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Abstract——This paper proposes a probabilistic energy and re‐
serve co-dispatch (PERD) model to address the strong uncer‐
tainties in high-renewable power systems. The expected costs of 
potential renewable energy curtailment/load shedding are fully 
considered in this model, which avoids insufficient or excessive 
emergency control capacity to produce more economical reserve 
decisions than conventional chance-constrained dispatch meth‐
ods. Furthermore, an analytical reformulation approach of 
PERD is proposed to make it tractable. We firstly develop an 
approximation technique with high precision to convert the inte‐
gral terms in objective functions into analytical ones. Then, the 
calculation of probabilistic constraints is equivalently trans‐
formed into an unconstrained optimization problem by intro‐
ducing value-at-risk (VaR) representation. Specifically, the VaR 
formulas can be computed by a computationally-cheap dichoto‐
my search algorithm. Finally, the PERD model is transformed 
into a convex problem, which can be solved reliably and effi‐
ciently using off-the-shelf solvers. Case studies are performed 
on IEEE test systems and real provincial power grids in China 
to illustrate the scalability and efficiency of the proposed meth‐
od.

Index Terms——Renewable energy, energy and reserve dis‐
patch, emergency control, stochastic optimization, analytical ap‐
proximation.

NOMENCLATURE

A. Parameters and Constants

 β Pre-defined risk level

1‒β Confidence level in value of risk (VaR) formu‐
las

DT Length of each time period

γi Power participation factor of unit i

ωtm Weight of component m

ωμΣ Weight vector, expectation vector, and covari‐
ance matrix of Gaussian mixture model 
(GMM)

aibici Cost coefficients of unit i

CCUR Cost coefficient of renewable energy curtail‐
ment ($/MW)

CLD Cost coefficient of load shedding ($/MW)

CUPCDN Cost coefficients of upward and downward re‐
serve adjustments ($/MW)

D Number of loads

FCtF̂Ct Integral cost and the corresponding approxi‐
mated value in time period t

GliGljGld Power transfer distribution factors of line l

J Number of renewable energy generations 
(REGs)

L Number of transmission lines

L̄l-L l Upper and lower flow limits of line l (MW)

M Number of Gaussian components

N Number of thermal units

pdt Load demands of node d in time period t 
(MW)

p̄i-p i
Upper and lower bounds of power generation 

of unit i (MW)

RUiRDi Upward and downward ramping rates of unit i 
(MW/min)

t Index of time periods

T Number of time periods

w̄jt-w jt The maximum and minimum forecasting pow‐

er outputs of REG j in time period t (MW)

W̄t-W t The maximum and minimum forecasting val‐
ues of the total REG power output in time pe‐
riod t (MW)

B. Functions

CFit( )× Fuel cost of unit i in time period t

E ( )× Expectation of random variables

Φ (ζ ) Cumulative distribution function (CDF) of 
random variable ζ
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Φ̂ (ζ ) Approximated CDF of random variable ζ

φ (ζ ) Probability density function (PDF) of random 
variable ζ

φ̂ (ζ ) Approximated PDF of random variable ζ

φt( )W͂t PDF of random variable W͂t

VaR1 - β{ }× VaR measurements with probability 1‒β

C. Deterministic Variables

ℓlt Scheduled power flow on transmission line l 
in time period t (MW)

pit Scheduled power generation of unit i in time 
period t (MW)

Qup
t Q

dn
t Allowable upper and lower bounds of summa‐

tion of REG output (MW)
RuitRdit Available upward and downward reserve ca‐

pacities of unit i in time period t
wjt Scheduled reference output of REG j in time 

period t (MW)
Wt Summation of total scheduled REG output in 

time period t (MW)

D. Random Variables

ℓ͂lt Actual power flow on transmission line l in 
time period t (MW)

Dℓ͂lt Power deviation from scheduled points on 
transmission line l in time period t (MW)

w͂jt Actual power output of REG j in time period t 
(MW)

W͂t Summation of the total actual REG power out‐
put in time period t (MW)

I. INTRODUCTION 

EXPLOITING and utilizing renewable energy is current‐
ly the most practicable measure to tackle climate 

change issue and fulfil the goal of carbon neutrality. In 
2035, the installed wind power and photovoltaic will exceed 
1500 GW in China, which accounts for more than half of 
the total generation capacity [1], [2]. However, the growing 
penetration of renewable energy generation (REG) results in 
a more frequent and significant power fluctuation of the net 
load curve, and thus increases the operational risks of power 
systems. Chance-constrained probabilistic dispatch is able to 
cope with generation uncertainty but usually ignores the low-
probability events that represent renewable energy curtail‐
ment or load shedding. Since the scenarios of insufficient 
power supply or regulation capability may occur occasional‐
ly, the renewable energy curtailment and load shedding 
should be involved in dispatch stage to make a tradeoff be‐
tween the reserve regulation and emergency control process. 
Moreover, the power dispatch that contains multidimensional 
correlated statistical information is generally modeled as a 
complicated stochastic dynamic programming. Exploiting 
computationally efficient algorithm is still a critical issue in 
real application.

Robust optimization (RO) is recognized as an effective ap‐
proach to handle the uncertainty of REG. In recent literature, 

interval RO [3], adjustable RO [4], and two-stage RO [5] 
have been extensively studied to address generation schedule 
[3], decentralized power dispatch [5], and unit commitment 
(UC) [4] problems. These models are generally transformed 
into tractable problems via dual theory and are able to en‐
sure the operational security for any realization of uncertain‐
ties. However, due to the strong randomness with large-scale 
REG penetration, the solution of RO is likely to be overly 
conservative, which results in a huge amount of extra re‐
serve adjustable cost.

