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Abstract——This paper proposes a stochastic optimization mod‐
el for generating the optimal price-maker trading strategy for a
wind power producer using virtual bidding, which is a kind of
financial tool available in most electricity markets of the United
States. In the proposed model, virtual bidding is used to im‐
prove the wind power producer’s market power in the day-
ahead (DA) market by trading at multiple buses, which are not
limited to the locations of the wind units. The optimal joint
wind power and virtual trading strategy is generated by solving
a bi-level nonlinear stochastic optimization model. The upper-
level problem maximizes the total expected profit of the wind
power and virtual bidding while using the conditional value at
risk (CVaR) for risk management. The lower-level problem rep‐
resents the clearing process of the DA market. By using the Ka‐
rush-Kuhn-Tucker (KKT) conditions, duality theory, and big-M
method, the bi-level nonlinear stochastic model is firstly trans‐
ferred into an equivalent single-level stochastic mathematical
program with the equilibrium constraints (MPEC) model and
then a mixed-integer linear programming (MILP) model, which
can be solved by existing commercial solvers. To reduce the
computational cost of solving the proposed stochastic optimiza‐
tion model for large systems, a method of reducing the number
of buses considered for virtual bidding is proposed to simplify
the stochastic MPEC model by reducing its decision variables
and constraints related to virtual bidding. Case studies are per‐
formed to show the effectiveness of the proposed model and the
method of reducing the number of buses considered for virtual
bidding. The impacts of the transmission limits, wind unit loca‐
tion, risk aversion parameters, wind power volatility, and wind
and virtual capacities on the price-maker trading strategy are
also studied through case studies.

Index Terms——Bi-level optimization, electricity market, risk
management, stochastic optimization, virtual bidding, wind pow‐
er.
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B. Decision Variables
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Set of wind units located at bus n

Set of conventional units located at bus n

Set of demands located at bus n

Set of virtual units located at bus n

Index of energy blocks of a conventional unit,
bÎ{12B}

Index of demand blocks, eÎ{12E}

Index of wind units owned by wind power pro‐
ducer, iÎ{12I}

Index of conventional units, jÎ{12J}

Index of transmission lines, kÎ{12K}

Index of demands, lÎ{12D}

Index of system buses, nÎ{12N}

Index of energy blocks of a wind unit,
pÎ{12P}

Receiving-end bus of transmission line k

Sending-end bus of transmission line k

Index of time periods, tÎ{12T}

Index of virtual units owned by wind power pro‐
ducer, vÎ{12V}

Index of scenarios, wÎ{12Ω}

Voltage angle of bus n in period t in day-ahead
(DA) market

Auxiliary variable used to compute conditional
value at risk (CVaR)

Auxiliary variable used to compute the CVaR

DA locational marginal price (LMP) at bus n in
period t

Bid price of virtual unit v in period t in DA mar‐
ket when a decremental bid is used

Bid price of virtual unit v in period t in DA mar‐
ket when an incremental bid is used

Offer price of block p of wind unit i in period t
in DA market

An ancillary binary variable used for model lin‐
earization

CVaR with confidence level α
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Power flow of transmission line k in period t in
DA market

Cleared power of block b of conventional unit j
in period t in DA market

Cleared power of block e of demand l in period
t in DA market

Cleared power of virtual unit v in period t in DA
market when a decremental bid is used

The maximum decremental bid capacity of virtu‐
al unit v in time period t in DA market

Cleared power of virtual unit v in period t in DA
market when an incremental bid is used

The maximum incremental bid capacity of virtu‐
al unit v in time period t in DA market

Cleared power of block p of wind unit i in peri‐
od t in DA market

The maximum power of block p of wind unit i
in period t in DA market

Binary variable for virtual unit v in period t,
which is equal to 1 if an incremental bid is gen‐
erated and 0 if a decremental bid is generated,
respectively

Per-unit confidence level

Risk aversion parameter of wind power producer

Standard variance of wind power forecasting er‐
rors of wind unit i in period t in real-time (RT)
market

Wind volatility coefficient

Cap bid price in DA market

Offer price of block b of conventional unit j in
period t in DA market

Bid price of block e of demand l in period t in
DA market

RT LMP at bus n in period t in scenario w

Probability of occurrence of scenario w

Imaginary part of admittance of line k

Transmission capacity of line k

A sufficiently large constant used for model lin‐
earization

RT power production of wind unit i in period t
in scenario w

The maximum power of block b of conventional
unit i in period t in DA market

The maximum power of block e of demand l in
period t in DA market

The maximum total capacity of virtual units in
DA market

Deterministic wind power forecasting value of
wind unit i in period t in RT market

The maximum capacity of wind unit i

I. INTRODUCTION

MORE and more wind power producers have been sell‐
ing wind power in competitive electricity markets to

earn profits instead of through power purchasing agreements
at fixed prices [1]. Under this circumstance, wind power pro‐
ducers not only need to handle the uncertainties of their gen‐
eration but also face the volatility of the electricity prices in
the markets. To account for uncertainties, stochastic optimi‐
zation models have been widely used to generate trading
strategies for wind power producers to participate in the elec‐
tricity market [1] - [7]. According to the projection of U. S.
Department of Energy, 35% of the electricity in the U. S.
will be produced from wind energy by 2050 [8]. If the pene‐
tration levels of wind energy in some regions are high
enough to influence the clearing outcomes of electricity mar‐
kets, the wind power producers with large capacities need to
be modeled as price-makers instead of price-takers in the
electricity market [1] - [6], and their market power could be
considered by using bi-level optimization models [1] - [5] or
residual demand curves [6].

In the literature, demand response (DR) programs, energy
storage, and financial derivatives have been used to improve
the profits of wind power producers [5]-[7], [9]. In [5], the
wind power producer could behave strategically in the day-
ahead (DA) market and set DR contracts with a DR aggrega‐
tor to alleviate the risk caused by its production uncertainty.
In [6], [7] and [9], wind power production and energy stor‐
age were coordinated to mitigate the wind power imbalance
in the electricity market; and the integrated wind power and
energy storage system in the electricity market was modeled
either as a price-maker [6] or a price-taker [7], [9]. Addition‐
ally, the purchasing option contract was also a financially
competitive way to hedge against risks for a wind power pro‐
ducer [10]. However, no work has been reported in the litera‐
ture to use a kind of pure financial tool called virtual bid‐
ding, which is available in the U. S. electricity markets, for
wind power producers to hedge against risks caused by un‐
certainties.

