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Abstract——Natural-gas and electric power systems and their
corresponding markets have evolved over time independently.
However, both systems are increasingly interdependent since
combined cycle gas turbines that use natural gas to produce
electricity increasingly couple them together. Therefore, suitable
analysis techniques are most needed to comprehend the conse‐
quences on market outcomes of an increasing level of integra‐
tion of both systems. There is a vast literature on integrated
natural-gas and electric power markets assuming that the two
markets are operated centrally by a single operator. This as‐
sumption is often untrue in the real world, which necessitates
developing models for these interdependent yet independent
markets. In this vein, this paper addresses the gap in the litera‐
ture and provides analytical Nash-Cournot equilibrium models
to represent the joint operation of natural-gas and electric pow‐
er markets with the assumption that the market participants in
each market make their own decisions independently seeking
the maximum profits, as often is the case in the real world. We
develop an analytical equilibrium model and apply the Karush-
Kuhn-Tucker (KKT) approach to obtain Nash-Cournot equilib‐
ria for the interdependent natural-gas and electric power mar‐
kets. We use a double-duopoly case to study the interaction of
both markets and to derive insightful analytical results. More‐
over, we derive closed-form analytical expressions for spot-mar‐
ket equilibria in both natural-gas and electric power markets,
which are relevant and of practical significance for decision
makers. We complement the double-duopoly study with a de‐
tailed sensitivity analysis.

Index Terms——Electric power market, natural-gas market,
Nash-Cournot equilibria, analytical equilibrium model.

I. INTRODUCTION

THE natural-gas systems and electric power systems
were created independently and have evolved over time

as two separate infrastructures with limited or no coordina‐
tion [1], [2]. The increasing availability of natural gas and

its competitive price [2], the high efficiency of natural-gas-
fired power plants, twice the efficiency of coal-fired power
plants [3], and the reduced carbon dioxide emissions of natu‐
ral gas compared with the other fossil fuels [4], [5] increase
the use of natural gas for electricity generation and thus the
interdependency between natural-gas systems and electric
power systems. On the other hand, the rise of the climate
change awareness and public concerns about depletion of
fossil-based sources persuaded governments to invest heavily
on replacing fossil fuels with renewable energy sources such
as wind and solar. The intermittent nature of renewables,
however, requires a backup energy source that could be uti‐
lized to respond to demand fluctuations quickly, particularly
during the peak hours. Natural gas has been found as an en‐
vironmentally-friendly source in accommodating the intermit‐
tent nature of renewables [6], which elevates the interdepen‐
dency of the natural-gas systems and electric power systems.
This strong interdependency has reached to the markets of
the two systems as well, which necessitates coordinated anal‐
ysis to maximize potential economic and environmental ben‐
efits and ensure efficient operations of the two systems.

The literature on the analysis of natural-gas and electric
power markets individually is diverse. However, the litera‐
ture on the coordinated analysis of the integrated natural-gas
and electric power markets as well as the tools to compre‐
hend their interdependency is still limited [2], [6], [7]. The
available literature is divided into two main clusters. The
first cluster assumed that the two markets were operated cen‐
trally by a single operator whereas the second cluster as‐
sumed that these markets, albeit being interdependent, func‐
tioned individually.

The approach of the first cluster, which can be found in
the works of [8] - [23], may be considered unrealistic given
the existing structure of natural-gas and electric power mar‐
kets in most places. As a case in point, [8] assumed that the
power system operator had full knowledge of the natural-gas
network and the natural-gas demand forecast and developed
a trilevel optimization program for the unit commitment
problem to avoid potential economic and reliability risks in
the coupled markets. A similar assumption was made in [9],
where a unit commitment model was developed for the pow‐
er system considering the line pack of pipelines to enhance
the flexibility provided by natural-gas systems to electric
power systems. Moreover, a non-deterministic model was de‐
veloped in [10] to study the fully coordinated natural-gas
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and electric power markets for day-ahead clearing and pric‐
ing considering wind power uncertainty. Similarly, [11] as‐
sumed a central entity to manage the demand response of in‐
tegrated natural-gas and electric power systems, developed a
distributionally robust scheduling model, and studied the ef‐
fect of such demand response model on locational marginal
price of natural gas and electricity in the coupled markets.
Reference [20] developed a data-driven stochastic co-optimi‐
zation and settlement of a power gas coupled system for the
day-ahead markets, and obtained better outcomes in terms of
the tractability and accuracy of algorithms compared with
other proposed distributionally robust models. Reference
[21] studied a synergistic operations of the coupled natural-
gas and electric power markets and used an alternating direc‐
tion method of multipliers to solve the optimal power flow
in coupled natural-gas and electric power markets by mini‐
mizing the power generation cost and natural-gas production
cost. Reference [22] integrated two optimization models, one
for maximizing the revenue of electric power markets and
one for minimizing the operation cost of natural-gas market,
to find the optimal decision in interdependent markets within
the European regulatory framework. This model was based
on the assumption that the two markets exchange the infor‐
mation and therefore the accuracy of the proposed model de‐
pends highly on the level of the information exchanged be‐
tween the participants of the two markets. Likewise, the op‐
erational equilibrium of natural-gas and electric power sys‐
tems with limited information exchange was studied in [23].
Reference [23] further explored the impact of different lev‐
els of access to the information on the system decisions,
prices, and operational costs in the two markets. They used
second-order cone relaxation methods to obtain the opera‐
tional equilibrium modeled as a mixed-integer second-order
conic problem, which raises the concern of the obtained
equilibrium being infeasible. Therefore, the assumptions
such as the central entity for demand response of integrated
markets, fully coordinated or synergistic decision making in
integrated natural-gas and electric power markets with full
or limited information exchange among the participants of
the two markets do not seem realistic and are often not the
cases in the real world.