Stochastic optimization (SO) tends to overcome the draw‐
backs of RO and achieves a statistical minimization of oper‐
ating cost under the premise of pre-defined security level. 
Reference [6] studies a hybrid stochastic/deterministic UC 
problem in which the allowable range of net load ramping is 
highlighted via probabilistic constraints. References [7] and 
[8] propose a chance-constrained economic dispatch (CCED) 
model with non-Gaussian uncertainty, where the reserve and 
power flow restrictions are constructed as chance constraints. 
Day-ahead energy and reserve joint dispatch with multistage 
REG uncertainties described by scenario trees is developed 
in [9]. Reference [10] calculates the schedule of devices in 
microgrids by a two-stage SO model, which coordinates the 
main grid and multiple microgrids in a decentralized manner. 
Most of the previous stochastic dispatch models allow opera‐
tors to ignore the influence of the events with low probabili‐
ty, i.e., the tail part of the REG distribution. However, it is 
reported that these tails hold important reliability informa‐
tion [11] and indicate the cost of emergency control. If the 
influence of the potential emergency control strategies, such 
as renewable energy curtailment/load shedding, is not consid‐
ered in dispatch model, there will be more operational risks 
and corrective cost in real-time control stage. Since the short‐
age of regulation capability occurs frequently in high-renew‐
able power systems, the cost of reserve regulation and re‐
newable energy curtailment/load shedding should be co-opti‐
mized in dispatch stage to produce more effective reserve de‐
cisions.

Stochastic economic dispatch (SED) that considers expect‐
ed operational cost is generally a nonlinear programming 
(NLP) problem with non-analytical objective functions, 
which prevents the application of SED to practical engineer‐
ing. Scenario-based approach [12], [13] is tractable by calcu‐
lating the weighted sum of discrete distributions, but can 
bring huge computational burden. Reference [14] proposes a 
piece-wise linearization method to approximate the integral 
cost terms and transform stochastic UC into a deterministic 
mixed-integer linear programming (MILP). Sequential linear 
programming (SLP) is the most popular algorithm to handle 
SED [7], [8] with expected objective functions. It linearizes 
the original problem in the neighborhood of the current solu‐
tion and solves a sequence of linear programming (LP) prob‐
lems to approach the optimal solution. Unfortunately, the 
SLP cannot utilize the second-order information and is actu‐
ally very slow when the solution is not at a vertex [15]. 
Moreover, the global convergence is likely to be destroyed 
without a proper trust-region radius in iteration process [16]. 
Thus, the SLP algorithm is unable to provide a stable solu‐
tion and not suitable in engineering calculation.
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Our previous work [17], [18] focuses on the analytical 
transformation of SED in order to obtain the schedule more 
efficiently. Reference [17] employs Cauchy distribution to 
describe the wind power forecast errors (WPFEs) and con‐
verts CCED into deterministic problems, which can be 
solved efficiently. Reference [18] develops a piece-wise qua‐
dratic fitting technique to approximate the expectation terms 
in objective functions, with which SED is reformulated as a 
mixed-integer quadratic programming (MIQP) problem. Nev‐
ertheless, the scalability and efficiency of these methods still 
need to be further improved for large-scale high-renewable 
power grids.

This paper aims to address the existing issues concerning 
practical implementation of SED. A probabilistic energy and 
reserve dispatch (PERD) model is developed at first, which 
makes a trade-off between reserve regulation and renewable 
energy curtailment/load shedding to generate more economic 
reserve decisions than traditional CCED methods. It is worth 
mentioning that the consideration of co-dispatching energy 
and reserve can improve the security and economy of the 
power system operation. Since the high penetration of renew‐
able energy brings potential risks of power shortage or trans‐
mission congestion, the reserve schedules should be devel‐
oped in advance together with power dispatch to enhance re‐
liability [19]. Meanwhile, the co-dispatch of energy and re‐
serve can minimize the overall operational cost. These facts 
have been illustrated by the test in provincial power systems 
in China [19]. Moreover, we propose an analytical reformula‐
tion method to ensure a stable and efficient solution of 
PERD. Numerical results of IEEE test systems and real pro‐
vincial power systems in China show that the proposed meth‐
od is more suitable for bulk power systems with high pene‐
tration of renewables. In more detail, the contributions of 
this paper are twofold.

1) A novel PERD model that considers the expected cost 
of potential emergency control strategies is proposed to ac‐
count for the impact of low-probability events in the tail part 
of REG distributions. Compared with the conventional 
CCED (C-CCED) models in previous studies [7], [8], [17], 
[20], the renewable energy curtailment and load shedding 
are also minimized in dispatch stage to make a tradeoff be‐
tween reserve regulation and emergency control process, 
which produces more economic reserve decisions and fully 
hedge against the strong uncertainties of REG. Since the pro‐
posed PRED model specifies the solution of SED to handle 
the risk scenarios and balance various kinds of cost in re‐
serve scheduling, it is more suitable for practical application 
than C-CCED in a high-renewable power grid.

2) An analytical reformulation method for PERD is pro‐
posed in this paper. Firstly, the expected cost of reserve regu‐
lation and emergency control is accurately approximated by 
analytical functions, which makes the model convex. Second‐
ly, the deterministic transformation of probabilistic con‐
straints is transformed into an unconstrained optimization 
problem by introducing value-at-risk (VaR) representation. 
Then, VaR terms are calculated by a computationally-cheap 
dichotomy search algorithm. Thus, the PERD can be convert‐
ed into a deterministic and convex problem. Besides, com‐

pared to the commonly-used SLP algorithm, the proposed 
model can be solved more reliably and efficiently with off-
the-shelf solvers.

The remainder of this paper is organized as follows. Sec‐
tion II presents the detailed proposed PERD model and dis‐
cusses the difference between C-CCED models and the pro‐
posed PERD model in reserve determination. The reformula‐
tion and solution of the proposed PERD model are given in 
Section III. Section IV shows the case studies, and Section 
V concludes this paper.

II. PROPOSED PERD MODEL AND DISCASSION

In this section, we firstly discuss the detailed objective 
functions and system constraints of the proposed PERD mod‐
el in Section II-A and II-B, respectively. Then, the difference 
in reserve decisions between C-CCED models and the pro‐
posed PERD model is clarified in Section II-C.