Virtual bidding was first introduced to the PJM electricity
market in June 2000 [11], and is currently available in most
electricity markets in the U.S. The current competitive elec‐
tricity markets in the U. S. usually have a two-settlement
structure, which consists of a DA market and a real-time
(RT) market, and virtual bidding is trading power in DA and
RT markets without physically producing or consuming it.
Virtual bidders can buy or sell power in the DA market and
then zero it out in the RT market. The profit of a virtual bid‐
der comes from the price differences between the DA and
RT markets. In 2013, the cleared virtual bids in the five ma‐
jor electricity markets in the U.S. accounted for about 13%
of the total load [12].

The advantages and disadvantages of virtual bidding were
briefly discussed in [13]. In [14] and [15], virtual bidders
were considered in the market clearing models; and it was
concluded that the perfect virtual bidding could reduce the
price differences between the DA and RT markets and in‐
crease the efficiency of the electricity market. By analyzing
the historical data in the California wholesale electricity mar‐
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ket, [16] and [17] found that the price differences between
the DA and RT markets were reduced after the introduction
of virtual bidding. The data analysis results of the New York
wholesale electricity market also showed that virtual bidding
could reduce the price volatility [18]. Several literature also
addressed some drawbacks of the participation of virtual bid‐
ders [19] - [24]. Reference [19] showed that virtual bidders
might earn profits without improving the efficiency of the
electricity market in some situations due to the complexity
of power grid operation. If the virtual bidders can not fore‐
cast the results of DA and RT markets accurately [20], or
the power transmission lines are congested [21], the price
differences between the DA and RT markets may not be re‐
duced by virtual bidding. Moreover, [22] addressed that vir‐
tual bidding could be used to manipulate DA prices at some
buses and increase the value of financial transmission right
(FTR). In this case, the virtual bidding could be uneconomic
and treated as a violation of the anti-manipulation rule by
Federal Energy Regulatory Commission (FERC), and the vir‐
tual bidders need to pay heavy penalties for it [23]. Addition‐
ally, [24] analyzed the virtual bidding used by a cyber-data
attacker, which brought financial losses to the power system.
Reference [25] addressed that virtual bidding was an essen‐
tial part of an efficient market design and should be estimat‐
ed under a broad framework considering the uncertainties
and risks, while most of the drawbacks in the literature were
mainly concluded based on individual cases.

Most existing literature studied the virtual bidding used by
financial participants [14]-[21], FTR holders [22], and cyber-
data attackers [24] in electricity markets. However, the par‐
ticipants that own physical asserts in the power grid, such as
wind power generation units, can also use virtual bidding to
improve their profits and manage risks, and these partici‐
pants are referred to as physical participants [26]. In prac‐
tice, the proportion of virtual bidding used by physical par‐
ticipants is quite large in some wholesale electricity markets.
In the PJM electricity market, about 63.5% and 55.2% of
the cleared virtual bids came from physical participants in
2016 and 2017, respectively [26]. In this case, physical par‐
ticipants can co-optimize the profits brought by physical as‐
sets and virtual bidding simultaneously in the two-settlement
electricity market. Moreover, if the physical participant is a
price-maker, virtual bidding can help it influence the electric‐
ity market outcomes by trading at multiple buses, which are
not limited to the locations of the physical assets. Therefore,
it is necessary to model and analyze the virtual bidding strat‐
egies used by physical participants, which can also help mar‐
ket operators make better market rules or policies related to
virtual bidding.

This paper proposes a stochastic optimization model for
generating the optimal price-maker trading strategy for a
wind power producer using virtual bidding in the electricity
market. The main contributions of this paper are threefold.

1) The optimal wind power and virtual bidding strategies
can be jointly generated by the proposed model based on the
risk preference of the wind power producer. In this paper,
the market power of the wind power producer in the DA
market is improved by using virtual bidding at multiple bus‐

es, which are not limited to the locations of the wind units.
2) Different from the existing research on virtual bidding

used by financial participants, this paper studied the virtual
bidding used by a price-maker physical participant via de‐
tailed mathematical formulation. Such a study can help the
market operators analyze the related market activities consid‐
ering multiple factors, such as transmission line limits, physi‐
cal unit location, risk aversion parameters, and wind power
volatility, and then make better rules or policies in practice.

3) To reduce the computational cost of solving the pro‐
posed stochastic optimization model for large systems, a
method of reducing the number of buses considered for virtu‐
al bidding is proposed to simplify the proposed model by re‐
ducing its decision variables and constraints related to virtu‐
al bidding.

The remainder of this paper is organized as follows. Sec‐
tion II presents the problem description. Section III presents
the bi-level stochastic optimization model for generating the
price-maker trading strategy for a wind power producer with
virtual bidding and the solution method for the model. Sec‐
tion IV presents the validation results of the proposed strate‐
gy using case studies. Section V concludes this paper.

II. PROBLEM DESCRIPTION

A. Market Framework

Figure 1 shows a typical time framework of a two-settle‐
ment electricity market in the U.S.. In the DA market, which
is a forward market cleared by the independent system opera‐
tor (ISO) one day before the operating day, the market partic‐
ipants can buy or sell power based on their expected genera‐
tion or demands, respectively, at the DA electricity price. In
contrast, the RT market is a physical market designed to bal‐
ance the expected and actual electricity on the operating day,
where the deviations need to be settled at the RT electricity
price.

For a wind power producer, the wind power committed in
the DA market may be different from that produced on the
operating day, and the deviation should be settled at the RT
electricity prices. For a virtual trader without physical assets,
the profit obtained from virtual bidding is related to the
price differences between the DA and RT markets. If a virtu‐
al trader predicts that the DA electricity price will be higher

ISO clears RT market for each time period separately

ISO clears
DA market

Market participants submit
DA market bids

ISO performs DA market clearing process
(a)

(b)

Fig. 1. Typical time framework of two-settlement electricity market. (a)
DA market. (b) RT market.
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than the RT electricity price, it will earn profits by submit‐
ting an incremental virtual bid to sell power at the DA elec‐
tricity price and buy it back at the RT electricity price. On
the contrary, if the virtual trader predicts that the DA electric‐
ity price will be lower than the RT electricity price, it will
earn profits by submitting a decrement virtual bid to buy
power at the DA electricity price and sell it at the RT elec‐
tricity price. Therefore, if a wind power producer uses virtu‐
al bidding, the wind power and virtual bids will be submit‐
ted to the DA market simultaneously and settled at the DA
electricity price; and then in the RT market, all the devia‐
tions caused by DA wind power and virtual bids will be set‐
tled at the RT electricity price.