In this paper, we adopt the the approach of the second
cluster, which can be found in [24]-[27]. For example, [24]
designed a framework for the coupled natural-gas and elec‐
tric power markets assuming the individuality of the two
markets in their decision making. To overcome the computa‐
tional difficulty of a large-scale second-order cone program‐
ming method, a best-response decomposition algorithm was
presented to identify the equilibrium in the coupled market.
However, the proposed algorithm showed convergence diffi‐
culty and the equilibrium existence was argued through intui‐
tive discussions based on the price-demand curves. A similar
assumption was made in [27] where deep reinforcement
learning was employed to develop a dynamic energy conver‐
sion and management strategy for the integrated natural-gas
and electric power markets. Such methods based on artificial
intelligence (AI) are suitable to solve multi-agent decision
making problems when sufficient historical data are avail‐

able to train the AI-based algorithm. Expectedly, the imple‐
mentation of the AI-based models is challenging and compu‐
tationally demanding and the accuracy of the models is high‐
ly dependent on the quality and availability of historical da‐
ta. Therefore, we adopt the same concept on the individuali‐
ty of the two interdependent markets, i. e., each market is
formed by individual market participants and decision mak‐
ers, and propose a new model to alleviate the challenges
mentioned above.

Equilibrium models have been used in the literature to an‐
alyze the non-integrated natural-gas [28] - [30] and electric
power markets [31], [32]. For example, [28] analyzed the in‐
terplay of natural-gas markets and natural-gas transport in a
multilevel equilibrium model considering the nonconvex
physics of the natural-gas flow. On the electric power mar‐
ket side, we may highlight the analysis in [32] where the im‐
pact of information asymmetry on the equilibrium of electric
power markets was investigated. A limited number of papers
such as [33]-[35] used equilibrium problem with equilibrium
constraints (EPEC) and mathematical programming with
equilibrium constraints (MPEC) to study the coupled natural-
gas and electric power markets. Aside from the computation‐
al challenges and complexity, these computational models al‐
low describing specific cases in very detail, but generally do
not allow the identification of general trends or interactions
in both markets. In this paper, we use an analytical equilibri‐
um approach for the interdependent natural-gas and electric
power markets, and more specifically, propose a Nash-Courn‐
ot equilibrium model to analyze the interdependency and in‐
teractions of natural-gas market producers and electric power
market producers, which helps comprehend the general be‐
havior of the two interdependent markets. The Nash-Cournot
equilibrium model has been used extensively to address prob‐
lems in electric power markets, e.g., the works of [31], [36]-
[41], as well as to study natural-gas problems, e. g., the
works of [42] - [46]. We use the Nash-Cournot equilibrium
model to model the interdependent natural-gas and electric
power markets. This approach is not only less complicated
and less computationally challenging but also allows us to
derive closed-form analytical expressions for the spot-market
equilibria in both natural-gas and electric power markets.
Such expressions enable the system operators and other
stakeholders of the two markets to evaluate their decisions
and conduct comparative statistics or other analyses of mar‐
ket equilibria easily. Furthermore, it allows policymakers
and regulators to examine the implications or benefits of the
proposed policies and regulations on the operations of the in‐
terdependent natural-gas and electric power markets quickly
without the usual complexity of computational models. To
summarize, the main contributions of this paper are as fol‐
lows.

1) We develop an analytical equilibrium model to analyze
the interdependency of the natural-gas and electric power
markets. Such analytical models based on classical optimiza‐
tion theory allow characterizing the optimality of the out‐
comes as well.

2) We use a Nash-Cournot equilibrium model to derive rel‐
evant equilibria between natural-gas and electric power mar‐
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kets when there is limited coordination or information ex‐
change between the two markets, as often is the case in the
real world.

3) Our approach allows us to derive closed-form analyti‐
cal expressions for spot-market equilibria in both natural-gas
and electric power markets, which allows policy-makers and
regulators to examine the potential outcomes of the proposed
policies and regulations quickly without the usual complexi‐
ty of other models.

4) We use a double-duopoly case along with detailed sen‐
sitivity analyses to investigate the interaction of both mar‐
kets and derive insightful analytical results.

The remainder of this paper is organized as follows. Sec‐
tion II presents the proposed market model and shows some
of its structural properties. The model is demonstrated via
stylized analysis and numerical examples in Section III. Sec‐
tion IV draws the conclusions.

II. MARKET MODEL

In this section, we present the proposed Nash-Cournot
equilibrium model of the natural-gas and electric power mar‐
kets.

