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Abstract——Power converters and their interfacing networks 
are often treated as modular state-space blocks for small-signal 
stability studies in microgrids; they are interconnected by 
matching the input and output states of the network and con‐
verters. Virtual resistors have been widely used in existing mod‐
els to generate a voltage for state-space models of the network 
that require voltage inputs. This paper accurately quantifies the 
adverse impacts of adding the virtual resistance and proposes 
an alternative method for network modelling that eliminates 
the requirement of the virtual resistor when interfacing convert‐
ers with microgrids. The proposed nonlinear method allows ini‐
tialization, time-domain simulations of the nonlinear model, and 
linearization and eigenvalue generation. A numerically linear‐
ized small-signal model is used to generate eigenvalues and is 
compared with the eigenvalues generated using the existing 
modelling method with virtual resistances. Deficiencies of the 
existing method and improvements offered by the proposed 
modelling method are clearly quantified. Electromagnetic tran‐
sient (EMT) simulations using detailed switching models are 
used for validation of the proposed modelling method.

Index Terms——Low-voltage converter, state-space modelling, 
dynamic phasor, time-domain simulation, eigenvalue analysis.

I. INTRODUCTION 

RAPID expansion of renewable energy generation sys‐
tems has introduced new requirements for power sys‐

tem modelling and simulation methods. Conventional power 
sytems with centralized synchronous generation and distribut‐
ed loads have been transformed with decentralized genera‐
tion with a mix of converter-based generation, nonlinear 
loads, and microgrids. Conventional synchronous machine 
models have been rigorously studied, and their generic con‐
trols and interactions are well understood. Conversely, con‐
verter-tied renewable energy resources and loads in mi‐

crogrids consist of advanced control loops and different dy‐
namic characteristics that cannot be easily generalized. 
These fundamental changes call for detailed modelling meth‐
ods for careful control design of converter-intensive mi‐
crogrids that consist of dynamic devices with a wide range 
of operational time constants [1].

The need for improved modelling techniques for modern 
power systems to overcome the limitations of constant-fre‐
quency phasor models is highlighted in [1] - [4]. Dynamic 
phasor-based modelling has been introduced as a method to 
capture the dynamics of high-frequency elements [5], [6]. 
The majority of these modelling methods are geared towards 
electromagnetic transient (EMT) simulations, and therefore, 
do not offer analytical capabilities such as linearization, ei‐
genvalue analysis, and other state variable-based tools. Mod‐
elling methods based upon state-variable methods [1], [4] 
that employ differential-algebraic equations (DAE) in a de‐
coupled domain provide better analytical capabilities, e.g., ei‐
genvalue analysis, which are paramount for controller tuning 
tasks.

Oscillatory stability is an important concern in microgrids 
due to the variety of dynamic characteristics present in loads 
and converters. Their controls must be tuned to meet the ex‐
pected fast response while maintaining stability. Oscillatory 
stability and mitigatory control modifications are best tack‐
led through small-signal stability studies involving eigenval‐
ue analysis. For such studies, full-order state-space model‐
ling was initially proposed in [4], clearly pointing out the re‐
quirement of small-signal modelling to study the interactions 
among converters in microgrids.

The converters and loads in microgrids are often connect‐
ed using short line segments. Converters are normally inter‐
faced to the grid using inductors or inductor-capacitor-induc‐
tor (LCL) filters at their outputs depending on harmonic at‐
tenuation requirements. When modelled in the state-space do‐
main, both the line and the converter require a voltage input 
variable, making the interconnection challenging. A solution 
is achieved by adding a large virtual resistance at the inter‐
connection point and taking the currents from the lines and 
converters as inputs to generate a voltage. Initially intro‐
duced in [4], this method has been widely utilized in a num‐
ber of studies that involve optimization [7]-[9], model order 
reduction [10], [11], dynamic load studies [12], and small-
signal stability studies [13]-[15].

While the virtual resistor connection changes the network 
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structure with minimal impact on modelling accuracy, its im‐
pacts on stability have not been widely and quantitatively 
studied. It has been shown only qualitatively [14] that the 
value of the virtual resistance affects the fundamental fre‐
quency oscillatory modes in small-signal stability studies. A 
method has been proposed in [16] to eliminate the virtual re‐
sistance by ignoring the LCL filter dynamics and using an 
impedance-based model. This eliminates any dynamics asso‐
ciated with the LCL filters and is detrimental to small-signal 
stability studies as it ignores important dynamics of the mi‐
crogrid. Therefore, critical gaps in the modelling and analy‐
sis of converter-intensive microgrid exist. The contributions 
of this paper are two-fold: ① quantitative, detailed assess‐
ment of the impact of virtual resistance on small-signal sta‐
bility studies of a microgrid using eigenvalue analysis; ② 
mathematical derivation and validation of a microgrid model‐
ling method without using virtual resistances.

The proposed modelling method develops a state-space 
representation of the overall microgrid with only voltage in‐
puts being the connection points for converters. The devel‐
oped model is capable of generating computationally effi‐
cient time-domain responses while also providing accurate, 
numerically-derived small-signal models for eigenvalue anal‐

ysis and controller tuning studies.
The rest of the paper is organized as follows. In Section 

II, a microgrid is modeled using virtual resistances at nodes 
where the voltage is required as an input to the state-space 
equations. The eigenvalues of this system are then analyzed 
with their impact on the stiffness of the system model. Sec‐
tion III proposes a modelling method without virtual resis‐
tances. The improvements of the proposed modelling method 
are then fully compared with the virtual resistance method. 
Section IV presents comparison and model validation 
through time-domain EMT simulations and eigenvalue analy‐
sis for validating the proposed modelling method. Finally, 
Section V concludes this paper.

II. MODELLING OF MICROGRID USING VIRTUAL 
RESISTANCES 

The conventional modelling method of microgrids with 
virtual resistances is exemplified using a test system consist‐
ing of four converters and two loads, as shown in Fig. 1, 
where ik is the current from kth inverter. More model parame‐
ters used in the simulations in this paper are given in the fol‐
lowing text and in Appendix A.