In this paper, it is assumed that virtual bidding can be
used at all of the buses in the power network and there is
one virtual unit at each bus. The total bids of all virtual
units cannot exceed the maximum virtual capacity, which is
determined by the credit in the trading account of the wind
power producer.

B. Structure of Bi-level Stochastic Optimization Model

The optimal trading strategy of the wind power producer
with virtual bidding is obtained by solving a bi-level stochas‐
tic optimization problem, which consists of an upper-level
problem and a lower-level problem, as illustrated in Fig. 2.
The upper-level problem is established to maximize the ex‐
pected total profit of the wind power producer obtained from
the wind power and virtual bidding, and the lower-level
problem is established to maximize the total social welfare
in the DA market for the market operator, which considers
the impact of wind power and virtual bidding on the clear‐
ing outcomes of the DA market.

Since the wind power producer using virtual bidding stud‐
ied in this paper can influence the DA market outcomes by
submitting its DA wind power and virtual bids strategically,
it is considered as a price-maker in the DA electricity mar‐
ket. However, the wind power producer cannot behave strate‐
gically to change its wind power and virtual trading quanti‐
ties in the RT electricity market because its RT power devia‐
tions are inelastic and have to be settled at the RT electricity
price in the RT power trading floor. Thus, the impact of the
wind power producer’s trading strategy on the RT electricity

prices is much lower than other RT market players with flex‐
ible resources. Hence, the wind power producer using virtual
bidding is considered as a price-taker in the RT electricity
market, which is similar to the model assumptions adopted
in [1], [5], and [6].

Two uncertain parameters of the bi-level stochastic optimi‐
zation problem, i.e., the RT electricity price and actual wind
power production, are represented by scenarios, which are
generated by the seasonal autoregressive integrated moving
average (SARIMA) models [27]. To characterize the uncer‐
tain parameters accurately, the scenario sets generated by the
SARIMA models are usually large, which may render the
corresponding stochastic optimization problem intractable.
To solve this issue, the fast forward scenario reduction algo‐
rithm given in [28] is applied to reduce the number of sce‐
narios for each uncertain parameter without losing much in‐
formation of the original scenario set. The scenario genera‐
tion and reduction are executed before solving the bi-level
optimization problem, as shown in Fig. 2.

III. MODEL FORMULATION

A. Upper-level Problem

The upper-level problem maximizes the total expected
profits of the wind power and virtual bidding in the two-set‐
tlement electricity market and is expressed as:
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Upper-level problem

Maximize: expected profit of the wind power producer
Generate: wind power and virtual bids submitted to DA market

Lower-level problem

Maximize: the total social welfare in DA market 
Generate: DA electricity prices, wind power and virtual
bids cleared in DA market

Scenario generation and reduction algorithm
for uncertain parameters in RT market: RT electricity

prices and wind power production

Fig. 2. Structure of bi-level stochastic optimization model.
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(A1)-(A22) (12)

where Ξ ={λWD
pit λVI

vt λVD
vt P WDmax

pit P VImax
vt P VDmax

vt ζηwΞD } is the
set of all decision variables in the upper-lever and lower-lev‐
el problems, and ΞD is the set of all the decision variables in
the lower-level problem.

The objective function (1) maximizes the total expected
profits of wind power and virtual bidding in the DA and RT
markets multiplied by a weighting factor 1 - β and the
CVaRα multiplied by a weighting factor β. In (1), λDA

( )n:iÎψ I
n tw

,

λDA

( )n:vÎψV
n tw

, P WD
pitw, P VI

vtw, and P VD
vtw are the variables determined in

the lower-level problem, as shown in (A1) - (A22). Con‐
straints (2)-(4) limit the DA bidding prices of the wind and
virtual units to the price cap specified by the market. Con‐
straints (5) and (6) limit the bidding quantities of the wind
and virtual units to their maximum capacities, respectively.
Constraints (7) - (9) ensure either an incremental or a decre‐
mental virtual bid is generated at each bus. Constraints (10)
and (11) are used to compute the conditional value at risk
(CVaR), which is used as a measurement of risk in this pa‐
per. The CVaRα is computed as the expected value measure‐
ment of the (1 - α)´ 100% least profitable scenarios [29]. The
parameter β reflects the risk aversion level of the wind pow‐
er producer using virtual bidding, and a higher value of β in‐
dicates that the optimal bidding strategy is more risk averse.
Constraints (A1) - (A22) indicate the upper-level problem is
subject to the lower-level problem provided in Section III-B.

B. Lower-level Problem

The lower-level problem models the clearing process of
the DA market for each scenario w and is formulated as:
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variables, and the dual variables are provided after the co‐
lons in the constraints.

The objective function (13) minimizes the negative expect‐
ed total social welfare in each time period and each scenar‐
io. Constraint (14) enforces the DA power balance at each
bus considering virtual bids. Constraint (15) is the power
flow equation of each transmission line. Constraint (16) pro‐
vides the capacity limits of each transmission line. Con‐
straints (17)-(21) represent the bounds of wind, virtual, and
conventional units and demands. Constraints (22) and (23)
present the voltage angle limits for each bus, where n = 1 in‐
dicates the first bus is selected as the reference bus of the
power system.

C. Solution Method

The proposed bi-level stochastic optimization problem (1)-
(23) can be transferred into an equivalent single-level sto‐
chastic mathematical program with equilibrium constraints
(MPEC) model through the Karush-Kuhn-Tucker (KKT) con‐
ditions of the lower-level problem (13)-(23) presented in Ap‐
pendix A [30]. This single-level stochastic MPEC model in‐
cludes (1)-(12) and (A1)-(A22).

The objective function and constraints of the single-level
stochastic MPEC model contains nonlinear terms, which can
be linearized by using the duality theory and the big-M meth‐
od, respectively. The details are provided in Appendix B. As
a result, the stochastic MPEC model is converted to be a
mixed-integer linear programming (MILP) problem that can
be solved by existing commercial solvers directly.