A. Natural-gas Market Model

We model the natural-gas market as consisting of a set K
of producing firms. The natural-gas producers compete in
natural-gas spot market to serve two groups of natural-gas
consumers, i.e., electric power firms who convert natural gas
to electric power and other natural-gas consumers. The natu‐
ral-gas producing firms are modeled as being quantity-set‐
ting competitors. This means that the firms simultaneously
determine their production levels in the spot market, after
which the market price is adjusted to clear the market, i. e.,
the demand is exactly equal to the supply. Let qGP

k and qGG
k ,

measured in cf, denote the production levels of natural-gas
producing firm k being sold to the electric power sector and
other natural-gas consumers, respectively, in the spot market.
We assume that the firms have quadratic production costs.
Thus, the cost to firm k of producing qGP

k and qGG
k in a spot

market is:

CG
k (qGP

k qGG
k )= aG

k (qGG
k + qGP

k )+
1
2

cG
k (qGG

k + qGP
k )2 (1)

where aG
k and cG

k are the non-negative coefficients of the qua‐
dratic cost function of natural-gas producing firm k. We as‐
sume that the demand in the spot market changes linearly
with the price. Thus, the natural-gas spot price, which is
measured in $/Ccf, is given by:

PG (qG)= γG - βG∑
k ÎK

(qGG
k + qGP

k ) (2)

where γG and βG are the non-negative coefficients of the lin‐
ear price-demand function in natural-gas spot market; and
qG =∑

k ÎK

(qGG
k + qGP

k ) is the total natural-gas production of all

producing firms in the natural-gas market. We assume hereaf‐
ter that PG (qG) is sufficiently large compared with
CG

k (qGP
k qGG

k ) for all firms to produce a strictly positive
amount of energy in the spot market.

The natural-gas spot market consists of the firms determin‐

ing their production levels to maximize their profits, mean‐
ing that the production level of firm k is derived from the
following profit-maximization problem:

max
qGG

k qGP
k

π G
k =PG (qG)(qGG

k + qGP
k )-CG

k (qGP
k qGG

k ) (3)

s.t.

qGG
k + qGP

k £ qmax
k (4)

where π G
k and qmax

k are the profit and the maximum produc‐
tion capacity of firm k, respectively. We also exclude the
non-negativity constraint because we assume that the market
price is sufficiently high for all firms to produce a strictly
positive quantity.

We apply the Karush-Kuhn-Tucker (KKT) optimality con‐
ditions [47] to problem (3), (4) and derive the following
KKT conditions, which are both necessary and sufficient for
a global optimum [47]:

-
é

ë
êê

ù

û
úú

¶PG (qG)

¶qGG
k

(qGG
k + qGP

k )+PG (qG) ( )1+
¶qGP

k

¶qGG
k

+

aG
k ( )1+

¶qGP
k

¶qGG
k

+ cG
k (qGG

k + qGP
k ) ( )1+

¶qGP
k

¶qGG
k

+ λGG
k ( )1+

¶qGP
k

¶qGG
k

= 0

(5)

-
é

ë
êê

ù

û
úú

¶PG (qG)

¶qGP
k

(qGG
k + qGP

k )+PG (qG) ( )1+
¶qGG

k

¶qGP
k

+

aG
k ( )1+

¶qGG
k

¶qGP
k

+ cG
k (qGG

k + qGP
k ) ( )1+

¶qGG
k

¶qGP
k

+ λGG
k ( )1+

¶qGG
k

¶qGP
k

= 0

(6)

0£ λGG
k ^[qmax

k - (qGG
k + qGP

k )]³ 0 (7)

where λGG
k is the Lagrange multiplier associated with the ca‐

pacity constraint (4). To derive a more refined version of (5)
and (6), we calculate equivalent terms for the partial deriva‐
tives in these equations. Considering (2), we can obtain:

¶PG (qG)

¶qGG
k

=-βG ( )1+
¶qGP

k

¶qGG
k

(8)

¶PG (qG)

¶qGP
k

=-βG ( )1+
¶qGG

k

¶qGP
k

(9)

Note that ¶qGP
k ¶qGG

k and ¶qGG
k ¶qGP

k are zero in general un‐

less firm k has reached its maximum capacity, in which they
take the value of -1. Therefore, we can obtain:

¶qGP
k

¶qGG
k

= {-1 k ÎΨ
0 otherwise (10)

¶qGG
k

¶qGP
k

= {-1 k ÎΨ
0 otherwise (11)

where Ψ is the set of natural-gas producing firms working at
the maximum capacity in the spot market.

Replacing (10) and (11) in (8) and (9) renders:

¶PG (qG)

¶qGG
k

= {0 k ÎΨ
-βG otherwise (12)
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¶PG (qG)

¶qGP
k

= {0 k ÎΨ
-βG otherwise (13)

Considering (12) and (13) together with the KKT condi‐
tions (5) - (7), we derive closed-form analytical expressions
for the total production capacity of firm k in the spot market
and the spot market clearing price in (14) and (15), respec‐
tively.

qGG*
k + qGP*

k =
ì

í

î

ïï
ïï

qmax
k k ÎΨ

PG (qG)- aG
k

βG + cG
k

otherwise
(14)

PG* (qG)=

γG - βG ( )∑
k′ÎΨ

qmax
k′ -∑

k″ÏΨ

aG
k″

βG + cG
k″

1+ βG∑
k″ÏΨ

1

βG + cG
k″

(15)

where * denotes the value of the variables at the obtained
equilibrium.

