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Abstract——In this letter, we propose a market-based bi-level
conic optimal energy flow (OEF) model of integrated electricity
and natural gas systems (IENGSs). Conic alternating current
optimal power flow (ACOPF) is formulated in the upper-level
model, and the generation cost of natural gas fired generation
units (NGFGUs) is calculated based on natural gas locational
marginal prices (NG-LMPs). The market clearing process of
natural gas system is modeled in the lower-level model. The bi-
level model is then transferred into a mixed-integer second-or‐
der cone programming (MISOCP) problem. Simulation results
demonstrate the effectiveness of the proposed conic OEF model.

Index Terms——Optimal energy flow (OEF), bi-level model, sec‐
ond-order cone programming (SOCP), integrated energy system.

I. INTRODUCTION

THE optimal energy flow (OEF) is of great significance
to integrated electricity and natural gas systems

(IENGSs) [1]. The majority of existing works model the opti‐
mal operation or OEF problems of IENGS as a combination
of traditional direct current optimal power flow (DCOPF)
and additional constraints due to the feasibility of natural
gas network flows. Thus, this is a single-level optimization
model with electricity systems as the main consideration for
optimization. However, the models can be enhanced in two
aspects. First, critical factors may be modeled by nonlinear
alternating current (AC) power flow equations [2], due to
discoveries in recent works proving that a second-order cone
AC power flow model can be effectively solved [3]. Second,
we may consider modeling a natural gas market instead of
modeling gas systems only as the constraints in an IENGS,
which means that the suppliers with different prices can sup‐
ply gas loads, and the generation costs of natural gas fired

generation units (NGFGUs) relate to gas market clearing
prices.

With the above motivations, the market-based OEF prob‐
lem of IENGS is modeled in this letter as a bi-level conic
optimization problem. The upper-level model is for the AC
optimal power flow (ACOPF) problem of the electricity sys‐
tem, while the lower-level model is for the market-based nat‐
ural gas OEF problem. Figure 1 illustrates the proposed
OEF model, which is then converted for a mixed-integer sec‐
ond-order cone programming (MISOCP) problem, where
NG-LMP is the natural gas locational marginal price. Numer‐
ical results verify the effectiveness of the conic model.

II. MARKET-BASED OEF MODEL

In IENGS, NGFGUs are the main coupling elements,
which purchase gas to generate electricity. In the proposed
OEF model, the generation cost of an NGFGU is equal to
its gas purchasing cost measured by NG-LMPs. NG-LMPs
can be calculated via the market clearing process of a natu‐
ral gas system, which corresponds to the lower-level model.
The ACOPF of an electricity system is the upper-level mod‐
el, and the market-based bi-level OEF problem can be for‐
mulated as the following optimization model:
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Fig. 1. Bi-level conic OEF model.
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where cg1 and cng,g2 are the cost coefficients of non-NGFGU
g1 and NGFGU g2, respectively; pg1 and pg2 are the power
outputs of non-NGFGU g1 and NGFGU g2, respectively; Α
and B are the sets of non-NGFGUs and NGFGUs, respec‐
tively; Φ and Ω l are the sets of buses and transmission lines
in the electricity system, respectively; Mil is the element of
incidence matrix associated with power injection of bus i

and power transmission of line l; Mlossil is the element of in‐
cidence matrix associated with power injection of bus i and
loss of line l; le, l is the square of line current; C is the ele‐
ment of branch-path incidence matrix; ui is the square volt‐
age of bus i; vmax

i and vmin
i are the upper and lower limits of

the voltage of bus i, respectively; ue,l is the square voltage of
the receiving end of line l; pg1,i and qg1,i are the active and re‐
active power generation of non-NGFGU g1 at bus i, respec‐
tively; pg2,i and qg2,i are the active and reactive power outputs
of NGFGU g2, respectively; Ploss, l and Qloss, l are the active
and reactive losses of line l, respectively; pmax

l is the power
transmission limit of line l; pmax

g1 , pmin
g1 , pmax

g2 , and pmin
g2 are the

active power limits of non-NGFGU g1 and NGFGU g2, re‐
spectively; qmax

g1 , qmin
g1 , qmax

g2 , and qmin
g2 are the reactive power

limits of g1 and g2, respectively; pd, i and qd, i are the active
and reactive power loads, respectively; Rl and Xl are the re‐
sistance and reactance, respectively; Pe, l and Qe, l are the ac‐
tive and reactive power flows, respectively; bettagf is the effi‐
ciency factor of NGFGUs; gf and pgf are the index and pow‐
er output of NGFGUs, respectively; Λ(G) is the set of NGF‐
GUs connected to node G in gas network; cng,gf is the cost
coefficient of NGFGUs; αG is the NG-LMPs of node G with
NGFGUs, and can be calculated by the dual variables of the
gas balance equation (19) in the lower-level OEF problem;
yw and Qw are the supply and the price of gas well w; c and
pl are the indices of compressors and pipelines, respectively;
ypl,mn is the pipeline flows of passive pipeline connecting
nodes m and n; yct and ycf are the injected and outlet flows
of active pipelines, respectively; yG is the gas load of NGF‐
GUs; ydg

is the other gas load; dg is the load node; θw (m),

θd (m), and θG (m) are the sets of gas supply, load, and NGF‐
GUs connecting to node m, respectively; yout