The computational cost of solving the stochastic MPEC
model depends on the numbers of decision variables and
constraints. Since the buses used for virtual bidding are not
limited to those with power plants or demands, the wind
power producer is assumed to have a virtual unit at each bus
of the power network. Thus, the virtual unit number V is
equal to the bus number N of the power network. In this cir‐
cumstance, both the decision variables and constraints relat‐
ed to virtual bidding in the stochastic MPEC model increase
with the bus number N. To reduce the computational cost of
solving the stochastic MPEC model for large power systems,
a method of reducing the number of buses considered for vir‐
tual bidding is proposed in Section III-D.

D. Method of Reducing Number of Buses Considered for Vir‐
tual Bidding

In practice, since the wind power producer has limited
credit in its trading account, it would only submit DA virtual
bids at a small number of buses of the power network. Thus,
if the buses that are unlikely used for virtual bidding are
identified and then eliminated from being considered for vir‐
tual bidding before solving the stochastic MPEC model, the
model could be simplified so that the computational cost of
solving the model would be reduced. Therefore, this subsec‐
tion proposes a method of reducing the number of buses con‐
sidered for virtual bidding for identifying and eliminating
the buses that are unlikely to be used for virtual bidding,
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which is presented below.
Step 1: the stochastic MPEC model is decomposed into Ω

independent deterministic MPEC models, denoted as DMw

(w = 12Ω), by considering the Ω different scenarios, re‐
spectively. Each deterministic MPEC model DMw consists of
the objective function (1) with β = 0 as well as the con‐
straints (2)-(9) and (A1)-(A22), where the uncertain parame‐
ters in DMw are represented by their values in the scenario w.

Step 2: the Ω independent deterministic MPEC models
DMw are solved separately by using the solution method pro‐
posed in Section III-C, from which the buses with virtual
bids in DMw are identified as the buses that are likely used
for virtual bidding in the stochastic MPEC model. Specifical‐
ly, in each time period t, there are N R

t buses with virtual bids
in the deterministic MPEC models DMw, which are more
likely to be used for virtual bidding in the stochastic MPEC
model than the other N -N R

t buses without virtual bids in
DMw. In this step, the computational cost of solving the Ω
deterministic MPEC models DMw separately is much lower
than that of solving the stochastic MPEC model with Ω sce‐
narios.

Step 3: the N -N R
t buses without virtual bids in DMw (w =

12Ω) are eliminated from being considered for virtual
bidding in the stochastic MPEC model. The resulting sto‐
chastic MPEC model with reduced N R

t buses considered for
virtual bidding is denoted as MPEC-R, which is solved by
using the solution method proposed in Section III-C to gener‐
ate the optimal bidding strategies for the wind power produc‐
er using virtual bidding.

In the simplified stochastic model MPEC-R, since the vir‐
tual bidding is only considered at the reduced N R

t buses in
each time period t, the number of virtual units is decreased
significantly from N to N R

t . As a consequence, both the deci‐
sion variables and constraints related to virtual bidding in
the MPEC-R are much less than those in the MPEC model.
Thus, the computational cost of solving the MPEC-R to gen‐
erate the optimal bidding strategies for the wind power pro‐
ducer is much lower than that of solving the MPEC model.

IV. CASE STUDIES AND RESULTS

To validate the proposed stochastic optimization model for
the wind power producer using virtual bidding, illustrative
case studies are performed for a six-bus test system in Sec‐
tion IV-A to Section IV-D [31], and for the IEEE 118-bus
test system in Section IV-E [32]. The historical wind power
data are obtained from the National Renewable Energy Labo‐
ratory (NREL) website [33]. The data of historical RT elec‐
tricity price are obtained from the PJM electricity market
website [34]. The default value of the risk aversion parame‐
ter is set to be zero, and the parameters used in each case
study are provided in the corresponding subsection. The pro‐
posed MILP problem is solved by using YALMIP [35] and
Gurobi 7.0 in MATLAB [36]. The computer used for simula‐
tion studies has a 3.50 GHz, 4-core CPU and 32 GB RAM.

A. Deterministic MPEC Model Without Transmission Con‐
straints

As shown in Fig. 3, the six-bus test system consists of

eight generating units P1-P8 and four demands D1-D4,
where P1 is the wind unit of the strategic wind power pro‐
ducer and P2-P8 are the conventional generation units of oth‐
er power producers. The data of P2-P8 are provided in Table
I. The installed capacity of the wind unit is 250 MW, which
is about 21% of the total installed generation capacity of the
system. The DA demand bidding quantities of D1-D4 are
constant in 24 hours of a day, which are provided in Table
II. While the demand bidding prices of D1-D4 are different
in 24 hours of a day, which are provided in Table III. The
deterministic MPEC model with a single scenario described
in Section III-D is firstly studied, in which the values of the
uncertain parameters are represented by their forecasting val‐
ues. Moreover, no capacity limits are imposed on the trans‐
mission lines. Therefore, there are no constraints in the deter‐
ministic MPEC model. The wind power and virtual capaci‐
ties are both set to be 250 MW.

The electricity prices and wind power generation as well
as the profits of one day obtained by solving the determinis‐
tic optimization problem are shown in Figs. 4 and 5, respec‐
tively. The profit of wind power bidding depends on electric‐
ity prices and wind power generation; while the profit of vir‐
tual bidding depends on the price differences between the
DA and RT markets, because the virtual capacity is a fixed

TABLE II
DATA OF DA DEMAND BIDDING QUANTITIES IN SIX-BUS TEST SYSTEM

Unit

D1

D2

D3

D4

Demand bidding quantity (MW)

P LDmax
1l

136.8

194.4

194.4

194.4

P LDmax
2l

3.8

5.4

5.4

5.4

P LDmax
3l

3.8

5.4

5.4

5.4

P LDmax
4l

3.8

5.4

5.4

5.4

P LDmax
5l

3.8

5.4

5.4

5.4

1 2

3

4

6 5

D1P3 P7 D4 P8 D3 P4

P1
~ ~

~ ~ ~ ~

~ ~
P5 P2 P6 D2

Fig. 3. Six-bus test system.