B. Electric Power Market Model

Similar to the natural-gas market, we model the electric
power market as consisting of a set I of electric power
firms. The electric power firms compete in the spot market
to serve the electricity consumers. The electric power firms
are assumed to have two ways of generating electricity, i.e.,
converting natural gas to electricity and converting non-natu‐
ral-gas energy sources to electricity. The electric power
firms, modeled as quantity-setting competitors, simultaneous‐
ly determine their generation levels in the spot market, after
which the market price adjusts to clear the market.

Let qPG
i denote the natural gas being converted to electrici‐

ty by electric power firm i, which is measured in cf, at a
conversion rate of αPG and let qP

i denote the generation level,
which is measured in MW, of electric power generated by
firm i from converting non-natural-gas energy sources to
electricity. We assume that the firms have quadratic genera‐
tion costs. Thus, the cost of firm i for generating qP

i electrici‐
ty from non-natural-gas energy sources and converting qPG

i

natural gas to electricity in a spot market is:

CP
i (qP

i qPG
i )= aP

i qP
i +

1
2

cP
i (qP

i )2 +PG* (qG)qPG
i (16)

where aP
i and cP

i are the non-negative coefficients of the qua‐
dratic cost function of electric power firm i. We assume that
the electricity demand in the spot market changes linearly
with the price. Thus, the spot electricity price, which is mea‐
sured in $/MW, is given by:

PP (QPQPG)= γP - βP∑
i

(qP
i + αPGqPG

i ) (17)

where γP and βP are the non-negative coefficients of the lin‐
ear price-demand function in electric power spot market; and
QPG ={qPG

i |iÎ I} and QP ={qP
i |iÎ I} are the sets of generation

levels of all electric power firms from natural-gas and non-
natural-gas energy sources, respectively.

We note that (16) and (17) couple together the natural-gas
and electric power markets. Furthermore, the total natural
gas consumed by the firms in the electric power market to

generate electric power should match the total natural gas
sold by the firms in the natural-gas market to the firms in
the electric power market. Thus, we can obtain (18), which
is used not only to check for the consistency of an equilibri‐
um but also to differentiate the total natural gas sold to
firms in the electric power market and other natural-gas con‐
sumers. ∑

iÎ I

qPG
i =∑

k ÎK

qGP
k (18)

The electric power spot market consists of the firms deter‐
mining their generation decisions to maximize their profits,
meaning that the generation decision of firm i is derived
from the following profit-maximization problem:

max
qP

i q
PG
i

π P
i =PP (QPQPG)(qP

i + αPGqPG
i )-CP

i (qP
i qPG

i ) (19)

s.t.

qP
i £ qPmax

i (20)

qPG
i £ qPGmax

i (21)

where π P
i , qPGmax

i , and qPmax
i are the profit, the maximum natu‐

ral-gas-based generating capacity, and the maximum non-nat‐
ural-gas-based generating capacity of the firm i, respectively.
We also exclude the non-negativity constraint because we as‐
sume that the market price is sufficiently high for all firms
to produce a strictly positive quantity.

We apply the KKT optimality conditions to the problem
(19) - (21) and derive the following KKT conditions, which
are both necessary and sufficient for a global optimum [47]:
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¶PP (QPQPG)

¶qP
i

(qP
i + αPGqPG

i )+PP (QPQPG) ( )1+ αPG ¶qPG
i

¶qP
i

+

é
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êê
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úúaP

i + cP
i qP

i +PG* (qG)
¶qPG

i

¶qP
i

+ λPG
i

¶qPG
i

¶qP
i

+ λP
i = 0 (22)

-
é

ë
êê

ù

û
úú

¶PP (QPQPG)

¶qPG
i

(qP
i + αPGqPG

i )+PP (QPQPG) ( )αPG +
¶qP

i

¶qPG
i

+

( )aP
i

¶qP
i

¶qPG
i

+ cP
i qP

i

¶qP
i

¶qPG
i

+PG* (qG) + λP
i

¶qP
i

¶qPG
i

+ λPG
i = 0 (23)

0£(qPmax
i - qP

i )^ λP
i ³ 0 (24)

0£(qPGmax
i - qPG

i )^ λPG
i ³ 0 (25)

where λP
i and λPG

i are the Lagrange multipliers associated
with the capacity constraints (20) and (21), respectively. To
derive a more refined version of (22) and (23), we calculate
equivalent terms for the partial derivative terms in these
equations. Note that the two energy sources of generating
electric power, i. e., natural-gas and non-natural-gas energy
sources, are independent, we can obtain:

¶qP
i

¶qPG
i

=
¶qPG

i

¶qP
i

= 0 (26)

Considering (17) and (26), we can obtain:

¶PP (QPQPG)

¶qP
i

=-βP (27)

¶PP (QPQPG)

¶qPG
i

=-βPαPG (28)
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Therefore, (22) and (23) can be rewritten as:
βP (qP

i + αPGqPG
i )-PP (QPQPG)+ aP

i + cP
i qP

i + λP
i = 0 (29)

βPαPG (qP
i + αPGqPG

i )- αPG PP (QPQPG)+PG* (qG)+ λPG
i = 0 (30)

Formulae (24), (25), (29), and (30) provide the solution of
the problem in the electric power market and yield analytical
expressions for the generation levels of the firms in the elec‐
tric power market. Considering (24) and (25) may or may
not be binding for each electric power firm yields the follow‐
ing four cases to obtain the generation portfolio of each elec‐
tric power firm as a function of the market clearing price.
We further analyze these formulae considering the following
four cases.