A. Objective Functions

The PERD model minimizes the total expected operation‐
al cost to achieve probabilistic optimality, i.e.,

min F =∑
t = 1

T∑
i = 1

N

CFit( )pit +CDN∑
t = 1

T

E ( )W͂t -Wt|Wt £ W͂t £ W̄t +

CUP∑
t = 1

T

E ( )Wt - W͂t|-W t £ W͂t £Wt +

CCUR∑
t = 1

T

E ( )W͂t -Qup
t |Qup

t £ W͂t £ W̄t +

CLD∑
t = 1

T

E ( )Qdn
t - W͂t|-W t £ W͂t £Qdn

t (1)

where the second and third terms denote downward and up‐
ward reserve adjustment costs, respectively; the last two 
terms represent the emergency control cost of renewable en‐
ergy curtailment and load shedding, respectively. 
CDN CUP CCUR, and CLD are the corresponding cost coeffi‐
cients, satisfying CLD ³CCUR ³CDN =CUP. The capital letters 
W͂t, Wt, W̄t, -W t, Qup

t , and Qdn
t  are the summation of the rele‐

vant vectors, whose expressions are:

ì

í

î

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

W͂t =∑
j = 1

J

w͂jt

Wt =∑
j = 1

J

wjt

W̄t =∑
j = 1

J

w̄jt

-W t =∑
j = 1

J

-w jt

(2)

ì

í

î

ï
ïï
ï

ï
ïï
ï

Qup
t =Wt +∑

i = 1

N

Rdit

Qdn
t =Wt -∑

i = 1

N

Ruit

(3)

Each part of (1) is presented in detail as follows.
1)　Fuel Cost of Thermal Units

CFit( pit ) = ai p2
it + bi pit + ci (4)
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Equation (4) is a quadratic function of the scheduled gen‐
eration.
2)　Reserve Adjustment Cost

E ( )W͂t -Wt|Wt £ W͂t £ W̄t = ∫
Wt

Qup
t (W͂t -Wt )φt(W͂t )dW͂t +

∫
Qup

t

W̄t (Qup
t -Wt )φt(W͂t )dW͂t (5)

E ( )Wt - W͂t|-W t £ W͂t £Wt = ∫
Qdn

t

Wt (Wt - W͂t )φt(W͂t )dW͂t +

∫
-W t

Qdn
t (Wt -Qdn

t )φt(W͂t )dW͂t (6)

Equations (5) and (6) represent the expected downward 
and upward power regulation costs, respectively.
3)　Emergency Control Cost

E ( )W͂t -Qup
t |Qup

t £ W͂t £ W̄t = ∫
Qup

t

W̄t (W͂t -Qup
t )φt(W͂t )dW͂t (7)

E ( )Qdn
t - W͂t|-W t £ W͂t £Qdn

t = ∫
-W t

Qdn
t (Qdn

t - W͂t )φt(W͂t )dW͂t (8)

Equations (7) and (8) describe the emergency control cost 
of renewable energy curtailment and load shedding, respec‐
tively. In extreme scenarios, the REG output is beyond the 
manageable range [Qdn

t Q
up
t ] and the system operational con‐

straints are violated. Emergency control strategies of renew‐
able energy curtailment and load shedding are required to 
cope with the power fluctuation and maintain the operational 
security.

B. System Constraints

1)　Power Balance Constraints

∑
i = 1

N

pit +Wt =∑
d = 1

D

pdt    t = 12T (9)

Equation (9) provides basic points to maintain power bal‐
ance of the system. Any fluctuation of load or REG output 
should be offset around the scheduled curve.
2)　Generation Limit Constraints

-
p

i
£ pit £ p̄i    i = 12Nt = 12T (10)

-w jt £wjt £ w̄jt    j = 12Jt = 12T (11)

0 £Ruit £min{ p̄i - pitRUi × DT}     i = 12Nt = 12T
 (12)

0 £Rdit £min{pit - -
p

i
RDi × DT}     i = 12Nt = 12T

 (13)

Constraints (10) and (11) restrict the power generation of 
thermal units and REGs within a reachable bound, respec‐
tively. Constraints (12) and (13) confine the ranges of up‐
ward and downward reserve capacities, respectively.
3)　Ramping Constraint

-RDi × DT £ pit - pit - 1 £RUi × DT    i = 12Nt = 23T
(14)

Constraint (14) indicates the incremental output of thermal 
units between adjacent periods is constrained by their ramp‐

ing rates.
4)　Probabilistic Constraints of Reserve Demand

Pì
í
î
∑
i = 1

N

Ruit ³Wt - W͂t

ü
ý
þ
³ 1 - β    t = 12T (15)

Pì
í
î
∑
i = 1

N

Rdit ³ iW͂t -Wt

ü
ý
þ
³ 1 - β    t = 12T (16)

Constraints (15) and (16) ensure that the negative and pos‐
itive power fluctuations are offset by the preserved upward 
and downward reserve regulation capacities, respectively, 
with an acceptable probability 1‒β.
5)　Probabilistic Constraints of Transmission Security

ℓ͂lt =∑
i = 1

N

Gli[ ]pit - γi( )W͂t -Wt +∑
j = 1

J

Glj w͂jt +

∑
d = 1

D

Gld pdt    l = 12Lt = 12T (17)

P{ℓ͂ lt £ L̄l} ³ 1 - β    l = 12Lt = 12T (18)

P{-L l £ ℓ͂lt} ³ 1 - β    l = 12Lt = 12T (19)

Constraints (18) and (19) mean that the actual power flow 
on transmission line l is limited by its transmission capacity 
with probability 1‒β.

It is noted that the constraints of transmission security are 
constructed as individual chance constraints rather than two-
side chance constraints in this paper. This is because the 
sending end and receiving end of transmission lines are gen‐
erally determinated in a specific dispatch period. Simultane‐
ous overloading of forward and backward power flows is al‐
most impossible.

C. Discussion of Proposed PERD Model and C-CCED Mod‐
els

The proposed PERD model improves C-CCED models in 
reserve decision procedure. The costs of renewable energy 
curtailment and load shedding are incorporated in the pro‐
posed PERD model to fully account for model the disadvan‐
tages of low-probability events. The PERD model allows op‐
erators to make a trade-off between emergency control and 
reserve regulation. By contrast, the influence of the tail part 
of REG distributions is ignored in C-CCED models [7], [8], 
[17], [20], which may result in unreasonable scheduled 
points and exorbitant emergency control cost in real-time 
stage.