TABLE I
DATA OF CONVENTIONAL GENERATION UNITS

Unit

P2

P3

P4

P5

P6

P7

P8

Maximum offer capacity (MW)

P CDmax
1j

15.80

15.00

140.00

2.40

68.90

76.00

54.25

P CDmax
2j

0.20

15.00

97.50

3.40

49.25

15.20

38.75

P CDmax
3j

3.8

10.0

52.5

3.6

39.4

22.8

31.0

P CDmax
4j

0.2

10.0

70.0

2.4

39.4

15.2

31.0

Generation offer price ($/MWh)

λCD
1j

14.47

0

24.96

30.43

13.10

14.90

12.90

λCD
2j

14.85

0

26.42

30.91

13.86

15.55

13.33

λCD
3j

20.88

0

27.59

34.89

14.42

18.06

13.88

λCD
4j

21.11

0

28.77

39.52

15.24

20.76

14.64
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value determined by the credit of the wind power producer
in the trading account. As shown in Figs. 4 and 5, the maxi‐
mum profit of the wind power bidding occurs in the 20th

hour, because both the wind power generation and RT price
are high in this hour. The maximum profit of the virtual bid‐
ding occurs in the 6th hour during which the price difference
between the DA and RT markets is the highest among the
24 hours. In most hours, the profit of the wind power bid‐
ding is much higher than that of the virtual bidding, because
the DA and RT electricity prices are much higher than their
difference.

B. Impacts of Transmission Constraints, Wind Unit Loca‐
tion, and Wind and Virtual Capacities

In the second case study, the transmission constraints
(A19) and (A20) are added to the deterministic MPEC mod‐
el DMw in Section IV-A. The wind and virtual capacities are
changed from 0 to 400 MW with an increment of 50 MW to
study their impacts on the total profit of the wind power pro‐
ducer and the average price difference between the DA and
RT markets. Considering the transmission constraints and the
location of the wind unit, the simulations are carried out in
three different cases.

1) Case 1: no capacity limits are imposed on the transmis‐
sion lines and the wind unit is at bus 1.

2) Case 2: the capacity limit of transmission line is 100
MW and the wind unit is at bus 1.

3) Case 3: the capacity limit of transmission line is 100
MW and the wind unit is at bus 4.

The other parameters are set to be the same as those used
in Section IV-A. The results of the total profit of the wind
power producer and the average price difference between the
DA and RT markets in Cases 1-3 are shown in Figs. 6 and
7, respectively.

TABLE III
DATA OF DA DEMAND BIDDING PRICES IN SIX-BUS TEST SYSTEM

t (hour)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Demand bidding price ($/MWh)

λLD
1lt

22.66

22.43

22.38

22.38

21.95

21.95

22.43

23.32

25.00

26.49

32.46

32.50

32.50

32.46

26.49

26.49

27.14

32.50

32.50

32.50

32.50

32.46

25.39

23.32

λLD
2lt

22.43

22.38

21.95

21.95

21.83

21.83

22.38

22.90

24.61

25.90

29.42

32.46

32.46

29.42

25.90

25.90

26.79

32.46

32.46

32.46

32.46

29.42

25.00

22.90

λLD
3lt

22.38

21.95

21.83

21.83

21.29

21.29

21.95

22.66

24.45

25.39

27.14

29.42

29.42

27.14

25.39

25.39

26.49

29.42

29.42

29.42

29.42

27.14

24.61

22.66

λLD
4lt

21.95

21.83

21.29

21.29

21.22

21.22

21.83

22.43

23.85

25.00

26.79

27.14

27.14

26.79

25.00

25.00

25.90

27.14

27.14

27.14

27.14

26.79

24.45

22.43

λLD
5lt

21.83

21.29

21.22

21.22

20.97

20.97

21.29

22.38

23.60

24.61

26.49

26.79

26.79

26.49

24.61

24.61

25.39

26.79

26.79

26.79

26.79

26.49

23.85

22.38
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Fig. 4. Electricity prices and wind power generation in different time peri‐
ods of a day.
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As shown in Fig. 6, the total profit increases with virtual
and wind capacities. However, the results of the three cases
are different due to different transmission limits and/or wind
unit locations. When the wind capacity is 0, Cases 2 and 3
are the same and the model is used by a financial partici‐
pant, and the maximum total profits of the virtual bidding in
Cases 1-3 are $15715, $29879, and $29879, respectively.
The virtual bidding brings more profits in Cases 2 and 3 be‐
cause the transmission limits lead to the network congestion
and higher price differences. Moreover, the wind power pro‐
ducer can use virtual bidding to obtain more profits when
the power network is more likely to congest, as in Cases 2
and 3.

The impacts of wind and virtual capacities on the average
price differences between the DA and RT markets are differ‐
ent in the three cases. As shown in Fig. 7(a), when there is
no transmission limit, both the virtual and wind capacities af‐
fect the average price difference. However, the average price
difference in Fig. 7(b) almost does not change with the wind
capacity, which shows that the market power of the wind
unit located at bus 1 is limited due to the network conges‐
tion. However, when the wind unit is located at bus 4 in
Case 3, the average price difference changes with the wind
capacity and the network congestion does not limit the mar‐
ket power of wind unit so significantly as that in Case 2.
For instance, in Fig. 7(c), when the virtual capacity is 50
MW and the wind capacity is increased from 0 to 100 MW,
the average price difference is decreased by 3.15%. Addition‐
ally, when the virtual and wind capacities are very large in
an uncongested network, a further increase of the wind or
virtual capacity will have little impact on the average price
difference, meaning that the wind and virtual units will have
little additional market power. As shown in Fig. 7(a), when
the virtual capacity is 200 MW and the wind capacity is in‐
creased from 100 MW to 200 MW, the average price differ‐
ence is unchanged.

Therefore, if a wind power producer expects to improve
its profit by increasing the wind or virtual capacity, both the
transmission limits and wind unit location should be consid‐
ered in the decision-making process; and it would be better
to conduct detailed simulations to estimate the potential eco‐
nomic benefits of increasing the wind or virtual capacity be‐
forehand.

C. Stochastic MPEC Model with Risk Management

In the third case study, the complete stochastic MPEC
model is studied, where CVaR is used for risk management;
and the wind and virtual capacities are both set to be 250
MW. Five hundred scenarios are first generated for each un‐
certain parameter based on the SARIMA model and are then
reduced to eight. Since two uncertain parameters are consid‐
ered in the model, the total scenario number used in the sto‐
chastic optimization problem is 64. The risk aversion param‐
eter β is changed from 0 to 0.9 with an increment of 0.15 to
study its impact on the expected profit and CVaR. The other
model parameters are set to be the same as those used in
Case 2 of Section IV-B. Figure 8 shows the simulation re‐
sults of the Cases 1-3 with different β values.