A. Dynamic Phasor Formulation

The short line segments connecting the buses in Fig. 1 are 
modelled in the time domain as given in (1) for a line con‐
necting buses m and n.

i̇mn (t)=
1

Lmn

(vbusm (t)- vbusn (t)- imn (t)Rmn ) (1)

where vbusm (t), vbusn (t), and imn (t) are the three-phase bus volt‐
ages and line currents in the form of A(t)sin(α(t)+ ϕ), respec‐
tively. α̇(t)=ω(t) is the frequency and may vary with time, ϕ 
is the initial phase of the waveform, A(t) is the time-varying 
amplitude of the waveform; and Lmn and Rmn are the line in‐
ductance and resistance between the nodes m and n, respec‐
tively. The dot above a variable denotes the time derivative 
of the variable.

The dynamic phasor form of (1) can be written as (2) and 
(3) shows the general form of a dynamic phasor quantity. 
The time domain quantities are denoted in the dynamic pha‐
sor form as upper case variables with ~.

İ͂mn (t)=
1

Lmn

(V͂busm (t)- V͂busn (t)- I͂mn (t)Rmn - jω(t)Lmn I͂mn (t))   (2)

X͂ (t)= X q (t)+ jX d (t) (3)

where superscripts d and q denote the d and q components 
of the original dynamic phasor, respectively. The formulation 
of (2) is a resultant of the dynamic phasor differentiation 
property [17] of the phasor equivalent of the time-varying 
signal x(t) given by (4a):

P ( )d
dt

x(t) =
d
dt

X͂ (t)+ jω(t)X͂ (t) (4a)

P(x(t))= X͂ (t) (4b)

where P(×) is defined as the phasor operator [17], which trans‐
forms the time-varying signal x(t) into a time-varying phasor 
(i.e., dynamic phasor) X͂ (t), as shown by (4b).

Expanding (2) results in two time-domain equations as:

ì

í

î

ï
ïï
ï

ï
ïï
ï

İ d
mn (t)=

1
Lmn

(V d
busm (t)- V d

busn (t)- I d
mn (t)Rmn - I q

mn (t)ω(t)Lmn )

İ q
mn (t)=

1
Lmn

(V q
busm (t)- V q

busn (t)- I q
mn (t)Rmn + I d

mn (t)ω(t)Lmn )
 (5)

The model for a series RL load is identical to this line 
model with only one voltage (i.e., terminal voltage) term. To 
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Fig. 1.　Schematic diagram of a microgrid with virtual resistances.
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construct the state-space model of the system for eigenvalue 
analysis, linearized state-space models of the converters and 
lines need to be combined. The linearized model for a con‐
verter may be expressed in the form of (6), which will be 
presented in the next subsection.

B. State-space Formulation

The converter models are developed as voltage-dependent 
current injection components. The inputs of the state-space 
model are voltages of bus n given by {DV q

busnDV d
busn } and ref‐

erences given to the converter controller; the output currents, 
which are injected to the bus, are state variables given by 
{DI q

n DI d
n }. Since the current injections from the converter 

are already states of the converter model, the coefficients of 
the output matrix C are 1, and as a result, {DI q

n DI d
n }, which 

are the decoupled components of the output current dynamic 
phasor, become the injections to the bus. The rest of the 
state variables that include the converter control states and 
filter states are indicated by {Dx1Dx2...Dxn }. ΔPrefn, ΔQrefn, 
ΔVrefn, and Δωrefn denote the external setpoints for the con‐
verter. The matrices Aconvn, B1

convn, and B2
convn contain the ele‐

ments of the linearized state-space equations given in Appen‐
dix B, and are not shown here due to space limitations.
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(6)

The linearized state-space model of a line described in (5) 
is given by:

é
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where Aline, B1
line, and B2

line contain the matrices that have lin‐
earized elements from (5); and Dω is the linearized term of 
the frequency term ω(t) from (5). It is noticed that the line 
and converter models contain the d and q components of the 
bus voltage as inputs. Since these are not inputs of the actu‐
al system, the bus voltages need to be either defined as 
states or eliminated through substitution. This poses a signifi‐
cant challenge when combining the state-space models for ei‐
genvalue analysis and dynamic simulation studies. A solu‐
tion is provided by adding a sufficiently large fictitious resis‐
tance RN at each bus. The resultant model can be described 
by:

vbusn (t)= RN Isum (8a)

where Isum is the sum of currents excluding RN entering or 

leaving bus n.
Note that (8a) produces different outcome depending on 

what elements are connected to bus n. For example, if bus n 
only connects two lines from buses n + 1 and n - 1, (8a) be‐
comes:

vbusn (t)= RN (inn - 1 (t)- inn + 1 (t)) (8b)

If bus n also contains a load and a converter, (8a) be‐
comes:

vbusn (t)= RN (inn - 1 (t)+ ik (t)- iloadn (t)- inn + 1 (t)) (8c)

where inn - 1 (t) and inn + 1 (t) are the currents entering and leav‐
ing the bus n, respectively; and iloadn (t) and ik (t) are the cur‐
rents to the nth load and and current from the k th converter, 
respectively.

The value of RN is often selected to be in the range of 0.1-
10 kΩ [4], [14] to minimize its impact on the current flow 
in the network and hence on the accuracy of the model. This 
model takes in current injections from the connected sources 
and lines as inputs and produces a voltage that is used as an 
input for the source and line models. This method has been 
widely used in the development of microgrid models [7] -
[15]. Finally, the d and q components of the small-signal 
form of (8b) are obtained as:
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(8d)

where RN is an diagonal matrix with the values of virtual re‐
sistances along its diagonal.

And the small-signal form of (8c), where a load and con‐
verters are connected, is given as:
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(8e)

Equations (8d) and (8e) can be substituted in (6) or (7) to 
eliminate the bus voltage components.

C. Reference Frame Transformation

The term ω(t) in (5) denotes the frequency at which the 
system equations are decoupled. Since there are multiple fre‐
quency generation sources in the system, a single value can‐
not be used in the development of various component mod‐
els. As such, the abc-domain quantities of the medium-volt‐
age system (i.e., the line and load currents) are decoupled in 
the reference frame of converter 1 with a rotational speed of 
ω1 (t), which is taken as the common reference frame; other 
converters, including their converter-interfaced transformers, 
are decoupled in their own reference frames rotating at their 
respective speeds. Decoupled voltage and current quantities 
from one reference frame are transformed to and from other 
reference frames using (9) and its inverse.