An intuitive comprehension is shown in Fig. 1, where 
Psche is the scheduled point; and -P adj and P̄adj are the allow‐

able lower and upper bounds of the REG, respectively. We 
use black lines to describe the solution of the proposed 
PERD model, in which reserve regulation is employed to off‐
set the small power fluctuations, and the emergency control 
of renewable energy curtailment and load shedding is imple‐
mented when the power output of REG is outside the inter‐
val [-P adj, P̄adj]. With the optimal objective (1), the proposed 

PERD model can realize a balance between reserve regula‐
tion costs and emergency control cost, and thus achieves an 
efficient utilization of reserve resources. For comparison, the 
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solution of C-CCED models is depicted by red lines in Fig. 
1. Since the cost price of load shedding is ignored, the 
scheduled point of C-CCED models [7], [8], [17] is likely to 
be larger than the proposed PERD model. Correspondingly, 
the reserve regulation range is shifted to a higher position. 
In this case, the load shedding which is more expensive than 
renewable energy curtailment covers more risk scenarios 
than the proposed PRED model. Thus, the corrective burden 
will be increased in real-time control stage with C-CCED 
models, which results in more emergency control cost and 
thus more operational cost.

III. REFORMULATION AND SOLUTION OF PROPOSED PERD 
MODEL

In this section, we firstly discuss the convexity of the ob‐
jective function, in which the expectation terms are reformu‐
lated analytically by an approximation technique. Then, we 
propose a deterministic transformation method of probabilis‐
tic constraints based on the VaR formulas. Finally, the solu‐
tion of the proposed PERD model is given.

A. Assumption

Considering that any smooth PDF can be approximated 
precisely by Gaussian mixture model (GMM) with enough 
Gaussian components and specific parameters [21], a multi-
dimensional GMM is employed to construct the joint distri‐
bution of the power output of all REGs in time period t, i.e.,
w͂t. The PDF can be written as:

φt(w͂t ) =∑
m = 1

M

ωtmφtm( )w͂t| μ tmΣ tm (20)

ì

í

î

ïïïï

ïïïï

ωtm ³ 0

∑
m = 1

M

ωtm = 1
(21)

where φtm( )×  is the PDF of a Gaussian distribution with ex‐
pectation vector μtm and covariance matrix Σtm.

Generally, the construction of GMM is accomplished in 
the probability forecasting stage, which is a fitting process 
integrating the latest numeric weather prediction and large 
amount of historical data [22], [23]. The expectation maximi‐
zation (EM) algorithm is commonly used to estimate the pa‐

rameters in (20).

B. Analytical Approximation of Objective Functions

The convexity of the objective function is firstly illustrat‐
ed in this subsection. We define an integral function to calcu‐
late the part over a baseline of the PDF.

Eep( x | -x ) = ∫
-x

x

( x - v)φ (v)dv (22)

where v is a GMM random variable with PDF φ (v); and -x 
is a constant. It is observed that Eep( x | -x ) is a convex func‐

tion in R because the second-order derivative is nonnegative, 
i.e.,

¶2

¶x2
Eep( x | -x ) = φ ( x) > 0 (23)

Let FCt(WtQ
up
t Q

dn
t ) denote the total reserve adjustment 

and emergency control cost in time period t. Combined with 
(22), we have

FCt(WtQ
up
t Q

dn
t ) =CDN Eep(Wt|W̄t ) +CUP Eep(Wt|-W t ) +

(CCUR -CDN ) Eep(Qup
t |W̄t ) + (CLD -CUP ) Eep(Qdn

t |-W t )
(24)

Thus, the Hessian matrix of FCt(WtQ
up
t Q

dn
t ) can be de‐

rived as:

H ( )FCt( )WtQ
up
t Q

dn
t =

é

ë

ê

ê
êêê
ê

ê

ê ù

û

ú

ú
úúú
ú

ú

ú(CDN +CUP )φ(Wt ) 0 0

0 (CCUR -CDN )φ(Qup
t ) 0

0 0 (CLDN -CUP )φ(Qdn
t )
(25)

Since the unit renewable energy curtailment or load shed‐
ding cost is larger than the unit downward or upward re‐
serve adjustment cost, (25) is positive definite. Therefore, 
the objective function (1) is convex with respect to WtQ

up
t , 

and Qdn
t .

Then, we propose an approximation technique to handle 
the objective function analytically. The major challenge is 
that the expectation terms in (24) cannot be calculated direct‐
ly with off-the-shelf optimization solvers. SLP has been 
widely used in relevant studies [7], [8], [24], which linearize 
the cost function and find the optimization solution iterative‐
ly. However, in some cases, SLP is inefficient and even di‐
verges [18], which limits the application of SLP in practical 
engineering. For convenience, we first rewrite the integral 
function (22) as:

Eep( x | -x ) =∑
m = 1

M

ωm[ ]( )x - μm Φm( )x + σ 2
mφm( )x -

xΦ (-x ) +∑
m = 1

M

ωm( )μmΦm( )-x - σ 2
mφm( )-x (26)

where φm( )×  and Φm( )×  are the PDF and cumulative distribu‐
tion function (CDF) of the mth Gaussian component, respec‐
tively, with the weight coefficient ωm, expectation μm, and 
standard deviation σm.

Our previous work [25] develops a composite hyperbolic 
tangent function to approach the CDF of GMM, based on 

Psche P

PDF

Generation regulation Renewable energy

 curtailment

Scheduled point

Load 

shedding
Renewable energy

 curtailmentGeneration regulation

Scheduled point

Emergency

 control

Reserve regulation Emergency control

Padj Padj
~

Load 

shedding

C-CCED

PERD

Fig. 1.　Comparison of C-CCED and proposed PERD models.
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which, the CDF and PDF of Gaussian distribution with ex‐
pectation μ and standard deviation σ can be approximated as:

ì

í

î

ïïïï

ïïïï

Φ0( x | μσ ) » Φ̂0( x | μσ )
φ0( x | μσ ) » φ̂0( x | μσ ) = dΦ̂0( )x | μσ

dx

(27)

where φ̂0( x | μσ ) is the approximated PDF; and Φ̂0( x | μσ ) 
is the approximated CDF, whose expression is described by:

Φ̂0( x | μσ ) = 1
2
+

1
2

tanh (0.7983
x - μ
σ

+ 0.03564 ( )x - μ
σ

3)
 (28)

Therefore, Eep( x | -x ) can be estimated as Êep( x | -x ):
Êep( x | -x ) =∑

m = 1

M

ωm[ ]( )x - μm Φ̂m( )x + σ 2
mφ̂m( )x -

xΦ̂ (-x ) +∑
m = 1

M

ωm( )μmΦ̂m( )-x - σ 2
mφm( )-x (29)

Equation (29) is analytical without any integral terms. 
Considering that Φ̂0( x | μσ ) maintains the continuity, mono‐

tonicity, differentiability, and convexity of Φ0( x | μσ ), (29) 

is also convex with respect to variable x. The proof of con‐
vexity of (29) is given in Appendix A.