As shown in Fig. 8, when β increases, the total expected
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Fig. 7. Average price difference between DA and RT markets in different
cases. (a) Case 1. (b) Case 2. (c) Case 3.
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profit decreases and the CVaR increases, respectively. This
means that a larger β leads to less total expected profit but a
smaller risk. It should be noted that when β is changed from
0 to 0.15, the total expected profits of the three cases only
decrease slightly by about 0.79%, 2.87%, and 3.01%, respec‐
tively, but the CVaR increases significantly by about
116.9%, 100.04%, and 106.5%, respectively. The results
show that, compared with the risk-neutral trading strategy,
even a small risk aversion parameter can significantly im‐
prove the expected profits of the worst scenarios. However,
when β is larger than 0.15, increasing its value cannot signif‐
icantly improve the CVaR. The results indicate that choosing
a small value for β, such as 0.15, would be appropriate for
the proposed optimization problem, which could significant‐
ly reduce the risk without decreasing the expected profit too
much.

In Cases 1 and 2, when β is changed from 0 to 0.9, the
profits of virtual bidding decrease by about 22.31% and
20.02%, respectively, but the profits brought by wind power
bidding only decrease by about 0.14% and 0.81%, respec‐
tively. When the wind unit is at bus 1, the virtual bidding
strategy is much more sensitive to the risk aversion parame‐
ter than the wind power bidding strategy, because virtual bid‐
ding can be used at multiple buses; while wind power bid‐
ding is limited due to the power network congestion. Howev‐
er, when the wind unit is at bus 4, it becomes more sensitive
to the risk aversion parameter. In Case 3, when β is
changed from 0 to 0.9, the profit of wind power bidding de‐
creases by about 5.91%, which is much larger than that in
Case 2. This means that the wind power bidding is not so
limited by the congestion when the wind unit is at bus 4.

Therefore, the risk management for the wind power pro‐
ducer using virtual bidding is related to transmission con‐
straints and the wind unit location, and the risk aversion pa‐
rameter should be chosen carefully considering the impacts
of transmission constraints and wind unit locations.

D. Impact of Wind Power Volatility

In this subsection, the impact of wind power volatility on
the results of the stochastic MPEC model is investigated. Ex‐
cept for the scenario values of the wind power production,
the other model parameters are set to be the same as those
used in Section IV-C. For the wind unit, in the time period t,
the wind power scenarios generated by the SARIMA model
follow a normal distribution N(P WF

it σ 2
it ). To simulate differ‐

ent levels of wind power volatility, the value of σ it is multi‐
plied by an adjustable wind volatility coefficient λ. When λ
is zero, the wind power production is assumed to be deter‐
ministic, which can be forecasted accurately. When λ is larg‐
er, the value of σ it is assumed to be larger, and the wind
power scenarios generated by the SARIMA model are more
volatile.

By solving the stochastic MPEC model with different
wind volatility coefficients, the simulation results under dif‐
ferent wind power volatility conditions are obtained, and the
total expected profit of the wind power producer and total
expected social welfare of the DA market are shown in Figs.
9 and 10, respectively. When the wind power is more vola‐
tile and more difficult to be forecasted, both the total expect‐

ed profit of the wind power producer and the total expected
social welfare of the DA market decrease. For instance,
when the maximum virtual capacity is 0 and λ is changed
from 0 to 1.5, the total expected profit of the wind power
producer and the total expected social welfare of the DA
market decrease by 7.76% and 18.35%, respectively. Addi‐
tionally, as shown in Figs. 9 and 10, when virtual bidding is
used by the wind power producer, both the total expected
profit of the wind power producer and the total expected so‐
cial welfare of the DA market increase, which indicates that
the virtual bidding is beneficial to both the profitability of
the wind power producer and the efficiency of the electricity
market.

E. Case Studies on IEEE 118-bus Test System

Case studies on the IEEE 118-bus test system are carried
out to further verify the applicability of the proposed stochas‐
tic MPEC model for large systems. The wind unit is as‐
sumed to locate at bus 1. The maximum wind and virtual ca‐
pacities of the wind power producer are both 250 MW. The
DA market offers data of the other producers and the ther‐
mal limits of the transmission lines are provided in [32]. The
DA demand bidding quantities in Table II and prices in Ta‐
ble III of D1-D4 are used in the IEEE 118-bus test system,
where D1 is used at buses 11-14, D2 is used at buses 36-39,
D3 is used at buses 61-64, and D4 is used at buses 86-89.

By solving the proposed stochastic MPEC model for the
IEEE 118-bus test system, the DA wind power and virtual
bidding strategies of a typical day are generated and provid‐
ed in Table IV, where the virtual bids with positive and nega‐
tive quantities are the incremental and decremental bids, re‐
spectively. The expected price differences between the DA

0 0.5 1.0 1.5
Wind volatility coefficient

0
1
2
3
4
5
6
7
8

To
ta

l e
xp

ec
te

d 
pr

of
it 

(1
04  $

)

The maximum virtual capacity is 0 MW
The maximum virtual capacity is 20 MW

Fig. 9. Impact of wind power volatility on total expected profit of wind
power producer.
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Fig. 10. Impact of wind power volatility on total expected social welfare
of DA market.
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and RT markets at the IEEE 118-bus test system are shown
in Fig. 11. It shows that the incremental and decremental vir‐
tual bids are submitted at the buses with positive and nega‐
tive price differences, respectively. From the 1st hour to the
5th hour, the wind power producer submits incremental virtu‐
al bids at bus 36, where the expected price differences be‐
tween the DA and RT markets are positive. In contrast, from
the 7th hour to the 10th hour, the wind power producer sub‐
mits decremental virtual bids at buses 94, 19, 93, and 15, re‐
spectively, where the expected price differences between the
DA and RT markets are negative.

Next, the effectiveness of the proposed method of reduc‐
ing the number of buses considered for virtual bidding is ver‐
ified by utilizing the IEEE 118-bus test system. The decom‐
posed deterministic models DMw (w = 1264) based on 64
scenarios are established and solved. Table V shows the vir‐
tual bidding buses over the 24 hours obtained by solving
DMw (w = 1264), which include all of the optimal virtual
bidding buses in Table IV obtained by solving the stochastic
MPEC model. Then, the stochastic MPEC model is simpli‐
fied to be the MPEC-R that only considers the buses identi‐
fied in Table V for virtual bidding. The simulation results ob‐
tained by solving the MPEC model and the MPEC-R are
compared in Table VI. It shows that the total expected prof‐
its obtained by solving the two models are the same. Com‐

pared with the MPEC model, the decision variables and con‐
straints of the simplified MPEC-R model are reduced by
about 19.63% and 35.61%, respectively, which reduce the
computational cost of solving the MPEC-R by about 73.28%.