é

ë
ê
êê
ê ù

û
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úX q

grid (t)

X d
grid (t)

=
é
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úcos δn (t) -sin δn (t)

sin δn (t) cos δn (t)
é

ë
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û
ú
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úX q

conv (t)

X d
conv (t)

(9)

δ̇n (t)=ω1 (t)-ωn (t) (10)

The state variables in the grid-side reference frame (i. e., 
converter 1) are denoted by X d

grid (t) and X q
grid (t), and those in 

the reference frame of converter n are by X d
conv (t) and 
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X q
conv (t). These variables are dq components of either the volt‐

age of the connection bus or the output current of converter, 
which are based on the transformation used. The transforma‐
tion angle δn (t) is generated using the frequency of reference 
frame of converter n ωn (t) and that of the converter 1 ω1 (t). 
Since converter 1 is already in the grid-side reference frame, 
and does not have a transformation angle, for a system with 
N converters, the number of transformation angles will al‐
ways be N - 1. This is identical to the reference frame trans‐
formation method used in [4] and all subsequent publica‐
tions.

D. Converter Model

A block diagram of the converter model used is shown in 
Fig. 2 and its state-space model equations are provided in 
Appendix B based on the models given in [4] and [18]. In 
Fig. 2, vc is the three-phase (abc) form of the terminal volt‐
age, and vcd and vcq are its d and q components, respectively, 
which are generated from the current controller.

Each line and series RL load element consist of two state 
equations representing the derivatives of the dq components 
of their currents, amounting to a total of 12 state equations 
for the considered microgrid. Each converter model consists 
of 17 state equations. Since the reference frame transforma‐
tion takes place for three converters (converter 1 is the com‐
mon reference frame), the reference frame transformation in 
(10) generates three state equations, giving a total of 83 state 
equations for the entire considered microgrid.

E. Initialization and Eigenvalue Analysis

The linearized model of the overall system can be ob‐
tained either analytically by linearizing the explicit state 
equations or numerically by perturbing the systems around 
an operating point. For this system, the linearized model is 
obtained numerically using (11):

J f =
é

ë

ê
êê
ê δfi

δxj

ù

û

ú
úú
ú

n ´ n

(11)

where Jf is the system matrix; x is the vector of state vari‐
ables; and f is the nonlinear system function that contains all 
the state equations of the system; and subscripts i and j are 
used to denote the ith function and the jth state variable used 
to calculate the partial derivative term of a particular ith func‐
tion with respect to a jth variable for a system with n differ‐

ential equations and state variables.
In order to obtain the eigenvalues of the system, the mod‐

el has to be initialized and brought to a stable operating 
point. In conventional stability studies, this is achieved using 
a power flow solver. However, for a state-space model in the 
dq domain, this method is not adequate due to the large num‐
ber of dynamic network states that need to be initialized 
[16]. Two distinct methods can be used to initialize the sys‐
tem. One method is to use a nonlinear optimization solver, 
which takes advantage of optimization to minimize the deriv‐
atives of the system. This method does not guarantee a solu‐
tion and can provide an undesired operating point. The other 
method is to utilise an integration method such as Runge 
Kutta’s 4th-order (RK4) method, to run a time-domain simu‐
lation till a stable operating point is reached. Using such a 
method allows the time-domain responses to be validated 
with EMT simulation tools.

For the given system, the time-domain model can be ini‐
tialized by setting the values of the state variables to a value 
close to zero (e.g., 1 ´ 10-10) to make sure that the states re‐
main in the domain of attraction at initialization. For much 
larger systems that contain many converters and synchro‐
nous generators, the sources need to be equipped with volt‐
age sources and solved using a power flow program to ob‐
tain the angles and voltage magnitudes of the voltage sourc‐
es for a desired operating point. Once this is done, the pro‐
posed network model shall also be initialized with voltage 
sources and the obtained bus voltages and angles. This is al‐
so similar to the method used in many EMT simulators.

Additionally, once a stable operating point is reached us‐
ing the time-domain simulation, initialization using an opti‐
mization solver can be done for small changes in parameters 
for stability studies related to eigenvalue analysis. Therefore, 
in this paper, the second method is used to initialize the sys‐
tem, whilst the optimization solver fsolve in Python’s SciPy 
[19] optimization library is used to generate subsequent sta‐
ble operating points. The solution procedure used in this pa‐
per is given in Fig. 3.

To assess the impact of the virtual resistances, the system 
in Fig. 1 was initialized for different virtual resistance values 

Current controller Voltage controller Power controller

icdref, icqref vfqref, vfdref

vfd, vfq
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Fig. 2.　Block diagram of converter model.
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ranging from 0.1-10 kΩ. The model was then linearized 
around the operating point, and the eigenvalue plots for dif‐
ferent resistance values are shown in Fig. 4.

The zoomed-in region in Fig. 4 contains all the eigenval‐
ues related to the converters. The eigenvalues closest to the 
origin are associated with the time constants of the control 
loops of the converters, whilst the eigenvalues with real val‐
ues around 500-2500 have higher participation in the filter 
states. The eigenvalues with real values of around 1000 par‐
ticipate in the power measurement filter states.

It is important to notice that the value of the virtual resis‐
tance has minimal impact on the eigenvalues associated with 
control states, whilst it slightly affects the filter states further 
away from the origin. However, similar to the observations 
in [14], a number of fundamental frequency oscillatory 
modes can be seen with real values in the range of 107-108, 
which participate in the states associated with the lines of 
the microgrid. This is fundamentally inaccurate as the sys‐
tem dynamics do not contain such large coefficients in real 
world. To fully understand the impact of the virtual resis‐
tance on these eigenvalues, the real parts of the eigenvalues 
participating in system states are listed along with the respec‐
tive virtual resistances in Table I.

It can be readily noticed that the real part of these eigen‐
values is significantly impacted by the virtual resistance val‐
ue. As the magnitude of the virtual resistance is increased by 
a factor of 10, the real part of every eigenvalue is also in‐

creased 10 times.