C. Deterministic Transformation of Probabilistic Constraints

For simplicity, we use (30) to represent the probabilistic 
constraints in the proposed PERD model uniformly. Accord‐
ing to the VaR theory, (30) can be converted into VaR con‐
straint (31) equivalently.

P{ y͂ + f ( x ) £ g ( x )} ³ 1 - β (30)

VaR1 - β{ y͂ + f ( x )} £ g ( x ) (31)

where y͂ denotes a random variable; x is a decision vector; 
y͂ + f ( x ) is called loss function in VaR formulas; and 
VaR1‒β{ }×  is defined as [26]:

VaR1 - β{ y͂ + f ( x )} =min
ì
í
î

ïï

ïï
αÎR: ∫

y͂ + f ( )x £ α

φ ( y͂)dy͂ ³ 1 - β
ü
ý
þ

ïïïï

ïï
(32)

Based on the definition of VaR in (32), the deterministic 
transformation of probabilistic constraints is turned into an 
unconstrained optimization problem, which can be solved ef‐
ficiently by one-dimensional search method. In this paper, a 
dichotomy algorithm is employed to compute the value of 
VaR1‒β{ }×  in constraint (31), as demonstrated in Algorithm 1. 

Especially in Step 2-2, the cumulative density can be calcu‐
lated directly by the proposed approximated function (27) 
without any integration. Since the sequence generated by di‐
chotomy algorithm is exponentially convergent, Algorithm 1 
is actually very efficient.

D. Solution and Discussion

In this subsection, we firstly rewrite the probabilistic con‐
straints in the proposed PERD model into VaR constraints. 
Reserve demand constraints (15) and (16) can be replaced 
by (33) and (34), respectively.

VaR1 - β{Wt - W͂t} £∑
i = 1

N

Ruit    t = 12T (33)

VaR1 - β{W͂t -Wt} £∑
i = 1

N

Rdit    t = 12T (34)

In (33) and (34), the negative and positive power fluctua‐
tions that result in upward and downward reserve regulation 
are defined as loss functions. Similarly, the transmission se‐
curity constraints (18) and (19) are equivalent to (35)-(38).

ℓlt=∑
i=1

N

Gli pit+∑
j=1

J

Gljwjt+∑
d=1

D

Gld pdt    l=12Lt=12T

(35)

Dℓ͂lt = ℓ͂lt - ℓlt =-∑
i = 1

N

Gliγi(W͂t -Wt ) +∑
j = 1

J

Glj( )w͂jt -wjt

   l = 12Lt = 12T (36)

VaR1 - β{Dℓ͂lt} £ L̄l - ℓlt    l = 12Lt = 12T (37)

VaR1 - β{ -Dℓ͂lt} £ ℓlt - -L l    l = 12Lt = 12T (38)

The power flow deviations from the scheduled points in 
two directions are defined as the loss functions in (37) 
and (38).

According to Algorithm 1, constraints (33), (34), (37), and 
(38) are equivalent to the following deterministic constraints.

V1 - β( - W͂t ) +Wt £∑
i = 1

N

Ruit    t = 12T (39)

V1 - β(∑j = 1

J (Glj -∑
i = 1

N

Gliγi) w͂jt ) -∑j = 1

J (Glj -∑
i = 1

N

Gliγi)wjt £ L̄l - ℓlt

  l = 12Lt = 12T (40)

Algorithm 1

Calculate the value of VaR1 - β{ }×  with GMM uncertainty

ì

í

î

ï
ïï
ï

ï
ïï
ï
ï
ï

VaR1 - β{ }y͂ + f ( )x =min
ì
í
î

ïï

ïï

ü
ý
þ

ïïïï

ïï
αÎR: ∫

y͂ + f ( )x £ α

φ ( )y͂ dy͂ ³ 1 - β

y͂~GMM ( )ωyμyσy

1: Separate f ( x ) from VaR1 - β{ y͂ + f ( x )}
Let λ = α - f ( x ), then

VaR1 - β{ y͂ + f ( x )} =min
ì
í
î

ïï

ïï
λ + f ( x ): ∫

y͂ £ λ

φ ( y͂)dy͂ ³ 1 - β
ü
ý
þ

ïïïï

ïï
=

min
ì
í
î

ïï

ïï
λ: ∫

y͂ £ λ

φ ( y͂)dy͂ ³ 1 - β
ü
ý
þ

ïïïï

ïï
+ f ( x ) =VaR1 - β{ y͂} + f ( x )

2: Calculate the value of VaR1 - β{ y͂}
Step 2-1: set a convergence tolerance ε > 0; initialize the upper and        

      lower bounds of VaR1 - β{ y͂} as V̄ and -V, respectively

Step 2-2: set V1 - β( y͂) = (-V + V̄ )/2, and solve

θ = ∫
y͂ £V1 - β( )y͂

φy( y͂)dy͂ =∑
m = 1

M

ωymΦ̂ym( )V1 - β( )y͂ | μymσym

Step 2-3: if θ> 1‒β, update V̄ =V1 - β( )y͂ ; else update -V =V1 - β( )y͂

Step 2-4: if V̄ - -V £ ε, terminate and obtain VaR1 - β{ y͂} =V1 - β( y͂); else   
      go to Step 2-2
3: Obtain the expression of VaR1 - β{ y͂ + f ( x )}

VaR1 - β{ y͂ + f ( x )} =V1 - β( y͂) + f ( x )
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V1 - β(∑j = 1

J (∑i = 1

N

Gliγi -Glj) w͂jt ) +∑j = 1

J (Glj -∑
i = 1

N

Gliγi)wjt £ ℓlt - -L l

  l = 12Lt = 12T (41)

On the basis of the above formulation, the original PERD 
model is transformed to a deterministic problem as (42).