TABLE V
VIRTUAL BIDDING BUSES OBTAINED BY SOLVING DMw (w = 1264)

t (hour)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Bus No.

15, 19, 24, 33, 36, 107

15, 24, 33, 36, 107

15, 19, 33, 36, 59, 107

15, 24, 19, 33, 36, 107

15, 19, 33, 36, 86, 107

15, 19, 33, 107

15, 19, 24, 33, 94, 107

15, 19, 33, 94, 107

15, 19, 33, 41, 93, 107

15, 19, 33, 36, 41, 86, 94, 107

15, 41, 33, 36, 86, 107

15, 19, 33, 36, 86, 107

15, 19, 33, 36, 86, 107

15, 19, 33, 36, 107

15, 19, 33, 36, 107

15, 19, 33, 36, 107

15, 19, 33, 36, 107

15, 24, 33, 36, 107

15, 19, 33, 36, 59, 107

19, 33, 36, 86, 107

15, 19, 33, 36, 51, 59, 77, 86, 107

15, 33, 36, 59, 107

15, 33, 36, 41, 59, 107

15, 33, 36, 41, 107

TABLE VI
SIMULATION RESULTS OBTAINED BY SOLVING MPEC MODEL AND MPEC-R

Type of
model

MPEC

MPEC-R

Number of
decision
variables

5332080

4285644

Number of
constraints

12662496

8153112

Computational
cost (s)

1074

287

Total expected
profit ($)

190906

190906
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Fig. 11. Expected differences between DA and RT electricity prices at dif‐
ferent buses of IEEE 118-bus test system.

TABLE IV
OPTIMAL DA WIND POWER AND VIRTUAL BIDS OF WIND POWER

PRODUCER IN IEEE 118-BUS TEST SYSTEM

t (hour)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Wind power bid

Quantity
(MW)

200.2

200.2

200.2

200.2

200.2

203.3

250.0

203.4

201.2

204.8

198.5

198.5

198.5

198.5

200.2

200.2

200.2

198.4

198.4

198.4

200.1

198.5

200.8

200.2

Price
($/MWh)

22.7

22.4

22.4

22.4

21.9

21.9

22.4

23.3

25.0

26.5

32.5

32.5

32.5

32.5

26.5

26.5

27.1

32.5

32.5

32.5

32.5

0

25.4

23.3

Virtual bid

Quantity
(MW)

250

250

250

250

250

-250

-250

-250

-250

-250

250

250

250

250

250

250

250

250

250

250

250

250

250

250

Price
($/MWh)

0

0

0

0

0

21.9

22.4

23.3

25.0

26.5

0

0

0

0

0

0

0

0

0

0

32.5

0

25.4

0

Bus No.

36

36

36

36

36

19

94

19

93

15

36

36

36

36

36

36

36

36

36

36

33

36

33

36

775



JOURNAL OF MODERN POWER SYSTEMS AND CLEAN ENERGY, VOL. 10, NO. 3, May 2022

V. CONCLUSION

This paper proposes a bi-level stochastic optimization
model for generating the bidding strategies for a price-maker
wind power producer, which is used to improve the market
power of wind power producers in the DA market by submit‐
ting the incremental and decremental virtual bids at multiple
buses. By using the KKT conditions, duality theory, and big-
M method, the bi-level nonlinear problem is converted into a
single-level MILP problem, which can be solved by commer‐
cial solvers. To reduce the computational cost of solving the
proposed stochastic model for large systems, a method of re‐
ducing the number of buses considered for virtual bidding is
proposed to simplify the model by reducing its decision vari‐
ables and constraints related to virtual bidding.

Case studies are carried out for a wind power producer us‐
ing virtual bidding. The results have shown that the virtual
bidding can improve the profit of the wind power producer
due to its increased trading volume in the DA and RT mar‐
kets, and the proposed method of reducing the number of
buses considered for virtual bidding can significantly reduce
the computational cost of solving the proposed stochastic
model. The transmission limits, wind unit location, risk aver‐
sion parameter, wind power volatility, and wind and virtual
capacities could affect the proposed trading strategy signifi‐
cantly. Therefore, it is recommended that wind power pro‐
ducers using virtual bidding should carry out detailed simula‐
tion studies beforehand to estimate the potential benefits and
risks caused by these factors. Moreover, by using the pro‐
posed model, market operators can analyze the virtual bid‐
ding used by price-maker physical participants in detail and,
therefore, help themselves make better rules and policies for
the related market activities.

The future research will consider using other other optimi‐
zation techniques, physical assets, and power trading floors
for strategic wind power producers with virtual bidding to
improve their profits and reduce their risks. For instance, the
wind power producer could utilize robust chance constraints
[37] and stochastic dominance constraints [38] to reduce the
risks associated with DA and RT electricity prices, and could
also utilize demand-side resources [39] or battery storage
[40] to mitigate the power deviations caused by volatile
wind power productions. Additionally, when there are multi‐
ple strategic electricity market participants using virtual bid‐
ding, equilibrium models could be utilized to model and ana‐
lyze their competition in the market, which might be of inter‐
est to the electricity market operators or policy makers.