F. Analysis of Impact of Virtual Resistance

The impact of the virtual resistances may be explained fur‐
ther using the simple RL circuit with a large virtual resis‐
tance shown in Fig. 5.

The time-domain equations for this circuit are given in 
(12). The notation for a function of time is omitted for sim‐
plicity.
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(v1 - vn - i1 R1 )

i̇2 =
1
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(v2 - vn - i2 R2 )
(12)

where the variables shown in (12) correspond to Fig. 5. The 
voltage across the virtual resistance RN is given by:

vn = in RN = (i1 + i2 )RN (13)

Substituting (13) in (12), the state-space model for the 
simple circuit can be formulated as:

ẋ = Ax + Bu (14)

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïïï

ï

ï

ï

A =

é

ë

ê

ê

ê

êê
ê
ê

ê

ê

ê ù

û

ú

ú

ú

úú
ú
ú

ú

ú

ú-(RN + R1 )
L1

RN

L1

RN

L2

-(RN + R2 )
L2

B =

é

ë

ê

ê

ê
êê
ê
ê

ê

ê

ê ù

û

ú

ú

ú
úú
ú
ú

ú

ú

ú1
L1

1
L2

(15)

ì

í

î

ï
ïï
ï

ï
ïï
ï

x = é
ë
êêêê ù

û
úúúúi1

i2

u = é
ë
êêêê ù

û
úúúúv1

v2

(16)

Since (12) is linear, the poles of the system can be ob‐
tained by solving det(λI - A)= 0, as given in (17).

λ12 =-
            ( )R1 + RN

L1

+
R2 + RN

L2

C1

±

             ( )R1 + RN

L1

-
R2 + RN

L2

2

C2

+


4R2
N

L1 L2

C3

(17)

For the minimal impact on current flows as a result of in‐
cluding the virtual resistance, one must ensure that:

RN >> R1R2L1L2 (18)

Assuming that the line lengths are equal, i. e., R1 = R2 = R 
and L1 = L2 = L, C1, C2, and C3 can be written as:
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TABLE I
REAL PARTS OF EIGENVALUES PARTICIPATING IN SYSTEM STATES

Virtual resistance RN (kΩ)

0.1

1.0

10.0

Real part of eigenvalues

-2278082.04, -1677812.14, -896914.26, 
-296868.81, -48844.00

-22777530.58, -16774886.50, -8965904.09, 
-2965962.24, -491239.16

-227772014.66, -167745626.10, 
-89655794.09, -29656781.17, -4911614.37
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Fig. 5.　Simple RL circuit with a large virtual resistance.
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Based on (19), the roots of (17) may be approximated as:
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λ1 =-
2R + 4RN

L

λ2 =-
2R
L

(20)

where λ1 is a significantly large number; and λ2 is a relative‐
ly small number. For example, for the values listed in Appen‐
dix A (i.e., R1 = R2 = 0.502 p.u. and L1 = L2 = 0.512 p.u., and 
with RN = 84033 p.u. (=10 kΩ), the poles will be:

λ12 ={-324782.23-0.980} (21)

If the expressions in (12) are converted to the dq domain 
with a 60 Hz (377 rad/s) rotating frame similar to (5), the 
roots shown in (21) will result in complex conjugate pairs of 
eigenvalues, as shown in (22).

λ1 - 4 ={-324782.23 ± j377.67-0.980 ± j377.67} (22)

The magnitude of these eigangalues can be related to that 
of the real components of eigenvalues shown in Table I. The 
real part of these eigenvalues denotes time constants that are 
significantly larger than those associated with the system dy‐
namics. For different values of X R and unequal line lengths, 
the values of λ1 and λ2 can be observed to have a similar dis‐
tinction in magnitude.

Also of note is an important measure to assess the solv‐
ability of a system of differential algebraic equations 
(DAEs) known as stiffness. Stiffness plays an important role 
when determining the initial values of a set of differential 
equations. One measure to determine the stiffness of a sys‐
tem is using the stiffness ratio [20] Rsti shown in (23), where 
n is the size of the system and Re(λi ) is the real part of the 
ith eigenvalue λi; hence, (23) provides the ratio between the 
largest and smallest real components of the system eigenval‐
ue. Since the eigenvalues are also associated with the time 
constants of the system, the stiffness ratio also provides in‐
sight into the fastest and slowest dynamics observed in the 
system.

Rsti =
max
1 £ i £ n

||Re(λi )

min
1 £ i £ n

||Re(λi )
(23)

Table II provides the stiffness ratios and time-step sizes of 
the system for three different values of virtual resistance. 
Along with the maximum time-step, the RK4 solver can be 
used to initialize the system at a stable operating point.

It is observed that the simulation time-step size needed to 
solve the problem is in the order of 10-7-10-9 s. As a result, 
it is concluded that the virtual resistance has a direct impact 
on the stiffness of the system, and as its value is increased 
to obtain more accurate results, the system tends to become 
increasingly ill-defined, making it difficult to solve for initial 
conditions and dynamic simulations. These are the core prob‐

lems that the commonly-used virtual resistance method fac‐
es, and the proposed modelling method in the next section 
will be able to solve them.

III. PROPOSED MODELLING METHOD WITHOUT VIRTUAL 
RESISTANCES 

In order to model the system without virtual resistances, 
consider a generic system shown in Fig. 6, where a mi‐
crogrid is connected to a larger high-voltage power system 
at the topmost node. This terminal can be substituted with a 
converter (Conv.), load or any other voltage source in order 
to convert the overall system to a standalone microgrid, as 
shown in the example provided in Section IV. A procedure 
to derive a state-space model for this network is provided in 
this section, which can be extended to a microgrid with n 
branches and levels.

Whilst the introduction of the fictitious virtual resistance 
provides a voltage input for the currents in the RL elements 
of the network, the actual power system does not contain 
such larger resistances at their respective buses. As a result, 
the requirement for a bus voltage in the microgrid system 
can be eliminated by substitution and using KCL. Since the 
model for virtual resistance given in (8) takes in the states 
of currents in the connected elements as inputs to generate 
the bus voltage, eliminating the requirement for the bus volt‐
age avoids modelling the line currents that are used as in‐
puts to (8). The procedure to formulate the systems in this 
form is provided in this section.