ì

í

î

ï

ï
ïïï
ï

ï

ï

ï

ï
ïïï
ï

ï

ï

min F =

     ∑
t = 1

T∑
i = 1

N

CFit( )pit +CDN∑
t = 1

T

Êep( )Wt|W̄t +CUP∑
t = 1

T

Êep( )Wt|-W t +

    ( )CCUR -CDN ∑
t = 1

T

Êep( )Qup
t |W̄t + ( )CLD -CUP ∑

t = 1

T

Êep( )Qdn
t |-W t

s.t.  (9)-(14) (39)-(41)
(42)

Since (42) is convex and can be efficiently solved by off-
the-shelf solvers, the proposed PERD model is actually very 
suitable to real applications.

IV. NUMERICAL TESTS 

Case studies are carried out on a modified IEEE 39-bus 
system and a provincial power system in China. The former 
experiment is performed to verify the effectiveness of the 
proposed method, and also analyze the advantages over per‐
vious schemes in terms of security, economy, and solving ef‐
ficiency. The latter experiment is conducted on an existing 
power system with large-scale wind power integration to 
demonstrate the practical merits of the proposed method. 
The modified IEEE test system adopted in Section IV-A to 
IV-E contains 46 branches, 10 thermal units, and 3 wind 
farms (whose capacities are 250 MW, 300 MW, and 300 
MW, respectively). The marginal probability distributions of 
the power output of all wind farms are acquired from the 
probabilistic prediction system in Northeast China. Nataf 
transformation is employed to generate correlated data sam‐
ples in each period [20], which are fitted into a two-compo‐
nent joint GMM with EM algorithm. Specifically, the proba‐
bilistic forecasts of the total wind power output (DT = 1 hour) 
are shown in Fig. 2. Other detailed information of the test 
data can be found in [27]. Besides, the parameters of the 
practical power system are reported in Section IV-F.

The following tests conduct PERD for 24 hours with a 1-
hour resolution. The confidence level is set to be 0.9. For 
simplicity, the participation factor of each unit is proportion‐
al to its capacity. In addition, the unit cost of upward/down‐
ward power adjustment is set to be 50 $/MW. The cost coef‐
ficients of wind curtailment and load shedding are assumed 

to be 100 $/MW and 200 $/MW, respectively. All simula‐
tions are performed on a personal computer with 2.30-GHz 
Intel Core i7 and 16 GB RAM. The program environment is 
MATLAB 2018a. PERD is solved by IPOPT, while other 
models for comparison are handled with solver Gurobi 9.1.0.

A. Dispatch Result Analysis and Approximation Accuracy 
Verification

The dispatch results of the total wind farm output are de‐
picted in Fig. 3, which can be comprehended from two as‐
pects. On the one hand, the scheduled curve builds reference 
points of the uncertainty generation to participate in the pow‐
er balance scheme. It varies slightly around the predicted 
curve in Fig. 2 to avoid the expensive reserve adjustment 
cost. On the other hand, PERD provides allowable upper 
and lower bounds of the random generation, which establish‐
es a trade-off between reserve adjustment and emergency 
control costs actually. Power fluctuations out of the allow‐
able threshold will be offset by wind curtailment or load 
shedding procedure, as shown by the red curve in Fig. 3. In 
addition, the distribution of the potential wind curtailment 
and load shedding is presented in Fig. 4, which demonstrates 
that the low-probability events in tail parts are sufficiently 
considered in the proposed PERD model.

To verify the effectiveness of the proposed analytical mod‐
el (42), we analyze the approximation error of the objective 
function. For the sake of explanation, the relative error RE is 
defined as:

RE =
|| F̂Ct -FCt

FCt
    t = 12 (43)

Figure 5 shows the cost curves and their error in 24 peri‐
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Fig. 2.　Probabilistic forecasts of total wind power output.
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Fig. 3.　Dispatch results of total wind power output.
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ods, from which we can find that the relative error between 
the true values and the approximate solution is in the order 
of 10-4. Therefore, the proposed approximation method is ac‐
curate enough to be applied in practical engineering.

B. Sensitivity Analysis with Different Cost Coefficients of 
Wind Curtailment and Load Shedding

This subsection discusses the impact of different cost coef‐
ficients (CCUR and CLD) on scheduled results. We increase 
CCUR uniformly from 100 $/MW to 300 $/MW with intervals 
of 50 $/MW and define the unit cost proportion UCP to rep‐
resent the relative values of CCUR and CLD, as shown in (44). 
Then, the ratio of total wind curtailment and load shedding 
in each case, that is defined as CLR in (45), is presented in 
Fig. 6.

UCP =
CCUR

CLD
(44)

CLR =
∑
t = 1

T

E ( )W͂t -Qup
t |Qup

t £ W͂t £ W̄t

∑
t = 1

T

E ( )Qdn
t - W͂t|-W t £ W͂t £Qdn

t

(45)

It turns out that CLR decreases with the increase of UCP. 
This is because the proposed PERD model will preserve 
more downward reserve capacities rather than upward re‐
serve capacities when the unit curtailment cost is larger. This 
experiment allows operators to select appropriate cost coeffi‐
cients to properly allocate the amount of reserve in two di‐
rections. Generally, the pricing of wind curtailment/load 
shedding depends on the market mechanism and operational 
requirements. The details of pricing methods are beyond the 
scope of this paper and not discussed here.

C. Comparison with SLP Algorithm

This experiment is carried out to test the computational 
performance of the proposed method. For comparison, we al‐
so solve the proposed PERD model by means of the com‐
monly-used SLP algorithm [7], [8] with different trust-region 
radiuses Δ, which means the narrowing ratio of the feasible 
region in iterations. It should be mentioned that the determi‐
nation of trust-region radius is usually a cut-and-try process. 
For convenience, Δ is set to be constant here. The implemen‐
tation of SLP refers to [16]. Table I shows the CPU time 
along with the optimal total cost in each case. Simultaneous‐
ly, the iterative process of SLP algorithm with Δ = 0.8 is pre‐
sented in Fig. 7. It can be concluded that the SLP algorithm 
has very heavy computational burden although all cases con‐
verge. Moreover, the results of the SLP algorithm may con‐
verge to a non-optimal solution without an appropriate Δ. By 
contrast, the proposed analytical model (42) can be solved 
stably within less than 5 s even with a general open source 
solver, which is sufficiently acceptable in practical use.