{×} and yin
{×} are the

pipeline flows into and out of node m, respectively; θ{·}in(m)
and θ{·}out(m) are the sets of pipelines flowing into and out of
node m, respectively; Ψ is the set of nodes in natural gas net‐
works; Γ and I are the sets of passive and active pipelines,
respectively; ymax

w and ymin
w are the limits of gas supplies of

gas well w; Um and Un are the squares of nodal pressure;
umax

m and umin
m are the nodal pressure limits; ϕpl,mn is the Wey‐

mouth equation coefficient; κc and γc are the fuel consump‐
tion coefficient and the compression factor of the compres‐
sors, respectively [4]; Uct and Ucf are the squares of pressure
of inlet and outlet nodes of compressor, respectively; and ϒ
is the set of gas wells.

Equations (1)-(17) represent the upper-level ACOPF mod‐
el for an electricity system with the formulation of second-
order cone programming (SOCP) [3], where (1) is the objec‐
tive function minimizing the power generation costs. The
power balance equations with definitions of real and reactive
power flows as well as branch currents are given in (2)-(7).

Equations (8)-(13) denote the limits on active and reactive
power of units and bus voltage, and (14) denotes the second-
order cone (SOC) constraint, where || × || is the 2-norm.

Equation (15) is added to make the SOCP formulation for
ACOPF more accurate [3]. Equation (16) denotes the cou‐
pling constraints of the two energy systems, and (17) de‐
notes that the generation cost of NGFGUs is equal to the
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gas purchasing cost.
Equations (18) - (24) represent the lower-level OEF prob‐

lem of the natural gas system, where (18) is the objective
function minimizing the gas purchasing cost at gas wells.
Equation (19) denotes the gas balance, while (20) denotes
the passive Weymouth pipeline flow, which is relaxed and
expressed as SOC inequalities. Moreover, (21) and (22) de‐
note the active pipeline flow, and (23) and (24) denote the
limits on gas supply of gas wells and nodal pressure, respec‐
tively.

III. SOLUTION METHOD

For the proposed conic OEF model, for a given upper de‐
cision yG, the lower-level model is an SOCP problem.
Hence, the lower-level model can be replaced by its primal-
dual counterpart [2]. Then, the bi-level OEF model can be
transferred into a single-level model with the bilinear term
cng,g2 pg2 . In (17), the bilinear term cng,g2 pg2 is equal to the bi‐
linear term αG yG, where α denotes the dual variables corre‐
sponding to the NG-LMPs of the natural gas system. The bi‐
linear term αG yG can be linearized through strong dual theo‐
ry [5]. Then, the bilinear term cng,g2 pg2 is linearized and (17)
is removed. The compact form of the resulting single-level
model is as follows:

min f (xy) (25)

s.t.

υx = b ωy +Dx ³ g (26)

 Nx £hx (27)

υτ + ζη+Nφ+ hλ= k (28)

 φ £ λ λη³ 0 (29)

Qw yw £ ¶(1-ωy)+ dη (30)

where y and x are the vectors of variables of the upper- and
lower-level model, respectively; g and k are constant vec‐
tors; the constant matrices (υ, ζ, b, ω, D, N, h, d) are associ‐
ated with the corresponding variables; and (η, λ, φ, τ) are
the vectors of dual variables for the constraints of the lower-
level model. Equations (26) and (27) are the primal con‐
straints, (28) and (29) are the dual constraints, and (30) is
the primal-dual constraint used to ensure the strong duality,
which is analyzed in detail in [2]. In (30), the bilinear term
can be linearized by the McCormick method [2]. To make
the SOC relaxation tight, a penalty is added in (25) [6].
Then, the proposed bi-level conic OEF model of IENGS can
be formulated as an MISOCP problem.

IV. NUMERICAL RESULTS

In this section, the IEEE 9-bus power system with 7-node
gas system and the IEEE 118-bus power system with 14-
node gas system are utilized to illustrate the performance of
the proposed market-based conic OEF model. The data of
natural gas systems are given in [7]. In the IEEE 9-bus pow‐
er system, unit 2 is assumed to be an NGFGU connecting
node 1 in the 7-node gas system, and 12 NGFGUs are con‐
sidered in the IEEE 118-bus power system. All models are

implemented in MATLAB and solved by the Mosek solver
on a PC with Intel Core i7 3.00 GHz CPU and 8 GB RAM.