To model the system without a virtual resistance, the over‐
all state-space model of the network needs to be formulated 
to contain only the states of the currents entering the net‐
work (in Fig. 6, these are the currents with three numeral 
subscripts). The voltages at the converter terminals and vg 
become the inputs to the network. Since voltages are inputs, 
the voltage across the converter filter capacitance vf is used 
as the input, whilst all inductances and resistances associated 
with the LCL filter, the line after the capacitance, and the 
step-up transformer are included into the microgrid model. 
Each inducance or resistance between two nodes is de‐
scribed with the same numerical subscripts used for the cur‐
rent travelling across it. The subscript of each voltage de‐
scribes the number of the paricular node.

Similar to (1), the time derivative of current entering the 
topmost node can be written as:

i̇g (t)=
1
Lg

(v0 (t)- vg (t)- ig (t)Rg ) (24)

TABLE II
STIFFNESS RATIOS AND TIME-STEP SIZES

RN 
(kΩ)

0.1

1.0

10.0

Largest 
eigenvalue

-2278082 ±
j377.67

-22777530.6 ±
j377.67

-227772014.7 ±
j377.67

Smallest 
eigenvalue

0.63 ±
j18.131

0.62 ±
j18.131

0.619 ±
j18.131

Stiffness ratio

3587531.00

35870126.90

358696086.08

Simulation time-step 
size with RK4 (s)

10-7

10-8

10-9
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where the currents and voltage in (24) correspond to Fig. 6 
and (1); and Rg and Lg are the resistance and inductance be‐
tween the nodes, respectively. Equation (24) can be written 
in functional notation as:

i̇g = f1 (v0vgig ) (25)

Given that (24) is linear, it can be rearranged as in (26) 
and can be written in functional notation as (27).

v0 (t)= Lgi̇g (t)+ vg (t)+ ig (t)Rg (26)

v0 = f2 (i̇gvgig ) (27)

Similar to (24) and (26), an equation can be formulated 
for node 1 voltage v1 as (28) and v0 substituted from (26), re‐
sulting in (29) with its functional notation form given 
by (30).

v1 (t)= L1 i̇1 (t)+ v0 (t)+ i1 (t)R1 (28)

v1 (t)= L1 i̇1 (t)+ Lgi̇g (t)+ vg (t)+ ig (t)Rg + i1 (t)R1 (29)

v1 = f3 (i̇1i1
 
i̇gvgig

v0

) (30)

Similarly, formulating v11 and substituting for v1 gives 
(31) and its functional notation by (32):

 v11 (t)= L11 i̇11 (t)+ L1 i̇1 (t)+ Lgi̇g (t)+ vg (t)+ ig (t)Rg +
i1 (t)R1 + i11 (t)R11 (31)

v11 = f4 (i̇11i11
      
i̇1i1i̇gigvg

v1

) (32)

Since the analytical formulation becomes increasingly 
complex with the coefficients, the derivations shall be repre‐
sented in functional notations in the following sections. The 
notation for function of time is omitted and bus voltages are 
indicated by their numerical subscripts for simplicity. Substi‐
tuting (31) in the state equation of the output current of con‐
verter 1 i111 gives the state equation in (33):

i̇111 = f5 (v111i111
           
i̇11i̇1i̇gi11i1igvg

v11

) (33)

Similarly, for the output current of converter 2, we can 
write:

i̇112 = f6 (v112i112
           
i̇11i̇1i̇gi11i1igvg

v11

) (34)

Now using KCL for bus at 11, the current i11 can be writ‐
ten as:

i11 = i111 + i112 (35)

Taking the derivative of i11 gives:

i̇11 = i̇111 + i̇112 (36)

Substituting (33) and (34) into (36) and rearranging for i̇11 
gives:

i̇11 = f7 (v111v112vgi111i112igi1i11i̇gi̇1 ) (37)

Now substituting for i11 from (35) eliminates the i11 terms 
from (38), which results in:

i̇11 = f8 (v111v112vgi111i112igi1i̇gi̇1 ) (38)

Similarly, using KCL at bus 12, and formulating i̇121 and 
i̇122 similar to (33) and (34), i̇12 can be formulated as (39). It 
is noted that the only remaining derivative terms in the equa‐
tions are i̇1 and i̇g.

i̇12 = f9 (v121v122vgi121i122igi1i̇gi̇1 ) (39)

Using KCL at bus 1 and obtaining derivatives similar to 
(35) and (36) give:

i1 = i11 + i12 (40)

i̇1 = i̇11 + i̇12 (41)

Substituting (38) and (39) to (41) and rearranging the 
equation for i̇1 give:

i̇1 = f10 (v111v112v121v122vgi111i112i121i122igi1i̇g )   (42)

Equation (40) can be expanded by substituting for the i11 
and i12 terms using KCL at buses 11 and 12, resulting in:

i1 = i11 + i12 = i111 + i112 + i121 + i122 (43)

Substituting to (42) from (43) eliminates the remaining i1 
terms, resulting in:

i̇1 = f11 (v111v112v121v122vgi111i112i121i122igi̇g ) (44)

Using the same procedure from (28) onward for the bus 2 
voltage, the current i̇2 can be formulated as:

i̇2 = f12 (v211v212v221v222vgi211i212i221i222igi̇g ) (45)
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Fig. 6.　Low-voltage network diagram without virtual resistances.
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Using KCL for bus 0 and obtaining equations similar to 
(36) and (41), the current i̇g can now be written as (46) by 
substituting for i̇1 and i̇2.

i̇g = f13 (v111v112v121v122i111i112i121i122
v211v212v221v222i211i212i221i222igvg ) (46)

The remaining ig can be eliminated by substituting 
from (47).

ig = i1 + i2 = i11 + i12 + i21 + i22 =
i111 + i112 + i121 + i122 + i211 + i212 + i221 + i222 (47)

It results in a final equation for i̇g as:

i̇g = f14 (v111v112v121v122i111i112i121i122
v211v212v221v222i211i212i221i222vg ) (48)

The expression in (48) provides a state equation that only 
consists of the desired inputs and states, with all the interme‐
diate branch currents and voltages eliminated. This can now 
be substituted into equations of i̇1 and i̇2 as the only deriva‐
tive term present in (44) and (45) is i̇g, thus formulating 
them in the desired form given in (48). The obtained equa‐
tions can be then substituted into equations of i̇11, i̇12, i̇21 and 
i̇22 and finally to the equations of converter output currents 
i̇111i̇112i̇222 to obtain them in the desired form of (48).