D. Comparison of Dispatch Results with Different Models

In this subsection, Monte Carlo simulation (MCS) is used 
to evaluate the solution quality in terms of economy and se‐
curity. We compared the proposed PERD model with the re‐
cently studied dispatch models that consider the uncertainty 
of wind power, which include:

1) Deterministic ED (D-ED) [28]: the wind power predic‐
tion is regarded as the schedule of wind farms to participate 
in the power balance. The amount of upward/downward re‐
serve is set to be 10% of wind farm capacities.

2) Robust ED (R-ED): the objective function of R-ED is 
to minimize the summation of generation, wind curtailment, 
and load shedding costs, subjected to the robust reserve and 
transmission power flow constraints [3].

3) C-CCED [7]: the objective function of C-CCED con‐
tains generation cost and power adjustment cost, i.e., (4)-(6). 
The confidence level of chance constraints is set to be 0.9.

The simulation results with 100000 scenarios are shown 
in Table II, where the generation cost is calculated via (4), 
the reserve adjustable cost and emergency control cost are 
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Fig. 6.　Ratio of wind curtailment and load shedding with different cost co‐
efficients.
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TABLE I
COMPARISON OF PROPOSED METHOD AND SLP WITH DIFFERENT Δ

Case

Proposed method

SLP with Δ = 0.5

SLP with Δ = 0.8

Iteration

11

24

CPU time (s)

4.61

18.36

39.42

Total cost ($)

1029343.6

1030601.2

1029523.7

Time period (hour)
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Fig. 5.　Cost curves and their error in objective functions.
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the average of all random scenarios, corresponding to (5), 
(6) and (7), (8), respectively. Total cost is the summation of 
generation cost, reserve adjustable cost, and emergency con‐
trol cost. As for the indexes of the satisfaction rate of proba‐
bilistic constraints, we firstly calculate the value of VaR1‒β{ }·  

on the left-hand side of constraints (33), (34), (37) and (38) 
via the sampled discrete distribution. Then, we check wheth‐
er these probabilistic constraints hold or not for all units/
transmission lines in all periods. The satisfaction rate is the 
ratio of the number of feasible constraints to total constraints.

It is observed that compared with the proposed PERD 
model, D-ED/R-ED results in much more emergency control 
cost or generation cost due to inappropriate allocation of reg‐
ulation reserves or conservativeness of security constraints. 
Moreover, although C-CCED achieves the minimization of 
total generation and reserve adjustable cost, the ignorance of 
wind curtailment and load shedding brings a considerable 
amount of emergency control cost. On the other hand, D-ED 
only realizes the satisfaction rate of reserve demand in 
79.16% and transmission security in 98.09%, which cannot 
meet the operational requirement. On the whole, the pro‐
posed PERD model could yield more economic strategies 
than previous ones under the premise of ensuring the pre-
specified security level.

E. Comparison with Gaussian Uncertainty

This subsection compares the performance of GMM with 
Gaussian distribution. Taking wind farm 2 as an example, 
the marginal PDF of wind power in different periods is illus‐
trated in Fig. 8, where the histogram represents the original 
distribution of the data samples, and red lines and green 
lines denote the fitting results of GMM and Gaussian distri‐
bution, respectively. Obviously, GMM fits asymmetric and 
multimodal non-Gaussian distributions more precisely than 
Gaussian distribution. Subsequently, the proposed PRED is 
carried out on the modified IEEE 39-bus system with these 
two distributions.

The dispatch results are tested by MCS in 100000 random 
scenarios. The average total cost and satisfaction rate of 
probabilistic constraints are listed in Table III. It is observed 
that the security level of PERD is unacceptable when input‐
ting Gaussian distributions. Besides, the inaccuracy of Gauss‐
ian distribution results in more operational cost than GMM.

F. Comparison with Two-side Chance-constrained Model

The impact of two-side transmission security chance con‐
straints is illustrated in this subsection. In two-side chance-
constrained energy and reserve dispatch (TS-CCERD) mod‐
el, the transmission security chance constraints (18) and (19) 
are replaced by the two-side chance constraint in (46).

P{-L l £ ℓ͂lt £ L̄l} ³ 1 - β    l = 12Lt = 12T   

(46)

The solution method of (46) can be found in [29], which 
provides an inner approximation of two-side chance con‐
straints. Then, the comparison between the proposed PERD 
and the TS-CCERD models [29] with different transmission 
capacities and uncertainty models is shown below.
1)　With Gaussian Uncertainty

Considering that the approximation method of two-side 
chance constraints in [29] is exact with Gaussian uncertainty, 
Gaussian distribution that is fitted in Section IV-E is first 
used in the dispatch model. We decrease the transmission ca‐
pacity of line #24 from 200 MW to 75 MW and then carry 
out the proposed PERD model and the TS-CCERD model in 

TABLE II
DISPATCH RESULTS WITH DIFFERENT MODELS

Model

D-ED

R-ED

C-CCED

Proposed PERD

Generation cost 
($)

949129.6

954943.6

953602.9

954514.9

Reserve adjustable 
cost ($)

63484.1

85641.8

67814.9

71283.9

Emergency control 
cost ($)

24098.5

1005.7

15126.5

3544.7

Total cost ($)

1036712.2

1041591.1

1036544.4

1029343.6

Satisfaction rate (%)

Reserve demand 
constraints

79.16

100.00

100.00

100.00

Transmission security 
constraints

98.09

100.00

100.00

100.00

TABLE Ⅲ
DISPATCH RESULTS WITH GMM AND GAUSSIAN DISTRIBUTION

Model

GMM

Gaussian 
distribution

Total cost 
($)

1029343

1031762

Satisfaction rate (%)