1) Case 1: qP
i = qPmax

i and qPG
i ¹ qPGmax

i . Considering (25)
and (30), we can obtain the generation level of electric pow‐
er from natural gas for firm i as:

αPGqPG
i =

αPG PP (QPQPG)-PG* (qG)- αPG βPqPmax
i

αPG βP (31)

Equation (31) accordingly results in the total electric pow‐
er generation of firm i as:

qP*
i + αPGqPG*

i = qPmax
i +

αPG PP (QPQPG)-PG* (qG)- αPG βPqPmax
i

αPG βP

(32)

2) Case 2: qP
i ¹ qPmax

i and qPG
i = qPGmax

i . Considering (24)
and (29), we can obtain the generation level of electric pow‐
er from non-natural-gas energy sources for firm i as:

qP
i =

PP (QPQPG)- aP
i - αPG βPqPmax

i

βP + cP
i

(33)

Equation (33) accordingly results in the total electric pow‐
er generation of firm i as:

qP*
i + αPGqPG*

i =
PP (QPQPG)- aP

i - αPG βPqPmax
i

βP + cP
i

+ αPGqPGmax
i (34)

3) Case 3: qP
i ¹ qPmax

i and qPG
i ¹ qPGmax

i . Considering (24),
(25), (29), and (30), we can obtain:

qP
i =

PG* (qG)- αPGaP
i

αPGcP
i

(35)

qPG
i =

PP (QPQPG)- ( )1

αPG
+

βP

αPGcP
i

PG* (qG)+
βPaP

i

cP
i

βPαPG

(36)

Equations (35) and (36) accordingly result in the total
electric power generation of firm i as:

qP*
i + αPGqPG*

i =
PG* (qG)- αPGaP

i

αPGcP
i

+

PP (QP QPG)- ( )1

αPG
+

βP

αPGcP
i

PG* (qG)+
βPaP

i

cP
i

βP

(37)

4) Case 4: qP
i = qPmax

i and qPG
i = qPGmax

i . The total electric
power generation of firm i can be obtained as:

qP*
i + αPGqPG*

i = qPmax
i + αPGqPGmax

i (38)

To calculate the market clearing price, the total electric
power generation of the firms derived from (32), (34), (37),

(38) are plugged in (17). Note that each firm may fall into
any of the four aforementioned cases in the spot market,
which results in |I|4 potential equilibria in the electric power
market, where |I| denotes the number of electric power
firms. Similarly, the natural-gas market yields |K|2 potential
equilibria. Therefore, we may obtain |I|4 |K|2 potential equilib‐
ria for the integrated natural-gas and electric power markets.

III. NUMERICAL ANALYSIS

We illustrate the proposed equilibrium model and solution
methodology with a stylized case study. This analysis consid‐
ers a duopoly in the natural-gas market and a duopoly in the
electric power market with the values for the parameters of
the model. This analysis is illustrative because we can pres‐
ent the interactions between the two markets and highlight
how the equilibria are obtained.

A. Stylized Double-duopoly Case Study

In this subsection, we analyze a stylized double-duopoly
case in which there are two producers in the natural-gas mar‐
ket and two electric power firms in the electric power mar‐
ket. The power equilibrium outcomes (14), (15), coupling
condition (18), and natural-gas equilibrium outcomes (17),
(32), (34), (37), and (38) are used. Table I summarizes the
parameter data of the natural-gas market and Table II pro‐
vides the parameter data of the electric power market. In a
duopoly competition in the natural-gas market, four potential
equilibria are expected in a spot market. Table III summariz‐
es these four equilibria in terms of the production level of
the two producers, their costs and profits, and the equilibri‐
um consistency. Equilibria 1 and 3 are marked as consistent
whereas Equilibria 2 and 4 are inconsistent due to violating
the maximum production capacity of electric power firm 1.

Given that there is at least one consistent equilibrium in
the natural-gas market, we may examine the existence of
consistent equilibria in the electric power market. Note that

TABLE I
PARAMETER DATA OF NATURAL-GAS MARKET FOR STYLIZED

DOUBLE-DUOPOLY CASE

Parameter

aG
1 ($/cf)

aG
2 ($/cf)

cG
1 ($/cf 2)

cG
2 ($/cf 2)

Value

0.005

0.006

10-7

10-7

Parameter

qmax
1 (cf)

qmax
2 (cf)

γG ($/cf)

βG ($/cf 2)

Value

2500

3500

0.01

5´ 10-7

TABLE II
PARAMETER DATA OF ELECTRIC POWER MARKET FOR STYLIZED

DOUBLE-DUOPOLY CASE

Parameter

aP
1 ($/kWh)

aP
2 ($/kWh)

cP
1 ($/kWh2)

cP
2 ($/kWh2)

qPmax
1 (kWh)

Value

0.08

0.085

0.00005

0.00003

200

Parameter

qPmax
2 (kWh)

qPGmax
1 (cf)

qPGmax
2 (cf)

γP ($/kWh)

βP ($/kWh2)

Value

300

1500

1000

0.125

0.00005
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there exist 16 potential equilibria for each consistent equilib‐
rium of the natural-gas market, i.e., 32 equilibria in total. Ta‐
ble IV provides all equilibria of electric power market for

Equilibrium 1 of the natural-gas market and Table V pro‐
vides the next 16 equilibria of electric power market for
Equilibrium 3 of the natural-gas market.