As a result of this modelling method, every state equation 
present in the microgrid model becomes a combination of 
the states of the currents entering or leaving the microgrid, 
with the terminal voltages becoming the inputs. The coeffi‐
cients of these terms are combinations of the resistances and 
inductances of the lines.

Formulation of this modelling method manually becomes 
time-consuming and impractical as the network size and 
complexity grow. However, this procedure can be easily 
computerized using computational symbolic calculation meth‐
ods by assigning numerical values to resistance and induc‐
tance elements and using symbolic variables for currents and 
voltages. The code for the generation of the microgrid net‐
work for this example is given in [21], and is generated us‐
ing Python SymPy [22] computational library. The time-do‐
main equations can then be transformed to the decoupled 
phasor domain, as shown in (5). The proposed method can 
be extended to any network that consists of only RL net‐
work elements. Any RL loads can be represented with the 
same line model. Systems can also be partitioned into sec‐
tions where a parallel capacitive element such as a π-section, 
capacitor bank, or a parallel resistive load is present. A sim‐
ple two-converter system is shown in Appendix C, which 
shows that even though it is possible to derive explicit for‐
mulations for simple cases, the task becomes rapidly too 
cumbersome and needs computerized methods for derivation 
and implementaion.

IV. COMPARISON AND MODEL VALIDATION 

In order to assess the accuracy improvements afforded by 
the proposed modelling method, the microgrid system shown 
in Fig. 1 is formulated as per Section III, and the resultant 
state-space model is given in Appendix D. This model is 
written in the dynamic phasor domain similar to (2) and (3). 

Each state equation is then expanded to obtain its d and q 
components as in (5).

Given that the converter output currents (currents through 
the transformer) are included in the microgrid, each convert‐
er model now has 15 states, with a total of 60 states for the 
four converters. The microgrid consists of 10 states includ‐
ing 2 states for the load current at bus 3, and 10 states for 
each of the converter output currents. The load current 1 is 
substituted to all other currents similar to (48), and hence, is 
eliminated from the model. The total system model has 73 
states including 3 states from the transformation angles. 
Compared with the system with virtual resistances, the order 
of the system model is reduced by 10 states. The reduction 
in order will be more pronounced as the network size grows 
since the state equations of the interconnecting branches of 
the microgrid are substituted and eliminated when the sys‐
tem is modelled using the proposed method in this paper.

The developed system model is initialized to the same op‐
erating point as the system with virtual resistances was ini‐
tialized to. The eigenvalue plot of the proposed modelling 
method and that with virtual resistance value of 10 kΩ is 
presented in Fig. 7.

The eigenvalue plot shows an identical match between the 
eigenvalues present in the two systems (note that the pro‐
posed method does not include the 10 erroneous eigenvalues 
produced by the virtual resistance method), which suggests 
that the represented dynamics of the system remains intact. 
Stiffness ratios and the largest simulation time-steps are 
shown in Table VIII.

Since the proposed method does not contain the higher-or‐
der eigenvalues as in that with virtual resistances, it can be 
simulated at much larger time-steps (up to 106 times higher), 
allowing it to efficiently run time-domain simulations faster 
with significantly reduced computational intensity.

To compare the time-domain responses predicted by the 
proposed method, its dynamic response is compared with an 
EMT solver. The initialization of the system and instability 
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due to a parameter change are presented to validate the capa‐
bilities of the developed model. An detailed model of the mi‐

crogrid and the converters is developed in PSCAD/EMTDC 
simulator with the parameters given in Appendix A.

A. System Initialization

The system of four converters is initialized with the loads 
and power reference values given in Appendix A. For accu‐
rate representation, the converters of the PSCAD/EMTDC 
model are equipped with both average-value voltage source 
models and detailed switching models with a switching fre‐
quency of 3 kHz and an ideal DC voltage source of 1.85 kV. 
The active power response of converter 1 is shown in Fig. 8 
during the system startup.

The responses for active power of converter 1 shown in 
Fig. 8 indicate that the system initialized using RK4 is iden‐
tical to the average-value voltage source model of the EMT 
simulation. Slight variations observed in the detailed switch‐
ing model are due to the switching dynamics of the pulse-
width modulator. This shows that the system can be initial‐
ized accurately and brought to a stable operating point for 
linearization without using a power flow program or an opti‐
mization solver. Additionally, since the system is modelled 
without using virtual resistances, its model does not contain 
the eigenvalues with extremely large magnitudes. Since the 
eigenvalues in the system represent the actual time con‐
stants, the model can be solved for dynamic response studies 
using larger time-steps that are restricted only by the dynam‐
ics of the physical system and not its mathematical model.

B. Instability due to Parameter Variations

In order to investigate small-signal instabilities that can oc‐
cur due to parameter variations, the gain of the reactive pow‐
er controller Kq is gradually increased from 0.2 to 0.35. The 
change in eigenvalues for changes in reactive power control‐

ler gain is shown in Fig. 9. For simplicity of presentation, 
only the eigenvalues affected by the parameter are shown.

The eigenvalues that cross the imaginary axis participate 
in the output currents of converter 3. The increased reactive 
power droop coefficient attempts to aggressively control the 
voltage across the filter based on the error in reactive power; 
as a result, the converters interact with each other, leading to 
instability. A similar movement of eigenvalues associated 
with the reactive power controller is shown in [4]. To vali‐
date the prediction of the proposed method with an EMT 
simulator, the EMT model is initialized with the reactive 
power gain of Kq = 0.35.

The resulting responses are shown in Fig 10. The active 
power responses indicate a close match between the PSCAD-
EMTDC’s average value model and the proposed model; 
growing oscillations at a frequency of 400 rad/s (»63 Hz) 
are predicted as per Fig. 9. The same oscillatory behaviour 
with the same frequency is observed in the detailed switch‐
ing model with slight deviations due to the inclusion of 
switching dynamics.