APPENDIX A

The KKT conditions of (13)-(23) are given as:

λWD
pit - λDA

ntw + μWDmax
pitw - μWDmin

pitw = 0 "piÎψ I
n"t"w (A1)

λVI
vt - λDA

ntw + μVImax
vtw - μVImin

vtw = 0 "vÎψ V
n "t"w (A2)

-λVD
vt + λDA

ntw + μVDmax
vtw - μVDmin

vtw = 0 "vÎψ V
n "t"w (A3)

λCD
bjtw - λDA

ntw + μCDmax
bjtw - μCDmin

bjtw = 0 "bjÎψ J
n "t"w (A4)

-λLD
eltw + λDA

ntw + μLDmax
eltw - μLDmin

eltw = 0 "elÎψ L
n "t"w (A5)

λDA
s ( )k tw - λ

DA
r ( )k tw -Φktw +ΦDmax

ktw -ΦDmin
ktw = 0 "k"t"w (A6)

∑
k|s ( )k = n

BkΦktw - ∑
k|r ( )k = n

BkΦktw + θDmax
ntw - θDmin

ntw = 0 "n ³ 2"t"w

(A7)

∑
k|s ( )k = n

BkΦktw - ∑
k|r ( )k = n

BkΦktw - θD1
ntw = 0 n = 1"t"w (A8)

0 £ ( P WDmax
pit -P WD

pitw ) ^ μWDmax
pitw ³ 0 "p"i"t"w (A9)

0 £P WD
pitw^ μWDmin

pitw ³ 0 "p"i"t"w (A10)

0 £ ( P VImax
vt -P VI

vtw ) ^ μVImax
vtw ³ 0 "v"t"w (A11)

0 £P VI
vtw^ μVImin

vtw ³ 0 "v"t"w (A12)

0 £ ( P VDmax
vt -P VD

vtw ) ^ μVDmax
vtw ³ 0 "v"t"w (A13)

0 £P VD
vtw ^ μVDmin

vtw ³ 0 "v"t"w (A14)

0 £ ( P CDmax
bjt -P CD

bjtw ) ^ μCDmax
bjtw ³ 0 "b"j"t"w (A15)

0 £P CD
bjtw^ μCDmin

bjtw ³ 0 "b"j"t"w (A16)

0 £ ( P LDmax
elt -P LD

eltw ) ^ μLDmax
eltw ³ 0 "e"l"t"w (A17)

0 £P LD
eltw^ μLDmin

eltw ³ 0 "eltw (A18)

0 £ (C max
k - f D

ktw ) ^ΦDmax
ktw ³ 0 "ktw (A19)

0 £ (C max
k + f D

ktw ) ^ΦDmin
ktw ³ 0 "ktw (A20)

0 £ (π - δDA
ntw ) ^ θDmax

ntw ³ 0 "ntw (A21)

0 £ (δDA
ntw + π ) ^ θDmin

ntw ³ 0 "ntw (A22)

APPENDIX B

The objective function (1) and the constraints (2) - (12) and
(A1)-(A22) form a nonlinear single-level MPEC model. There
are two nonlinear terms in the problem, which are provided
and linearized as follows.

1) In the objective function (1), the bilinear term

∑
i = 1

I ∑
p = 1

P

λDA

( )n:iÎψ I
n tw

P WD
pitw +∑

v = 1

V

λDA

( )n:vÎψV
n tw( )P VI

vtw -P VD
vtw can be linearized

using the strong duality theorem, (A1) - (A3), (A10), (A12),
(A14), (A16), and (A18).

First, according to the strong duality theorem, the primal op‐
timal objective of the proposed lower-level problem should be
equal to its dual optimal objective. Thus, (B1) can be derived.

∑
i = 1

I ∑
p = 1

P

λWD
pit P WD

pitw +∑
v = 1

V

λVI
vt P VI

vtw +∑
j = 1

J ∑
b = 1

B

λCD
bjt P CD

bjtw -∑
v = 1

V

λVD
vt P VD

vtw -

∑
l = 1

D∑
e = 1

E

λLD
elt P LD

eltw =-∑
i = 1

I ∑
p = 1

P

μWmax
pitw P WDmax

pit -∑
j = 1

J ∑
b = 1

B

μCDmax
bjtw P CDmax

bjt -

∑
v = 1

V

μVImax
vtw P VImax

vt -∑
v = 1

V

μVDmax
vtw P VDmax

vt -∑
l = 1

D∑
e = 1

E

μLDmax
eltw P LDmax

elt -

∑
k = 1

K

C max
k ( )ΦDmax

ktw +ΦDmin
ktw -∑

n = 1

N

π ( )θDmax
ntw + θDmin

ntw (B1)

where the terms on the left- and right-hand sides of the equal
sign are the prime and dual objectives of the lower-level prob‐
lem, respectively.

Next, according to (A10), (A12), (A14), (A16), and (A18),
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the following equations (B2)-(B6) are obtained, respectively.

P WD
pitwμ

WDmin
pitw = 0 "p"i"t"w (B2)

P VI
vtwμ

VImin
vtw = 0 "v"t"w (B3)

P VD
vtw μ

VDmin
vtw = 0 "v"t"w (B4)

P CD
bjtwμ

CDmin
bjtw = 0 "b"j"t"w (B5)

P LD
eltwμ

LDmin
eltw = 0 "e"l"t"w (B6)

Then, according to (A1) - (A3) and (B2) - (B6), (B7) can be
obtained.

∑
i = 1

I ∑
p = 1

P

λDA

( )n:iÎψ I
n tw

P WD
pitw +∑

v = 1

V

λDA

( )n:vÎψV
n tw( )P VI

vtw -P VD
vtw =

∑
i = 1

I ∑
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pit P WD

pitw +
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V
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∑
v = 1

V

( )μVDmin
vtw - μVDmax

vtw + λVD
vt P VD

vtw =∑
i = 1

I ∑
p = 1

P ( )μWDmax
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pit P WD
pitw +

∑
v = 1

V

( )μVImax
vtw + λVI

vt P VI
vtw +∑

v = 1

V

( )-μVDmax
vtw + λVD

vt P VD
vtw (B7)

Finally, (B8) can be derived by using (B7) and (B1).

∑
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I ∑
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pit P WD
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V
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∑
v = 1

V

( )-μVDmax
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j = 1

J ∑
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B
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∑
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J ∑
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B

λCD
bjt P CD

bjtw +∑
l = 1

D∑
e = 1

E
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elt P LD
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D∑
e = 1

E
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eltw P LDmax

elt -
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K
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N
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where the terms on the right-hand side of the equal sign is ob‐

tained by linearizing the nonlinear terms∑
i = 1

I ∑
p = 1

P

λDA

( )n:iÎψ I
n tw

P WD
pitw +

∑
v = 1

V

λDA

( )n:vÎψV
n tw( )P VI

vtw -P VD
vtw in (1).

2) The MPEC model includes nonlinear complementarity
constraints (A9)-(A22). According to [30], the complementari‐
ty constraint in the form of 0 £P^Q ³ 0 can be substituted by
the following formulation:

P ³ 0Q ³ 0; P £ μM ; Q £ (1 - μ) M; μÎ {01} (B9)

As a result, the nonlinear constraints (A9)-(A22) are linear‐
ized and the MPEC model is converted into an MILP model.
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