Reserve demand 
constraints

100.00

91.67

Transmission security 
constraints

100.00

98.09
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Fig. 8.　Marginal PDF of wind power of wind farm 2. (a) At 01:00. (b) At 
12:00.
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each case. The total cost and transmission security level con‐
sidering Gausian uncertainty are shown in Fig. 9. In particu‐
lar, the security level refers to the ratio of the number of se‐
curity scenarios to the sampled scenarios. While in security 
scenarios, the power flow on transmission lines is limited 
within the upper and lower bounds simultaneously. It is con‐
cluded that when the transmission capacity is greater than or 
equal to 125 MW, the single-side relaxation of chance con‐
straints is exact; in other words, the upper and lower bounds 
are not violated simultaneously. When the transmission ca‐
pacity is decreased to 100 MW, the single-side chance con‐
straints are relaxations of two-side ones. While the relaxed 
gap of confidence level is around 1%, which is actually ac‐
ceptable in practical use. Besides, when we continue to re‐
duce the capacity of transmission lines, the TS-CCERD mod‐
el is infeasible.

2)　With GMM Uncertainty
We also compare the PERD model and the TS-CCERD 

model with GMM uncertainty that is used in Section IV-A to 
IV-D. In this case, the method presented in [29] only pro‐
vides an inner approximation of the original two-side chance 
constraints. The dispatch results are presented in Fig. 10. It 
is observed that the approximation method in [29] is conser‐
vative with respect to dispatch cost and security level, even 
though the single-side relaxation model is exact when the 
transmission capacity is greater than or equal to 125 MW. 
Besides, the approximation method may result in the infeasi‐
bility of the TS-CCERD model.

Based on the above discussion, it is concluded that the sin‐
gle-side relaxation of transmission security chance con‐
straints is usually exact except for some extreme cases. In 

addition, the TS-CCERD model with GMM uncertainty us‐
ing convex approximation method is conservative and can re‐
sult in infeasibility. Therefore, the single-side transmission 
security chance constraints are more applicable in power sys‐
tem practices.

G. Case Studies on Real Power Systems

The proposed PERD model is also implemented on a pro‐
vincial power system in Northeast China that contains 65 
thermal units and 34 wind farms. The detailed information is 
reported in Table IV. The probabilistic forecasts of the total 
wind generation are shown in Fig. 11. Other dispatch param‐
eters are set to be consistent with the IEEE test systems.
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TABLE Ⅳ
SYSTEM SUMMARY OF PROVINCIAL POWER SYSTEM

System

Bus

Thermal unit

Wind farm

Branch

Parameter

319

65×19.3 GW

34×5.98 GW

431
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Fig. 10.　Total cost and transmission security level with different transmis‐
sion capacities of line #24 considering GMM uncertainty. (a) Total cost. (b) 
Security level.
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Fig. 11.　Probabilistic forecasts of total wind generation.
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Firstly, the proposed PERD model is compared with D-
ED, R-ED, and C-CCED models in terms of economy and 
security. MCSs with 100000 wind scenarios are adopted to 
compute the average total cost and satisfaction rate of proba‐
bilistic constraints, which is the same as the previous experi‐
ment. The simulation results are listed in Table V. It is ob‐
served that the total operation cost with the proposed PERD 
model is the lowest among all dispatch results. Moreover, 
compared with D-ED, the proposed PERD model is able to 
ensure the feasibility of probabilistic constraints and thus 
guarantee the pre-defined security level. As for the solution 
efficiency, SLP algorithm converges after 38 iterations with 
twice the computation time of the proposed analytical meth‐
od. Therefore, the proposed PERD model and the analytical 
method are more effective and efficient in practical applica‐
tions.

Discussion: based on the test results in two different net‐
works, we can conclude that the proposed PERD model 
could yield more economic decisions than previous models 
under the premise of ensuring pre-specified security level re‐
gardless of the network type. Although the increasing scale 
of network results in more computational burden, the solu‐
tion time of the proposed analytical method is acceptable 
even for provincial power grids.

V. CONCLUSION 

In this paper, we propose a novel PERD model that con‐
siders the expected cost of potential emergency control ac‐
count for the strong uncertainties in a high-renewable power 
grid. Based on the approximation technique of GMM, the ex‐
pected costs of reserve regulation and emergency control are 
accurately re-expressed by analytical functions. Besides, the 
probabilistic constraints are reformulated by introducing VaR 
representations, which can be calculated by a computational‐
ly-cheap dichotomy search. Thus, the proposed PERD model 
is converted into a deterministic and convex problem. Case 
studies performed on IEEE test systems and a provincial 
power system in China demonstrate that the proposed PERD 
model could yield more economic decisions than previous 
models under the premise of ensuring the pre-specified secu‐
rity level. Moreover, compared to the commonly-used SLP 
algorithm, the proposed PERD model can be solved more re‐

liably and efficiently with off-the-shelf solvers. In our future 
work, we will further investigate how to distribute the 
amount of renewable energy curtailment/load shedding be‐
tween each renewable energy stations/loads fairly.

APPENDIX A 

The convexity of (29) is proven as follows.
Let u = ( )x - μm σm. We define a function Fm(u) as:

Fm(u) = uΦ̂m0(u) + φ̂m0(u) (A1)

Φ̂m0(u) = 1
2
+

1
2

tanh (0.7983u + 0.03564u3 ) (A2)

φ̂m0(u) = dΦ̂m0( )u
du

(A3)

Then, Êep( x | -x ) can be re-expressed as:

Êep(σmu + μm| -x ) =∑
m = 1

M

ωmσmFm( )u - (σmu + μm )Φ̂ (-x ) +

∑
m = 1

M

ωm( )μmΦ̂m( )-x - σ 2
mφm( )-x (A4)

If Fm(u) can be proven convex, (29) is convex.
The second order derivative of Fm(u) is:

F m (u) = 2φ̂m0(u) + u
dφ̂m0( )u

du
+

d2φ̂m0( )u

du2
(A5)

Equation (A5) is an even function and monotonically de‐

creases over interval [ )0+¥ . Since the limit of F m (u) is 

lim
u®¥

F m (u) = 0, F m (u) is positive definite in R. Therefore, 

(29) is a convex function. The properties of (A5) are described 
in detail in supplemental file [30].
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