unnecessary condi‐
tion of the phase coupling phenomenon, which is not exam‐
ined thoroughly in previous studies.
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TABLE III
PARAMETERS OF NETWORK AND VSC CONTROL FOR CASE STUDY SYSTEM

Parameter

KPυd, KIυd, KPυq, KIυq (SVG voltage 
control loop)

Vref1, Vref2, Vref3 (reference of terminal 
voltage control)

KPi, KIi (current control loop)

Xl1, Xl2, Xl3 (connection impedance)

R6-10, R8-11 (line resistance)

X6-10, X8-11 (line impedance)

XT1, XT2, XT3 (transformer impedance)

Value

2.5 p.u., 1000 p.u., 2 p.u., 20 p.u.

1.005 p.u., 1.005 p.u., 1.005 p.u. 
(t < 2 s)

1.005 p.u., 1.000 p.u., 1.005 p.u. 
(t ³ 2 s)

40 p.u., 6250 p.u.

0.0051 p.u., 0.0038 p.u., 0.0256 p.u.

0.0017 p.u., 0.0054 p.u.

0.0092 p.u., 0.0178 p.u.

0.0586 p.u., 0.0586 p.u., 0.0576 p.u.

641



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 12, NO. 2, March 2024

3) The detailed procedure is proposed to detect and classi‐
fy the nonlinear behavior caused by the bi- or uni-lateral sat‐
uration hard limiting.

4) The data processing problems are solved in the DNB 
procedures based on the HOS, such as the “0/0” phenome‐
non and spectrum leakage, to improve the resolution and 
quality of the spectra.

Future studies include two aspects.
First, the HOS analysis is a measurement-based method. 

However, the extension of the proposed method to any 
equipment requires further examination. This study confirms 
the applicability of the HOS-based DNB to VSCs, which ex‐
ist in energy storage equipment and flexible DC transmis‐
sion systems, in addition to wind power systems as dis‐
cussed in this study. Here, we do not investigate eliminating 
the effects of different parts of other devices (in the path 
from the hard limiter to the terminal).

Second, as discussed in Section VI-C, the DNB is not suf‐
ficient to constitute an effective control measure and genera‐
tor tripping strategy when a self-sustained oscillation acci‐
dent occurs. Therefore, a nonlinear oscillatory source local‐
ization method needs to be introduced.

APPENDIX A 

APPENDIX B 

Based on the results in Section II-B, when self-sustained os‐
cillation occurs, the output y ( )t  of the bi-lateral saturation 
hard limiter contains the 3rd and 5th harmonics of the oscilla‐
tion frequency with the same phase as that of the fundamental 
frequency. Without loss of generality, let its initial phase be ze‐
ro, that is,

y (t ) =B1 sin (2πft ) +B3 sin (2π ´ 3ft ) +B5 sin (2π ´ 5ft )
(B1)

where B1, B3, and B5 are the Fourier coefficients of the 1st, 3rd, 
and 5th Fourier harmonics, respectively.

The Fourier transform is performed three times on the third-
order autocorrelation function of y (t ). Thus, the tri-spectrum 
of y (t ) can be derived as:

ì

í

î

ïïïï

ï
ïï
ï

Rf(τ1τ2τ3 ) = f ∫
0

1/f

y (t ) y (t+τ1 ) y (t+τ2 ) y (t+τ3 )dt

Ty(ω1ω2ω3 ) = ∫
-¥

¥ ∫
-¥

¥ ∫
-¥

¥

Rf( )τ1τ2τ3 e-j2π ( )ω1+ω2+ω3 dτ1 dτ2 dτ3

(B2)

TABLE IV
COMPARISON OF μ FOR HARMONIC SOURCE SEARCHING

Part

SVG1

SVG2

SVG3

SVC

μ (p.u.)