As illustrated in Tables IV and V, there are 14 consistent
equilibria for this case of the integrated natural-gas and elec‐

tric power markets.
We conclude our analysis of the stylized double-duopoly

TABLE III
EQUILIBRIA OF NATURAL-GAS MARKET

Equilibrium

1

2

3

4

PG* ($/Ccf)

0.0075

0.0068

0.0070

0.0072

qGG*
1 + qGP*

1 (kWh)

2500.00

2954.55

2500.00

3645.83

qGG*
2 + qGP*

2 (kWh)

2500.00

3500.00

3500.00

1979.17

CG*
1 ($)

12.81

15.21

12.81

18.89

CG*
2 ($)

15.31

21.61

21.61

12.07

πG*
1 ($)

5.94

4.80

4.69

7.31

πG*
2 ($)

3.44

2.09

2.89

2.15

Consistency

Yes

No

Yes

No

TABLE IV
EQUILIBRIA OF ELECTRIC POWER MARKET FOR EQUILIBRIUM 1 OF NATURAL-GAS MARKET

Equilibrium

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

PP* ($/MW)

0.0917

0.0957

0.0917

0.0900

0.0945

0.1000

0.0945

0.0942

0.0917

0.0957

0.0917

0.0900

0.0913

0.0977

0.0913

0.0875

qP*
1 (kWh)

200.00

200.00

200.00

200.00

70.00

125.00

70.00

66.67

-100.00

-100.00

-100.00

-100.00

200.00

200.00

200.00

200.00

qP*
2 (kWh)

300.00

71.43

-333.33

300.00

300.00

125.00

-333.33

300.00

300.00

71.43

-333.33

300.00

300.00

96.15

-333.33

300.00

qPG*
1 (cf)

1333.33

2142.83

1333.33

1000.00

1500.00

1500.00

1500.00

1500.00

4333.33

5142.86

4333.33

4000.00

1500.00

1500.00

1500.00

1500.00

qPG*
2 (cf)

333.33

1000.00

6666.67

1000.00

900.00

1000.00

7233.33

1000.00

333.33

1000.00

6666.67

1000.00

250.00

1000.00

6583.33

1000.00

CP*
1 ($)

27.00

33.07

27.00

24.50

16.97

21.65

16.97

16.69

24.75

30.82

24.75

22.25

28.25

28.25

28.25

28.25

CP*
2 ($)

29.35

13.65

23.33

34.35

33.60

18.36

27.58

34.35

29.35

13.65

23.33

34.35

28.73

15.81

28.25

34.35

π P*
1 ($)

3.56

6.58

3.56

2.50

3.82

5.86

3.82

3.71

5.81

8.83

5.81

4.75

3.69

5.94

3.69

2.38

π P*
2 ($)

1.21

2.76

7.22

1.65

3.26

4.14

9.27

3.32

1.21

2.76

7.22

1.65

0.93

3.35

3.69

0.65

Consistency

Yes

No

No

Yes

Yes

Yes

No

Yes

No

No

No

No

Yes

Yes

No

Yes

TABLE V
EQUILIBRIA OF ELECTRIC POWER MARKET FOR EQUILIBRIUM 3 OF NATURAL-GAS MARKET

Equilibrium

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

PP* ($/MW)

0.0883

0.0938

0.0883

0.0875

0.0925

0.1000

0.0925

0.0942

0.0883

0.0938

0.0883

0.0875

0.0888

0.0977

0.0888

0.0875

qP*
1 (kWh)

200.00

200.00

200.00

200.00

50.00

125.00

50.00

66.67

-200.00

-200.00

-200.00

-200.00

200.00

200.00

200.00

200.00

qP*
2 (kWh)

300.00

47.62

-500.00

300.00

300.00

125.00

-500.00

300.00

300.00

47.62

-500.00

300.00

300.00

96.15

-500.00

300.00

qPG*
1 (cf)

1666.67

3142.86

1666.67

1500.00

1500.00

1500.00

1500.00

1500.00

5666.67

6761.90

5666.67

5500.00

1500.00

1500.00

1500.00

1500.00

qPG*
2 (cf)

666.67

1000.00

8666.67

1000.00

1500.00

1000.00

9500.00

1000.00

666.67

1000.00

8666.67

1000.00

750.00

1000.00

8750.00

1000.00

CP*
1 ($)

28.67

39.00

28.67

27.50

14.56

20.89

14.56

15.94

24.67

32.33

24.67

23.50

27.50

27.50

27.50

27.50

CP*
2 ($)

31.52

11.08

21.92

33.85

37.35

17.86

27.75

33.85

31.52

11.08

21.92

33.85

32.10

15.31

27.50

33.85

π P*
1 ($)

3.72

9.24

3.72

3.13

3.94

6.61

3.94

4.46

7.72

12.34

7.72

7.13

3.56

6.69

3.56

3.13

π P*
2 ($)