A. IEEE 9-bus Power System with 7-node Gas System

The topology of the IEEE 9-bus power system with 7-
node gas system is shown in Fig. 2, where GU, P, and PL
are the indices of generators, buses and power loads, respec‐
tively; and GW, N, C, and GL are the indices of gas wells,
nodes, compressors and gas loads, respectively. In this case
with modified residential gas load data, the results of genera‐
tion costs and outputs of the NGFGU are compared with var‐
ious electricity and residential gas load levels, the results of
which are shown in Fig. 3.

As can be seen from Fig. 3, the generation costs increase
with electricity load levels. Meanwhile, when the residential
gas load level increases, the generation cost increases and
the output of the NGFGU decreases for the same electricity
load level. The reason is that NG-LMPs increase with gas
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Fig. 2. Topology of IEEE 9-bus power system with 7-node gas system.
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load levels, and hence, the generation cost coefficient of the
NGFGU increases. When the residential gas load level is
100%, the NGFGU is the cheapest unit and maintains the
maximum output. In contrast, when the residential gas load
level is high enough, the NGFGU is expensive and the gas
consumption of the NGFGU is also constrained by the natu‐
ral gas network. Hence, the output of the NGFGU increases
with the electricity load level, but is less than the values
when the gas load level is 100%. The results demonstrate
that the load levels of one system could affect the operation
of both energy systems.

B. IEEE 118-bus Power System with 14-node Gas System

To further demonstrate the validity of the bi-level conic
OEF model, the IEEE 118-bus power system with a 14-node
gas system with modified nodal pressure limits is applied,
the topology of which is shown in Fig. 4.

We compare the proposed ACOPF-based bi-level OEF
model with the DCOPF-based OEF model. For the DCOPF-
based OEF model, linear programming DCOPF model is at
the upper level. The main difference between the ACOPF-
and DCOPF-based OEF models is that voltage constraints,
reactive power constraints, and electricity network losses are
considered in the ACOPF-based model. The ACOPF-based
bi-level OEF model is more accurate than the DCOPF-based
model. A comparison of the outputs of the NGFGUs from
the two models is shown in Fig. 5(a). It can be seen that the
outputs of NGFGUs 2 and 10 are different in the two differ‐
ent models. The difference is primarily caused by voltage
and reactive power constraints and electricity network losses.
The comparison of the nodal pressures of the natural gas sys‐
tem is shown in Fig. 5(b). The pressures of nodes 6, 7, and
12-14 are different for the two cases, which verifies that dif‐

ferent gas loads corresponding to different outputs of NGF‐
GUs would result in different operation statuses of the natu‐
ral gas system. Hence, the errors in the DCOPF model will
be proportionally transferred to the OEF model, and affect
the operation of the natural gas system. For instance, for a
power system with uncertainties, fast-regulated NGFGUs
would be dispatched to match the power imbalances, and the
errors of DCOPF may misestimate the available regulation
capacities of the NGFGUs. The results demonstrate the effec‐
tiveness of considering ACOPF in OEF of IENGS.

C. Analysis of Computation Efficiency

The approximate error results, i.e., SOC relaxation gap, of
Weymouth equations of the natural gas system are depicted
in Fig. 6. It can be seen from Fig. 6 that the SOC relaxation
gaps of all branches are relatively small. The largest gap is
less than 0.00001, which is acceptable.

To further verify the validity of the proposed OEF model
on large systems, the IENGS composed of the IEEE 1354-
bus power system integrated with 4 × 48-node gas systems is
utilized, the topology of which is shown in Fig. 7.
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The parameters of the 48-node natural gas system are giv‐
en in [8]. The results of computation time of the three sys‐
tems are shown in Table I. The computation time of the larg‐
er IEEE 1354-bus power system with 4 × 48-node gas sys‐
tems is 88.92 s, which is relatively short. The above results
demonstrate that the proposed model can be solved with
high computation efficiency.

V. CONCLUSION

In this letter, a market-based bi-level conic OEF model of
IENGS is proposed. The ACOPF of a power system is con‐
sidered as the upper-level model, and a natural gas market
clearing process is modeled and considered as the lower-lev‐
el model. The proposed model is transferred and formulated
as an MISOCP problem. The results verify the validity of
the proposed model, and demonstrate that the energy system
load levels of would affect the operation of both energy sys‐
tems. The effectiveness of considering ACOPF in OEF of
IENGS is further verified.
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TABLE I
COMPUTATION TIME RESULTS

IENGS

9-bus (7-node)

118-bus (14-node)

1354-bus (4 × 48-node)

Computation time (s)

1.32

4.78

88.92
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