0.3727

0.1598

0.1043

0.0079
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TABLE AI
THE nth COMPONENT OF BI-LATERAL SATURATION HARD LIMIT OUTPUT

n

0

1

2

3

4

5

6

7

An

0

0

0

0

0

0

0

0

Bn

0

2a 1 -
a2

A2
+ 2A arcsin

a
A

π

0

4a ( )1 -
a2

A2

3 2

3π

0

4a 1 -
a2

A2
(8a4 - 11a2 A2 + 3A4 )

15A4π

0

48a cos ( )7 arcsin
a
A

+ 28A sin ( )6 arcsin
a
A

- 21A sin ( )8 arcsin
a
A

84π
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Additionally, the tri-spectrum has 96 symmetrical regions 
[35]. Therefore, a symmetrical region in the result of 
Ty(ω1ω2ω3 ) can be used for analysis to completely describe 

the entire trispectrum. Considering { |(ω1ω2ω3 ) 0 £ω1 £ω2 £

ω3}, Ty(ω1ω2ω3 ) is calculated as:

Ty(ω1ω2ω3 ) =
B3

1 B3π
3/2

4 2
δ (ω1 - 2πf ) δ (ω2 - 2πf ) δ (ω3 - 2πf ) +

B2
1 B3 B5π

3/2

4 2
δ (ω1 - 2πf ) δ (ω2 - 2πf ) δ (ω3 - 6πf ) (B3)

Ty(ω1ω2ω3 ) is a finite maximum if and only if ω1 =ω2 =
ω3 = 2πf or ω1 =ω2 = 2πfω3 = 6πf; otherwise, it is zero. There‐
fore, two peaks can be observed at the x-y-z coordinates 

(2πf2πf2πf ) and (2πf2πf6πf ) in the four-dimensional (4D) 

graph of { |
|(ω1ω2ω3Ty(ω1ω2ω3 ) ) 0 £ω1 £ω2 £ω3}. For 

an easy intuitive visualization of the graphs, when the area is 

extended to { |( )ω1ω2ω3 ω1 ³ 0ω2 ³ 0ω3 ³ 0}, four peaks at 

(2πf2πf2πf ), (2πf2πf6πf ), (2πf6πf2πf )  and (6πf2πf 

)2πf  occur.
The power spectrum of y (t ) is expressed as:

Py(ω) = ∫
-¥

¥

f ∫
0

1/f

y (t ) y (t + τ )dt × e-j2πωdτ =

1
2

B2
1

π
2
δ (ω - 2πf ) + 1

2
B2

3

π
2
δ (ω - 6πf ) +

1
2

B2
5

π
2
δ (ω - 10πf ) (B4)

According to (B3) and (B4), the tri-coherence spectrum  

( ){ |(ω1ω2ω3 ) ω1 ³ 0ω2 ³ 0ω3 ³ 0}  can be expressed as:

tricy(ω1ω2ω3 ) = ||Ty( )ω1ω2ω3

Py( )ω1 +ω2 +ω3 Py( )ω1 Py( )ω2 Py( )ω3

(B5)

In (B5), the tri-coherence spectrum of y (t ) reaches its peak 
if and only if { }ω1ω2ω3 = { }2πf2πf2πf , { }2πf2πf6πf , 

{ }2πf6πf2πf , or { }6πf2πf2πf .

When { }ω1ω2ω3 = { }2πf2πf2πf , (B5) is calculated as 

(B6). When { }ω1ω2ω3 = { }2πf2πf6πf , { }2πf6πf2πf , or 

{ }6πf2πf2πf , (B5) is calculated as (B7).
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In (B5), tricy(ω1ω2ω3 ) ³ 0. Therefore, the range of the 

corresponding tri-coherence value of each x-y-z coordinate in 
the tri-coherence spectrum is [01]. The larger the tri-coher‐
ence value, the stronger the nonlinear phase coupling among 
the three frequencies corresponding to the coordinate (the 

stronger the nonlinearity).

In (B1), when y (t ) extends to y (t ) =∑
n = 0

+¥

B2n + 1 sin ( )2π (2n +1ft , 

according to (9), which accurately represents the output of the 
bi-lateral saturation hard limiter, it can be proved that in the 

TABLE AII
THE nth COMPONENT OF UNI-LATERAL SATURATION HARD LIMIT 
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4D graph of {(ω1ω2ω3tricy(ω1 |))ω2ω3 ω1 ³ 0ω2 ³ 0 

}ω3 ³ 0 , peaks exist at the x-y-z coordinates 

((2i+ 1) × 2πf(2j+ 1) × 2πf(2k+ 1) × 2πf ) (ijk= 012).
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