0.87

2.77

10.47

1.15

4.28

4.64

13.88

3.82

0.87

2.77

10.47

1.15

1.18

3.85

3.56

1.15

Consistency

No

No

No

Yes

No

Yes

No

Yes

No

No

No

No

Yes

Yes

No

Yes
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case with a number of sensitivity analyses. Figure 1 depicts
the equilibria of production level of producers (up to four)
in the natural-gas market as a function of the slope of natu‐
ral-gas price βG. We use different colors in our figures to dif‐
ferentiate these equilibria from one another. Note that in
some cases, the equilibria may result in identical values, but
only one colored dot is used to represent them. The total nat‐
ural-gas production of the producers tend to decrease with
the increase in βG unless the producers operate at the maxi‐
mum capacity. For example, the solid-line and dotted-line ar‐
rows in Fig. 1 highlight the equilibria in which one of the
natural-gas producers (producer 1) lowers its production lev‐
el with an increase in βG while the other producer (producer
2) operates at the maximum capacity. It is worth noting that
there are more than one consistent equilibria for most values
of βG. Figure 2 exhibits the market clearing price of the equi‐
libria (up to four) in the natural-gas market as a function of
βG. Figure 2 highlights that the market clearing price decreas‐
es as βG increases. The solid-line and dotted-line arrows in
Figs. 1 and 2 show that the producers, as firms seeking the
maximum profit, tend to keep the prices high by producing
less when they are not operating at the maximum capacity.

Figures 3, 4, and 5 show the equilibria of market clearing
price in the electric power market, the generation level of
electric power firm 1, and the generation level of electric
power firm 2, respectively, with respect to the changes

in βP .

In general, the increase in βP causes a decrease in the mar‐
ket clearing price as well as the total generation level of the
electric power firms. If a firm is not operating at the maxi‐
mum capacity, it lowers its generation level as the market be‐
comes less attractive with the increase of βP. As a case in
point, the dotted-line arrows in Figs. 3-5 illustrate the equi‐
libria in which electric power firm 1 is operating at the maxi‐
mum capacity, while electric power firm 2 lowers its genera‐
tion level against the increase in βP. The solid-line arrows in
Figs. 3-5 illustrate the equilibria in which neither of the
firms is operating at the maximum capacity, and both firms
lower their generation levels against the increase in βP, which
naturally yields higher market clearing prices compared with
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Fig. 3. Market clearing price in electric power market as a function of βP.
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Fig. 4. Generation level of electric power firm 1 as a function of βP.
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Fig. 2. Market clearing price in natural-gas market as a function of βG.

1500
3 5 7

βG (10-7)
9 11

2000

2500

3000

3500

Pr
od

uc
tio

n 
le

ve
l (

cf
)

Producer 2

Producer 1

Fig. 1. Production level of producers in natural-gas market as a function
of βG.
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Fig. 5. Generation level of electric power firm 2 as a function of βP.
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the equilibria marked with the dotted-line arrows, i. e., when
only one producer lowers its generation.

Next, we analyze how a change in the cost parameters of
an electric power firm, namely aP

1 in this case study, influ‐
ences the equilibria in electric power market. Figures 6 and
7 depict the generation levels of electric power firms 1 and
2 with respect to the changes in aP

1, respectively.

Intuitively, one expects that an increase in aP
1, i.e., an in‐

crease in the generation cost of electric power firm 1, causes
a decrease in the generation level of electric power firm 1
and potentially an increase in the generation level of electric
power firm 2, if electric power firm 2 is not operating at the
maximum capacity. The arrows show a set of equilibria that
are aligned with this intuition. We use different line formats
for the arrows and lines to draw attention to some equilibria
but use the same line format for the arrows and lines in relat‐
ed figures to illustrate the behavior of the equilibria with re‐
spect to the changes in the parameter values of the sensitivi‐
ty analysis. The equilibria highlighted by the red line, how‐
ever, counter this intuition. Albeit the available capacity, the
generation level of electric power firm 2 does not change
while the generation level of electric power firm 1 increases.
Such equilibria and market behavior stem from the profit-
maximization nature of these firms. A higher profit may be
earned occasionally, as it is the case for electric power firm
1, if a lower price helps a firm sell more of its product.
Such market complexities necessitate developing analytical
models such as the one proposed in this paper to shed light
on the behavior of the market participants, and more impor‐

tantly assist the stakeholders and decision-makers of the in‐
terdependent natural-gas and electric power markets to make
more informed decisions when pursuing new policies, regula‐
tions, market incentives, and others.

Finally, we conduct a sensitivity analysis to evaluate the
impact of the natural gas to power conversion factor αPG on
the total generation level as well as the market clearing price
of the two electric power firms. Figures 8 and 9 show the to‐
tal generation levels of electric power firms 1 and 2 with dif‐
ferent values of αPG, respectively. Figure 10 depicts the corre‐
sponding market clearing price. Note that with different val‐
ues of αPG, there may be multiple consistent equilibria. Gen‐
erally, the total generation level increases as the conversion
factor increases, i. e., higher values of αPG, and that drives
the market clearing price down, as shown in Fig. 10. The
higher generation level in the electric power market stems
from the equilibria in which either both firms comparably in‐
crease their generation levels as indicated by the dashed-line
arrows, or one firm dominantly increases its generation level
while forcing the other one to lower its generation level, as
the case shown by solid-line and dotted-line arrows. The for‐
mer keeps the market clearing price at higher values while
the latter drives down the price even further.