C. Modelling for a Meshed Network

The microgrid in Fig. 1 is radial; however, the method 
can be extended to meshed networks as well. Consider the 
network in Fig. 11, which is a modified version of the radial 
network in which the addition of lines between buses 1 and 
5 and between buses 2 and 4 has resulted in a meshed topol‐
ogy.

TABLE VIII
STIFFNESS RATIOS AND LARGEST SIMULATION TIME-STEPS

Method

Proposed

With RN = 100 kΩ

Largest eigenvalue

-2337.93 ± j6409.89

-227772014.71 ± j377.67

Smallest eigenvalue

0.619 ± j18.131

0.619 ± j18.131

Stiffness ratio

3812.19

358696086.08

Largest simulation time-step with 
RK4 (s)

3 ´ 10-4

1 ´ 10-9

CPU time to simulate 1 s (s)

0.7

1642.0
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Fig. 8.　Active power response of converter 1 during system startup.
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The procedure to develop the state-space model for this 
meshed network is listed as follows.

1) Similar to the procedure for the generalized case in 
Fig. 6, the equations describing the derivatives of the cur‐
rents (i1, i2, i3, i4, and iload2) and bus voltages (vbus1, vbus2, 
vbus3, vbus4, and vbus5) are first formulated as functions of the 
derivatives of states of iload1, i42, and i51 and the rest of the 
states.

2) Writing an equation for the derivative of the current i51, 
and substituting vbus5 and vbus1, the derivative of i51 is written 
in terms of the derivatives of the states of iload2, i42 and the 
rest of the states.

3) The derivative of i51 is now substituted into the expres‐
sions of the derivatives of the currents (i1, i2, i3, i4, and iload2) 
and bus voltages (vbus1, vbus2, vbus3, vbus4, and vbus5).

4) Similar to 2), writing an equation for the derivative of 
i42, and substituting vbus2 and vbus4, the derivative of i42 is 
written in terms of the derivatives of the states of iload1 and 
the rest of the states.

5) The derivative of i42 is now re-substituted to the deriva‐
tives of the currents (i1, i2, i3, i4, and iload2) and bus voltages 
(vbus1, vbus2, vbus3, vbus4, and vbus5).

6) Using Kirchhoff’s current law (KCL), the derivative of 
iload1 is formulated to contain only the states of the converter 
current injections (i1, i2, i3, and i4), load current iload2, and the 
meshed branch currents i42 and i51.

7) The derivative of iload1 is now finally substituted to the 
state derivatives of the current injections from the converters 
(i1, i2, i3, and i4), load current iload2, and the branch currents 
i42 and i51 to formulate the state-space system.

The state-space model now has state equations for i1, i2, 
i3, i4, iload2, i42, and i51. The variables for currents in the inter‐
mediate branches can be eliminated using KCL, as described 
in the derivation in Section III. Compared with the model of 
the radial network, the model of this meshed network has 
two extra states for the branch currents of the meshed net‐
work. In the case of a radial network, the derivatives of all 
the intermediary currents can be eliminated using substitu‐
tion, as each branch current can be represented using the cur‐
rents entering or leaving the microgrid. If any branch current 
cannot be solely derived using the currents entering or leav‐
ing the microgrid model, it needs to be represented as a state 
equation due to their dependency on other currents and vice 
versa, which is the case in a meshed network.

Full formulation of the meshed network is also given in 
[21], detailing the steps for obtaining the system of equa‐
tions to construct the state-space model along with the 
PSCAD/EMTDC case for validation. The parameters used 
for existing line 23 and line 34 are used for the new line 42 
and line 51, as given in Appendix A.

The time-domain equations describing the meshed mi‐
crogrid are then transformed into the dynamic phasor form, 
resulting in 14 state equations for the network model, with 
the same number of input voltages as in the radial system. 
Similar to the example in Section IV-A, the meshed network 
is initialized and validated against an EMT simulator. The ac‐
tive power responses of converter 1 during the startup in the 
meshed network are shown in Fig. 12.

V. CONCLUSION 

This paper proposed a novel method to analytically model 
a microgrid with RL line elements in the state-space domain. 
Due to the short line segments in microgrids, the RL line ele‐
ments require a voltage as the input when modelled in the 
state-space domain. Existing modelling methods use a large 
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virtual resistance to generate this voltage, resulting in an ill-
defined system of equations that requires very small time-
steps to initialize for linearization and dynamic simulation 
studies. The new method proposed in this paper models the 
microgrid state equations by only taking in the converter out‐
put voltages as inputs, and its states only consist of inputs 
and output currents of the network as well as the controller 
states. The proposed modelling method is validated against 
EMT simulations by comparing time-domain responses dur‐
ing initialization. Additionally, the numerically linearised 
model of the system accurately predicts the eigenvalue-based 
small-signal stability, which is also validated using EMT sim‐
ulations. Significant time savings in the simulation of the mi‐
crogrid model have also been observed.

APPENDIX A 

APPENDIX B

The control diagrams related to the equations in this section 
are based on [18], and are not shown here due to space limita‐
tions. The definitions of variables in this Appendix could also 
be found in [18] and are not given here. The converter model 
states are shown as below.

A. Filter States

Given the filter components are represented as RLC ele‐
ments, they are presented here as single dynamic phasor equa‐
tions similar to (1). It should be noted that each of these equa‐
tions generates two state-space equations for the d and q com‐
ponents similar to (2).
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ï
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ï
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ï

ï

ï

ï
ïï
ï

ï

ï

ï

v̇͂f =
1
Cf

(i͂c - i͂S - i͂1f )

i̇͂S =
1
Lg

(v͂f - v͂g - Rg i͂S )

i̇͂1f =
1

RdCf

(i͂c - i͂S - i͂1f )-
i͂1f

RdCd

+
1
Ld

(v͂f - v͂2c )

v̇͂2c =
1

Cd

i͂1f

(B1)

B. Power Controller States 

ì
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î

ï
ïï
ï

ï
ïï
ï
ï
ï

ω̇int =
-KD

2H
ωint +

Pref

2H
-

Pmeas

2H

Ṗmeas =-ωc Pmeas +ωc (vfdicd + vfqicq )

Q̇meas =-ωcQmeas +ωc (vfdicq - vfqicd )

(B2)

The converter frequency is given by:

ωn = Kpωint +ωref (B3)

C. Voltage Controller States 

ì
í
î

ïï
ïï

ϕ̇q = vref + KqQref - KqQmeas - vfq

ϕ̇d =-vfd

(B4)

D. Current Controller States 
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ïïïï

ïïïï

γ̇q = (vref + KqQref - KqQmeas - vfq )Kpv +
ϕq K iv + isq - vfdω0Cf - icq

γ̇d =-vfd Kpv + ϕd K iv + isd + vfqω0Cf - icd

(B5)

E. Converter Output Current States 
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i̇cd =
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Lf

(-vfd Kpv + ϕd K iv + isd + vfqωnCf - icd )Kpi + γd K ii +

        vfd + icqω0 Lf -
vfd

Lf

-ωint Kpicq -ωreficq

i̇cq =
ωbase

Lf

[(vref + KqQref - KqQmeas - vfq )Kpv + (ϕq K iv + isq -

        vfdωnCf - icq )Kpi ]+ γq K ii + vfq - icdω0 Lf -
vfq

Lf

+

        ωint Kpicd +ωreficd

(B6)

The state vector of the converter model is given by:

x =[ωintPQϕqϕdγqγdicqicdvfqvfdisqisdi1fqi1fdv2cqv2cd ]
(B7)

APPENDIX C 

The analytical formulation of the model is provided for two 

TABLE AI
CONVERTER PARAMETERS

Component

Converter

Filter

Power

Voltage 
controller

Current 
controller

Input

Parameter

Capacity (MVA)

Terminal voltage (kV)

Impedance (p.u.)

Transformer copper loss (p.u.)

Lf (H)

Cd (F)

Ld (H)

Rd (Ω)

H

Kq

ωc

Kp

Kd

ω0

Kpv

Kiv

Kpi

Kii

Pref (p.u.)

ωref (p.u.)

Qref (p.u.)

Vref (p.u.)

Value

2

0.69

0.1

0.021

0.000335

0.0007

0.000621

1.332

2

0.2

1000

1

20

377

1

10

5

5

0.52

1

0.3

1

TABLE AII
MICROGRID PARAMETERS (P.U. VALUES ARE IN 34.5 KV, 100 MVA BASE)

Parameter

Line resistance Rmn

Load resistance Rloadn

Value (p.u.)

0.502

44.528

Parameter

Line inductance Lmn

Load inductance Lloadn

Value (p.u.)

0.512

26.550
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converters shown in Fig. C1.

The inductance and resistance of converter transformer 
windings are used in the system equations as R2, L2 and R1, L1. 
The current ig through the branch connected to the external 
grid can be given as:

i̇g =
1
Lg

(v1 - vg - Rgig ) (C1)

Formulating in terms of v1 yields:

v1 = Lgi̇g + vg + Rgig (C2)

Similarly, the derivative of the output current of the convert‐
er 1 may be written as:

i̇1 =
1
L1

(vc1 - v1 - R1i1 ) (C3)

Substituting for v1 from (C2) yields:

i̇1 =
1
L1

[vc1 - (Lgi̇g + vg + Rgig )- R1i1 ] (C4)

The voltage v2 at bus 2 can be written as:

v2 = L21 i̇21 + v1 + R21i21 (C5)

Using KCL at bus 1 yields:

ì
í
î

ïï
ïï

i21 = ig - i1

i̇21 = i̇g - i̇1

(C6)

Substituting for i21, i̇21 and v1 in (C5) yields:

v2 = L21

ì
í
î

ü
ý
þ

i̇g -
1
L1

(vc1 -[Lgi̇g + vg + Rgig )- R1i1 ] +

Lgi̇g + vg + Rgig + R21 (ig - i1 ) (C7)

The derivative for the output current for converter 2 can be 
written as:

i̇2 =
1
L2

(vc2 - v2 - R2i2 ) (C8)

Substituting for v2 from (C7) yields:

i̇2 =
1
L2

ì
í
î
vc2 - L21 i̇g -

L21

L1

[vc1 - (Lgi̇g + vg + Rgig )- R1i1 ]+

(Lgi̇g + vg + Rgig )+ R21 (ig - i1 )- R2i2

ü
ý
þ

(C9)

Using KCL at bus 2 and bus 1 yields:

{ig = i1 + i2

i̇g = i̇1 + i̇2

(C10)

i̇g =
1
L1

[vc1 - (Lgi̇g + vg + Rgig )- R1i1 ]+
1
L2

ì
í
î
vc2 - L21 i̇g -

L21

L1

[vc1 - (Lgi̇g + vg + Rgig )- R1i1 ]+ (Lgi̇g + vg + Rgig )+

R21 (ig - i1 )- R2i2

ü
ý
þ

(C11)

The above equation can now be solved for the derivative of 
ig, resulting in an equation with converter output currents and 
terminal voltages as the rest of the variables. This can then be 
substituted to the state equations of derivatives of i1 (C4) and 
i2 (C8) to obtain the state-space model for the two converters. 
This method can be extended for multiple converters; howev‐
er, due to the nature of the equations being extensively compli‐
cated, a symbolic solver can be easily utilized with the values 
substituted for the inductances and resistances.

APPENDIX D 

The proposed state-space model for the microgrid shown in 
Fig. 1 without virtual resistances is derived and formulated in 
the form shown in (D1).

ẋ = Ax + Bu (D1)

A =
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ú-239.8 -152.8 -24.2 -133.0 -128.6
-137.8 -215.7 -3.2 -123.9 -118.9
-25.2 -26.7 -628.3 -26.9 -25.6
-100.7 -106.5 15.0 -200.3 -123.5
-92.3 -97.7 13.8 -119.6 -208.0

(D2)

B =

é
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ú46.4 -16.3 -11.9 -10.9 -4.3
-16.3 48.4 -13.2 -12.1 -3.5
-3.0 -3.3 -3.4 -3.1 -0.6
-11.9 -13.2 48.0 -17.0 -2.5
-10.9 -12.1 -17.0 45.4 -2.3

(D3)

The state vector x and input vector u are given by:

ì
í
î

x =[i1i2iload2i3i4 ]

u =[vconv1vconv2vconv3vconv4vg ]
(D4)
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