A higher conversion factor makes the natural gas a more
competitive energy source in the electric power market and
enables the electric power firms to supply more electricity to
their customers. Furthermore, Figs. 11 and 12 highlight the
equilibria in which higher conversion factor enables the elec‐
tric power firms to purchase less natural gas albeit supplying
more electricity by converting natural gas more efficiently.
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Fig. 8. Total generation level of electric power firm 1 as a function of αPG.
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B. Double-duopoly Case in Analytical Terms

The proposed model allows the derivation of analytical ex‐
pressions that characterize the multi-firm equilibria in the in‐
terdependent natural-gas and electric power markets. Such
analytical expressions may be utilized to provide insights on
the outcomes and characteristics of operation decisions.
Hence, we derive these analytical expressions for the double-
duopoly case, as discussed in the previous section. Table VI
shows the analytical expression of of the equilibria of the
market clearing price and the generation levels of the elec‐
tric power firms in a duopoly competition in the natural-gas
market. Tables VII and VIII show the market clearing price
and the generation levels of the electric power firms in ana‐
lytical terms in a duopoly competition in the electric power

market, respectively.

C. Discussion

As shown in the figures throughout the paper, we find the
cases in which a set of parameter values may yield multiple
equilibria. As is common in non-cooperative games, these
equilibria introduce trade-offs in terms of which market
agents, i.e., firms and consumers, benefit from one equilibri‐
um relative to another. On the other hand, another set of pa‐
rameter values may not yield consistent equilibria, which
suggests that only mixed-strategy equilibria which are not
found by the proposed model and which are beyond the
scope of our work may exist. Therefore, there is no way to
guarantee the existence of convergence to one consistent
equilibrium, and there is no way to prove that a particular
market equilibrium has been achieved until the spot markets
clear in both markets.

Further, we discuss that one of the key advantages of the
proposed model is that it allows identifying general trends
and interactions in both natural-gas and electric power mar‐
kets, which helps comprehend the general behavior of the
two markets. As a case in point, any of the beneficiaries of
the proposed model may need to investigate how to decrease
the interdependency of the two markets and intuitively may
expect that higher efficiency converters, i. e., higher values
of αPG, will increase the attractiveness of natural gas for elec‐
tric power firms, drive up the consumption of natural gas in
electric power market, and make the two markets more inter‐
dependent. In such scenarios, the proposed model can be uti‐
lized to test the hypothesis and provide insightful results
quickly. In this specific scenario, the proposed model is uti‐
lized to test this hypothesis. As shown in Figs. 11 and 12, a
higher conversion factor causes the consumption of natural
gas by the electric power firms to decrease albeit the in‐
crease in total generation levels of electric power. Therefore,
regulators and policymakers may suggest investing in devel‐
oping more efficient converters to lower the natural-gas con‐
sumption as well as the dependency of the electric power
markets to natural gas.
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Fig. 11. Natural gas purchased by electric power firm 1 as a function of
αPG.
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Fig. 10. Market clearing price in electric power market as a function of
αPG.
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TABLE VI
ANALYTICAL EXPRESSION OF EQUILIBRIA IN NATURAL-GAS MARKET

Equilibrium

1

2

3

4

PG

γG - βGqmax
1 + βG

a2

βG + cG
2

1+ βG 1

βG + cG
2

γG - βGqmax
2 + βG

a1

βG + cG
1

1+ βG 1

βG + cG
1

γG - βG (qmax
1 + qmax

2 )

γG + βG ( )a1

βG + cG
1

+
a2

βG + cG
2

1+ βG ( )1

βG + cG
1

+
1

βG + cG
2

qGG*
1 + qGP*

1

qmax
1

PG* - a1

βG + cG
1

qmax
1

PG* - a1

βG + cG
1

qGG*
2 + qGP*

2

PG* - a2

βG + cG
2

qmax
2

qmax
2

PG* - a2

βG + cG
2
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D. Future Research

In future, we would like to expand on the findings of this
research, by carrying out detailed numerical analysis using
the actual data of real-world natural-gas and electric power
markets, considering capacity additions in the proposed mod‐
el, and using a supply-function equilibrium model instead of
the Cournot model.

IV. CONCLUSION

We propose a Nash-Cournot equilibrium model pertaining
for interdependent natural-gas and electric power markets.
This model allows us to comprehend the impact on market
outcomes with an increasing integration of the natural gas
and electric power markets. The general analytical results de‐
rived based on this model are useful to inform the decision-
making processes of both regulators and operators. In a sim‐
ple double-duopoly case, we identify a large number of equi‐
libria, which reveals the inherent complexity of the consid‐
ered problem. We illustrate the evolution of such equilibria
via sensitivity analysis, which renders some counter-intuitive
market behavior outcomes.
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TABLE VII
ANALYTICAL EXPRESSION OF MARKET CLEARING PRICE IN ELECTRIC POWER MARKET

Equilibrium
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3 ( )γP +
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αPG

γP +
βP
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Equilibrium
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ANALYTICAL EXPRESSION OF GENERATION LEVELS IN ELECTRIC POWER MARKET
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